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Electrons towards the speed of light:

Photoionization in the strong field region
(Solving the Dirac equation)

LPHYS’18, Nottingham, July 17th 2018



Aim:
Describe photoionization with laser fields strong enough to accelerate electrons
towards the speed of light
XUV-region

——Non-relativistic
——Relativistic

v [c]



Aim:
Describe photoionization with laser fields strong enough to accelerate electrons
towards the speed of light

XUV-region

In other words:
We want so solve the time-dependent Dirac equation:

zhiqf = HWV
dt

Paul Dirac

H=ca- (p+eA)+ V1, + pmc
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Aim:
Describe photoionization with laser fields strong enough to accelerate electrons
towards the speed of light

XUV-region

In other words:
We want so solve the time-dependent Dirac equation:

d .
zhd\If HU el

Paul Dirac

H =ca- (p —|—eA)—|—V]14—|—ﬁmc
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Approach: Zh@‘lj = [Ho + H (¢)|V

1) Construct spectral basis by solving the time independent Dirac equation

Hopp =enpn, Ho=ca-p+V + mCQB

2) Express interaction in terms of this basis:

Hy; = (pi|ca - eAlpr)

3) Solve the resulting ordinary differential equation (ODE):

d
ih—c = [Diag(eq,€92,...) + H']c, U= chwn

dt
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L d /
Approach: Zﬁ@q’ = [Ho + H (¢)|V

1) Construct spectral basis by solving the time independent Dirac equation

Hopp =enpn, Ho=ca-p+V + mCQB

2) Express interaction in terms of this basis: How hard can it be?
H;, = (¢p|co - eAlp;) Actually, there are a

number of problems
3) Solve the resulting ordinary differential equation (ODE):

L d .
zh%c = [Diag(ey,€92,...) + H'lc, U= Zn:cngon




Problem 1: Stiffness
U(t+ At) = U(t + At 1) U(t) + O™ () A™)

TIAE ~ HM (1) AL"
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Bmc?



Problem 1: Stiffness
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Selstg, Lindroth, Bengtsson, Phys. Rev. A 79, 043418 (2009)
Vanne, Saenz, Phys. Rev. A 85, 033411 (2012)



Problem 1: Stiffness
U(t+ At) = U(t + At 1) U(t) + O™ (1) A™)

Wrong Right
TIAE ~ HM (1) AL" ;
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Solution: Magnus propagator h e R H I

Ut + At t) = e HHA

Hochbruck, Lubich, SIAM J. Numer. Anal. 41, 945 (2003) g .
Wilhelm Magnus



Problem 2: Including the spatial dependence of the field

H;; = (pr|co - eAlpr)

A= &3“32 (Z=n)sin(n+¢) ., 0<n<wT
0 otherwise

n=wt—kxr, k=w/c



Problem 2: Including the spatial dependence of the field

H;, = (pr|co - eAlpr)

A= @sz (Z=n)sin(n+¢) ., 0<n<wT
O otherwise

n=wt—kxr, k=w/c
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Problem 2: Including the spatial dependence of the field
Hyy = (prlca - eAlpr)

A [ Besin® (Zpn)sin(n+¢) , 0<n<wT
0 otherwise

n=wt—kxr, k=w/c

Calculate couplings at each time step? 600




Problem 2: Including the spatial dependence of the field
Hyy = (prlca - eAlpr)

A= %sz (ﬁ”?)sm(77+90) , 0<n<wil
0 otherwise

n=wt—kxr, k=w/c

Calculate couplings at each time step? 600

-Too time consuming 200

Has been implemented, though: -400
lvanov, Phys. Rev. A 91, 043410 (2015) -600
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Problem 2: Including the spatial dependence of the field
Hyy = (prlca - eAlpr)

E . 2 T .
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0 otherwise
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10 f R Magretic Field | .,
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w:cﬁ 102 107 10°
Field Frequency (a.u.)

-Dipole approximation. Not valid.

-400
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Reiss, Phys. Rev. A 63, 013409 (2000).




Problem 2: Including the spatial dependence of the field

Hk;l (pr|ca - eAlpr)

A= &sz (Z=n)sin(n+¢) ., 0<n<wT
0 otherwise

n=wt—kxr, k=w/c

Separate time and space somehow

=Y a, T ()X

(prlca-eAlpr) = Y an T (t) (x| Xn(2)|1)

n



Problem 2: Including the spatial dependence of the field
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O otherwise
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Problem 2: Including the spatial dependence of the field

sz (r|ca - eA|p;)

A= &sz (Z=n)sin(n+¢) ., 0<n<wT
O otherwise
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Problem 2: Including the spatial dependence of the field

sz (pr|ca - eAlpr)

b
A = = gin? (in) sin(n + ), everywhere/always
W wl’
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n=wt—kr, k=uw/c Period T: 6 terms

Maybe ok'for longer pulses

Separate time and space somehow
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Problem 2: Including the spatial dependence of the field

Hy; = (r|ca - eAlp;)
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Problem 2: Including the spatial dependence of the field
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Problem 2: Including the spatial dependence of the field
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Problem 2: Including the spatial dependence of the field
Hyy = (prlca - eAlpr)
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Problem 2: Including the spatial dependence of the field
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Problem 2: Including the spatial dependence of the field
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Problem 2: Including the spatial dependence of the field
Hyy = (prlca - eAfpr)

A= @sz (Z=n)sin(n+¢) ., 0<n<wT
0 otherwise

n=wt—kxr, k=w/c

First order

Separate time and space somehow
600
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A~ A(t) - A'(t)a/e m

-400

Vazquez de Aldana, Kylstra, Roso, Knight, Patel, Worthington, Phys. Rev. A 64, 013411 (2001)600

Farre, Simonsen, Phys. Rev. A 90, 053411 (2014)




Problem 2: Including the spatial dependence of the field
Hyy = (prlca - eAlpr)

A= @sz (Z=n)sin(n+¢) ., 0<n<wT
0 otherwise

n=wt—kxr, k=uw/c

First order

Separate time and space somehow
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Problem 2: Including the spatial dependence of the field
Hyy = (prlca - eAfpr)

A= @sz (Z=n)sin(n+¢) ., 0<n<wT
0 otherwise

n=wt—kxr, k=uw/c

First order

Separate time and space somehow
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Vazquez de Aldana, Kylstra, Roso, Knight, Patel, Worthington, Phys. Rev. A 64, 013411 (2001)
Farre, Simonsen, Phys. Rev. A 90, 053411 (2014)
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«Solution»: Add x"-terms in A in the Dirac equation until it works



Problem 3: How do we deal with such large basis sets?

For convergence:
[ .= 30 (# partial waves)

Spectral basis: 500 positive and 500 negative energies per spin-angular symmetry
(filter out the highest ones)

In total: ~ 2 million states
With up to x°: ~ 4 - 101! non-zero matrix elements (3 TB)



Problem 3: How do we deal with such large basis sets?
Subproblem 3a: How can we exponentiate such a huge matrix?

Subproblem 3b: How can we fit such a huge matrix in the memory?
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U(t 4+ At) ~ e HALY (1)



Problem 3: How do we deal with such large basis sets?

Subproblem 3a: How can we exponentiate such a huge matrix?

—iH At
U(t+ At) ~ e U(t)
Solution: Krylov subspaces

Kn(t) = Span{¥, HU, H*V, ..., H" ¥}

-We exponentiate within this space, and then transform back

Aleksej Krylov

Arnoldi-method
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Subproblem 3b: How can we fit such a huge matrix in the memory?
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Carl Eckhart

Subproblem 3b: How can fit such a huge matrix in the memory?

Solution: The Wigner-Eckhart theorem

Keep only radial part in memory, calculate spin-angular part of the coupling
on the fly using the Wigner-Eckhart theorem.

Eugene Wigner
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Problem 3: How do we deal with such large basis sets?

Carl Eckhart

Subproblem 3b: How can fit such a huge matrix in the memory?

Solution: The Wigner-Eckhart theorem

Keep only radial part in memory, calculate spin-angular part of the coupling
on the fly using the Wigner-Eckhart theorem.

Angular interaction, spatial order 3 Reduced matrix elements, spatial order 3

Eugene Wigner
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Problem 4: Weak convergence in x"
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Problem 4: Weak convergence in x"
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Solution: The propagation gauge

Kjellsson, Fgrre, Simonsen, Selstg, Lindroth, Phys. Rev. A 96, 023426 (2017)
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The propagation gauge

Minimal coupling:

p—p+ecA

Alternatively:

p—p+eA-

Forre, Simonsen, Phys. Rev. A 93, 013423 (2016)

Vazquez de Aldana et al., Phys. Rev. A 64, 013411 (2001)
Simonsen, Fgrre, Phys. Rev. A 93, 063425 (2016)

___ Schrédinger equation



The propagation gauge Hamiltonian

Schrédinger Hamiltonian:

2 A 2
H=2 IV+£A-p+g 1 — 1—<e—)j

P
2m m me
F@rre, Simonsen, Phys. Rev. A 93, 013423 (2016)
Dirac Hamiltonian:
2 A2 2 A2

e- A< - e< A
H=ca- -|p-+cA- k) + V1 + Bme?

2me 2m

Kjellsson, Fgrre, Simonsen, Selstg, Lindroth, Phys. Rev. A 96, 023426 (2017)



The propagation gauge Hamiltonian

Schrédinger Hamiltonian:

2m m mc

F@rre, Simonsen, Phys. Rev. A 93, 013423 (2016) /
Push in propagation direction,

induced by the magnetic field

/
e2 A2 e2 A2

H=ca- (p + eA A k) + V4 + Bme 14
2me 2m

p? e c eA\” -
H = IV—I——/A-p—|—§ I — 1—<!—) k-p

Dirac Hamiltonian:

Kjellsson, Fgrre, Simonsen, Selstg, Lindroth, Phys. Rev. A 96, 023426 (2017)



The propagation gauge Hamiltonian

Cancels the A2-term in the
non-relativistic limit

Dirac Hamiltonian:

12/42 ) jQAQ
: k) + V14 + fme? ‘ 1y
2m

H=ca- (p+eA |
2mce

Kjellsson, Fgrre, Simonsen, Selstg, Lindroth, Phys. Rev. A 96, 023426 (2017)



The propagation gauge Hamiltonian

Now:
Makes sense to truncate at zeroth order and

2_ .
let A be purely time-dependent Cancels the A*-term in the

non-relativistic limit

-Far less restrictive than the
dipole approximation

Dirac Hamiltonian:

2 A2

e2 A e A2

R) + V1, + Bme? 14

2m

H=ca- (p+eA |
2mce

Kjellsson, Fgrre, Simonsen, Selstg, Lindroth, Phys. Rev. A 96, 023426 (2017)



The propagation gauge Hamiltonian

Now:
Makes sense to truncate at zeroth order and
let A be purely time-dependent

-Far less restrictive than the

BYD5

Prop. LWA ||

dipole approximation

Dirac Hamiltonian:

H = co -

2

2

p + c¢A H

e= A

2mc

s

log,0(dP/dE) [a.u.]
|

k) + V1, + Bme?

Kjellsson, Fgrre, Simonsen, Selstg, Lindroth, Phys. Rev. A 96, 023426 (2017)
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Remaining questions we would like to try and answer
* Can we push the numerics deeper into the relativistic region?

 What is the range of validity for using a homogeneous A (within the
propagation gauge)?

* How about circular polarization?

* Can we see any relativistic corrections in high harmonic generation or
in the spin dynamics?

* How strong are the relativistic corrections in the x-ray and the optical
regions?

* Other things we should think about?
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* Can we push the numerics deeper into the relativistic region?

 What is the range of validity for using a homogeneous A (within the
propagation gauge)?

* How about circular polarization?

* Can we see any relativistic corrections in high harmonic generation or
in the spin dynamics?

* How strong are the relativistic corrections in the x-ray and the optical
regions?

e Other things we should think about? Suggestions?




