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Non-Hermitian Hamiltonians and absorbing boundaries

Complex scaling

Uniform: 7 — T - 67’9

r r < R

E . : . ) ;
xterior: 1= { R+ (r—R)e” r>R

Anti-Hermitian «potentials»

Phenomenological spontaneous decay: [ — H — z’¢n> <?,Dn|
Complex absorbing (local) potential: V(1) — V(r) —i'(r),['(r) <0

Masking function: W(t + At) = UW(t) = UW(t)- M(r), M e (0,1]



Non-unitary evolution

Typicallyy H=X iV, X=X, Y=V, V>0

Evolution:

U(t + At) = exp(—i HAt)W(t)

Norm:
N2(t+ At) = (U(t + AD|(t + AL)) = (W(t)|eT A HA g (1))
(W(t)|e ™ S (1)) < N*(1)

Thus, N’ decreases in time

May be useful — but also problematic...



The problem...
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The problem...
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Formulation with variable number of particles

Fock space:

H="Ho® H{ P Ho DB H3D ...

Field operators for identical fermions: (h(x) ¢T(x’)} =35 —x')

dJT (;r) creates a particle in position x -

(x) removes a particle in position x



Formulation with variable number of particles

Fock space:
H="Hy®Hy S Ho B H3D ...

Field operators for identical fermions: (h(x) QN(X,)} =5(x —x')

1/)'1{ (;1?) creates a particle in position x -

P (x) removes a particle in position x

One-particle operators:

j — / da ' () ()2 ()

Two-particle operators:

V= %fdw Pl (x)pt(@)V (@, 2")p (") ()



Formulation with variable number of particles

Foch space:
H="Hy®H BHo B H3D ...
Field operators for identical fermions:
. Point:
1/) J (I) creates a particle in position x H independent
T removes a particle in position ST U
P(r) p p & particles
One-particle operators: /

h= [ dept(z)h(z)y(z) A A
Two-partic[ operators: H — h —l_ V

V= %/daﬁ Pl (x)pt(@)V (@, 2")p (") ()



The absorber

I / do T () ()2 ()

F(-CU) is zero for x in a certain (interaction) region, and positive outside of this region

Typcal choices:

Power form, ['(z) =C¢", ¢ =max(0,z — 2y, —27 — 1)

Manolopoulos from, J. Chem. Phys. 117, 9952 (2002)

lo = N w A O N ®
T T T T T T mmaadanam




Why the Lindblad equation?

Markovian:
There is no memory of any absorbed patrticle

Positive:
Probabilites should remain positive at all times

Trace conserving:
The probability of having N, N-1, ..., 1 or zeros patrticles should always be unity



Why the Lindblad equation?

Markovian:
There is no memory of any absorbed patrticle

Positive:
Probabilites should remain positive at all times

Trace conserving:
The probability of having N, N-1, ..., 1 or zeros patrticles should always be unity

The evolution of any such quantum mechanical process is goverened by an equation of form

d
"
D = Z /m.n (4131 4?1)0 + pA-L.A-n o 2‘4”)0 A*‘r”)

m.,n

ihp = [H.p] —iD(p)

-V. Gorini, A. Kossakowski and E. Sudarshan, J. Math. Phys. 17, 821-5 (1976)
-G. Lindblad, Commun. Math. Phys. 48, 119 (1976)



Von Neumann equation (equivalent to the Schrodinger equation):

d
h—p = H.

Von Neumann equation with absorbing potential:

L d P
th—p=H,p| —i(l'p+pl)

Lindblad equation with Lindbladian on diagonal form:

di&p — [H: P] — ! Z (A-L,Anp T pA,LA.n o QA”'OA'L)

n



Von Neumann equation (equivalent to the Schrodinger equation):

d
= [H.
th—p H, p)

Von Neumann equation with absorbing potential:

d
?hdp—U¥d—4Wp+dU

Vo= [T @ W @) p+ o ¥ @)

Lindblad equation with Lindbladian on diagonal form:

?’h&p — [H y P] ! Z (A-L,Anp T pA:zAﬂ o 2‘4?“0 AL)

n

Identification:

Yala,— [wedwa@ - [Ty ) = [ Al



Von Neumann equation (equivalent to the Schrodinger equation):

d
0 = [H.
th—p H., p|

Von Neumann equation with absorbing potential:

d
?hdp—U¥d—4Wp+dU

Vo= [T @ W @) p+ o ¥ @)

Lindblad equation with Lindbladian oh diagonal form:

?’h&p — [H y P] ! Z (A-L,Anp T pA:zAﬂ o 2‘4?“0 AL)

= /T (z)3(a

Identification:




e = (Hopl = i{F.p} +21 [ deT (@) (0)

" K \
«Normal» dynamics T Transition to system with fewer particles
Absorption

P(xr) : Hy — Hy-a

p= V) (Un| = Ppp’ ~ [y 1) (Vx4



d A ,1
fzihgp = |H,p| —i{T", p} + 2i /dr ['(z)Y(x)pp' ()

«Normal» dynamics T Transition to system with less paticles
Absorption

P(xr) : Hy — Hy-a

p=UN)(Un|= pppl ~ Uy 1)Uy

Structure of the denstity matrix:

pMN ‘pMN_I T
pN—I,IJ’ pN—I,N—I
=
=
[ ]

"
]
L |
p2, 2 p2, 1 p2, i

p1,2 pI,I pI,fJ
pﬂ,2 pﬂ,l pﬂ,ﬂ




d A
ihgp = |H,p| —i{T', p} + 2i /dr [(z)p(x)pp' ()

«Normal» dynamics T Transition to system with less paticles
Absorption

’(L’(.’f) . Hf\? — Hf\r—l

p=|UN{(Un| = ppp’ ~ |Wn )Ty

Structure of the denstity matrix: pN 0 .
Pus [P .. 0 1Rm
pN—I,IJ’ pN—I,N—I . E
. " {010
Ez,z Ez,f Ez,a . 0 pl 0
P10, IP 010 1P




Finally:

o d e
Zh%ﬁ)n — {ijn}—Z{Pjpn}—l—

)i / 02 ()8 (2) pus1 ()

Special cases:

Pure initial state

L d -
[)(IL — O) = ‘\IJN><\1J£\,*‘ — Fﬁ;g‘g}*\> — (H — Fr)‘ll}*\>

Vacuum (no particles)
dpyg

po = po(t)|—)(—|. ﬁ—\—><—\ = 2/(1.1‘ [(x)p(x) prp’(z)

-S. S. and S. Kvaal, J. Phys. B 43, 065004 (2010)




Schematically (two particles):
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Example: Collision in a Gaussian well
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Example: Collision in a Gaussian well




Example: Collision in a Gaussian well
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Application: Non-sequential two-photon double
ionization of helium

Energy (a.u.)
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Application: Non-sequential two-photon double
ionization of helium

Energy (a.u.)
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TPDI cross section (10 * cm’s)

10

Results still debated

oo
|

—e— Ngstadetal (48)

—&— Feist et al. (4 fs)
—*— Foumouo et al. (NC)
—4— Foumouo et al. (WC)

—%— Nikolopoulos et al.
—=— 1D model

44 46 48 50 52 54
Photon energy (eV)

56

Por = Z\ (I)DC W(t > T)>|2

R Z\ b b} Pus|P(t — 00))?

/ n,m

?

DI: Direct ionization
DC: Double continuum
UC: Uncorrelated

UB: Unbound

H = h(z1) + h(z) + V(2120)

T19 — 00 = V(r1s) — 0



lonization probabilities via the Lindblad equation

3 — Nuclear Potential| -
) E - - =|nteraction 3
I Absorber .9 Tt .
b E(t) = Epsin® | — | sin(wt + @)
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Absorber, I'(x): Manolopoulos-type,
D. E. Manolopoulos, J. Chem. Phys. 117, 9552 (2002)




lonization probabilities via the Lindblad equation

Two particles

\ ]
d
Zh—pl — [hapl} o Z{F?pl} +
One particle / at

2 f L ()4 ()| W) (Wa b () da

WLy = 2 [ I (2) (@)oo' (z) do,

dt

e
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lonization probabilities via the Lindblad equation




lonization probabilities via the Lindblad equation

2222 Pulse duration: 30 cycles
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lonization probabilities via the Lindblad equation

Analyze source-term on the fly

2 n
A’OHOHICG( ) ~ AIL X E/d_I r(l‘)w(l‘)|@2><\p2lw|(l‘)

PDI(t T AIL) PDI( ) + Tl Apsource Z |&’C0nt ?'aont

?
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Convergence in «box size»

-6
2)( 10
15 —
)
I ‘
a
05" —
% 50 100

Box size (a.u.)

150

Pulse duration:

16 cycles

Intensity: 2.2 x 10" W/cm?

Photon energy:

46.2 eV

Absorber «turned on» at distances less than 20% of the box size from the edges




Does it work?
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Partial widths?



Partial widths?

Maybe...

Resonance N-particle wave function(?):

\IjreS(t) — e_i(Ep_iEw)t/h wres

Solves the N-particle equation,

PN
thpy =

qlres) <q}reS’ — e_ngt/hW}res> <1/}re5’
H. pn] =il pn}




Partial widths?

Bound (remaining) part

_ Electron travelling outwards
Assume asymptotic form: /

Wies ~ Z 1@ ({z})xc(T)}
Gives N-1 system of form:

pv—1) Zp )| Do ({2} )N (Do ({2}:1)]

p<(t) may then provide the partial width corresponding to channel ¢



Partial widths?

N = [Iy@))P == (h =
N = -TN
pc(t) —= FCN- —
I .
Dt — 00) = T Zczrc_

p (1) found as eigenvalues to p _ or, if it the decay products are know, as:

pelt) = (Pe(iz}) oy 1| Pe(12}))

Particularely:
Analyze what is left instead of what is leaving



Summary

-Applying absorbing boundry conditions to the time dependent Schrédinger equation
may be problematic in an many-body context.

-The proper generalization of the concept of complex absorbing potentials is
achieved through the Lindblad equation.

-The remaining system after absorbption is subject to loss of coherence
(i.e. it is not a pure state),

-Within this formalism it is possible to describe the dynamics of remaining
particles while others have been absorbed.

-The formalism facilitates the distinction between single, double etc. ionization.

-Suggest a method for distinguishing decay into varous channels?



What about complex rotation?

H({r;}.{p:}) — H" = H{r"}, {pie™"})

H= Z (cas 29) i +RE(VH(X;))) +ZRE( o (xi, x;))

2m J<i

r = 3 (sin(20) 2 — 1 (V')



AE;-I) — Cp
Yon = (emTV|en)

2)  _
A(mgﬂ) = CnCm
2
yEk,)f).(m.n) - <gﬁk@j|r(2)|fﬁm‘ﬁn>
d

ff}aﬂ'm,ﬂ — [Hpm,n} _ j{rﬂpm.ﬂ} T
ZJZ@;lrm @) CiPms1.ar1€; +
Lj

i Z (pigp jlr{z) Pkp1) CICKP m+2.n+2 C; ij
i jik,1



Rquirement: I (y-tensors) must be positive semi-definite

Interaction: E(t) - xe® or A(t)-pe™
[ no longer positive semi-definite

Consequently: The flow does no longer have a well-
defined direction
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