Gorenstein Liaison, Complete Intersection Liaison Invariants and Unobstructedness

Jan O. Kleppe Juan C. Migliore Rosa Miró-Roig Uwe Nagel Chris Peterson

Author address:

Oslo University College, Faculty of Engineering, Cort Adelers gt. 30, N-0254 Oslo 2, Norway

E-mail address: JanOddvar.Kleppe@iu.hio.no

Department of Mathematics, University of Notre Dame, Notre Dame, IN 46556

E-mail address: migliore.1@nd.edu

Facultat de Matemàtiques, Departament d’Algebra i Geometria, Gran Via de les Corts Catalanes, 585, 08007 Barcelona, Spain E-mail address: miro@cerber.mat.ub.es

FB Mathematik-Informatik/17, Universität-GH Paderborn, D-33095 Paderborn, Germany

E-mail address: uwen@math.uni-paderborn.de

Department of Mathematics, Colorado State University, Fort, Collins, CO 80523

E-mail address: peterson@math.colostate.edu

Contents

Chapter 1. Introduction 1 Chapter 2. Preliminaries 9 Chapter 3. Gaeta’s Theorem 13 Chapter 4. Divisors on an ACM Subscheme of Projective Space 21 Chapter 5. Gorenstein Ideals and Gorenstein Liaison 29 Chapter 6. CI-Liaison Invariants 39 Chapter 7. Geometric Applications of the CI-Liaison Invariants 55 Chapter 8. Glicci curves on Arithmetically Cohen-Macaulay surfaces 71 Chapter 9. Unobstructedness and dimension of families of subschemes 83 Chapter 10. Dimension of families of determinantal subschemes 99 Bibliography 119

Abstract

This paper contributes to the liaison and obstruction theory of subschemes in P^n having codimension at least three.

The first part establishes several basic results on Gorenstein liaison. A classical result of Gaeta on liaison classes of projectively normal curves in P^3 is generalized to the statement that every codimension c “standard determinantal scheme” (i.e. a scheme defined by the maximal minors of a t × (t + c − 1) homogeneous matrix), is in the Gorenstein liaison class of a complete intersection. Then Gorenstein liaison (G-liaison) theory is developed as a theory of generalized divisors on arithmetically Cohen-Macaulay schemes. In particular, a rather general construction of basic double G-linkage is introduced, which preserves the even G-liaison class. This construction extends the notion of basic double linkage, which plays a fundamental role in the codimension two situation.

The second part of the paper studies groups which are invariant under complete intersection linkage, and gives a number of geometric applications of these invariants. Several differences between Gorenstein and complete intersection liaison are highlighted. For example, it turns out that linearly equivalent divisors on a smooth arithmetically Cohen-Macaulay subscheme belong, in general, to different complete intersection liaison classes, but they are always contained in the same even Gorenstein liaison class.

The third part develops the interplay between liaison theory and obstruction theory and includes dimension estimates of various Hilbert schemes. For example, it is shown that most standard determinantal subschemes of codimension 3 are unobstructed, and the dimensions of their components in the corresponding Hilbert schemes are computed.

Received by the editor October 9, 1998.

1991 Mathematics Subject Classification. Primary 14M12, 14C05, 14H10, 14J15; Secondary 14N05.

Key words and phrases. Liaison, linkage, Gorenstein, complete intersection, divisor, canonical module, normal sheaf, liaison invariants, Hilbert scheme, unobstructed schemes, arithmetically Cohen-Macaulay.

The third author was supported in part by DGICYT PB97-0893.

Introduction

Let V_1, V_2 ⊂ P^n be two equidimensional schemes without embedded components. V_1 and V_2 are said to be directly linked by a complete intersection (directly CI-linked) if there exists a complete intersection scheme X such that I_{V1} /I_X ∼= Hom_{OPn} (O_{V2} , O_X ) and I_{V2} /I_X ∼= Hom_{OPn} (O_{V1} , O_X ). If V_1 and V_2 do not share any common components then this is equivalent to X = V_1 ∪ V_2. In other words, V_1 is directly linked to V_2 if their “union” is a complete intersection. The philosophy behind CI-liaison theory is that complete intersections are a well understood class of schemes and that non-complete intersections can be studied by extending them with a complementary scheme to a complete intersection. One studies the complete intersection and the complementary scheme to gain information about the original scheme. A simple example of this is to let V_1 be a twisted cubic in P^3 and to let V_2 be a secant line to V_1. The union of V_1 and V_2 will be a degree 4 curve which is a complete intersection of two quadric surfaces. By studying the secant line and the complete intersection of the two quadrics one gets information about the twisted cubic. It should be noted that we can reverse this process. Start with a line, L, and intersect two general quadric surfaces containing the line to get a degree 4 curve, C. The ideal quotient I_C : I_L corresponds to the part of C complementary to the line. This complementary component is a twisted cubic curve. In other words, the complement of a line in a complete intersection of two quadrics containing the line is a twisted cubic curve. A natural way to extend the definition of direct CI-linkage is as follows. Two schemes, V_1 and V_2, are said to be CI-linked if there exists a sequence of schemes A_1, . . . , A_r such that A_i is directly CI-linked to A_{i+1} and such that A_1 = V_1 and A_r = V_2. In this manner, direct CI-linkage generates an equivalence relation called CI-linkage. CI-liaison theory is the study of this equivalence relation and the corresponding equivalence classes.

CI-liaison theory turns out to have a number of rather extraordinary properties. One of the most important of these properties is that the numerical invariants of the schemes V_1, V_2 and X are all very closely tied together. In fact, one can write a free resolution for any one of the schemes in terms of a free resolution of the other two. In addition, CI-liaison theory is closely intertwined with obstruction theory. We spend a large part of this paper explaining certain CI-liaison invariants and their applications to obstruction theory.

As shown in papers of Schenzel [66] and Nagel [57], the condition that allows for many of the aforementioned properties to hold is that complete intersections are arithmetically Cohen-Macaulay and have a cyclic dualizing module. Suppose we replace the role of complete intersections in the theory with schemes which have the property of being arithmetically Cohen-Macaulay with cyclic dualizing module. In other words, replace the role played by complete intersections with arithmetically

Gorenstein schemes. Schenzel’s and Nagel’s work showed that many nice properties are retained. In codimension two, complete intersection schemes and arithmetically Gorenstein schemes coincide but this is definitely not the case in higher codimension. Mimicking the above definitions for CI-liaison theory, we define two schemes, V_1 and V_2, to be directly linked by an arithmetically Gorenstein scheme (directly G-linked) if there exists an arithmetically Gorenstein scheme X such that I_{V1} /I_X ∼= Hom_{OPn} (O_{V2} , O_X ) and I_{V2} /I_X ∼= Hom_{OPn} (O_{V1} , O_X ). If V_1 and V_2 do not share any common components then this is equivalent to X = V_1 ∪ V_2. In other words, V_1 is directly G-linked to V_2 if their “union” is an arithmetically Gorenstein scheme. G-liaison theory is the study of the equivalence relation generated by direct G-linkage and the corresponding equivalence classes.

We note that among subschemes of P^n, this notion cannot be further generalized (in a useful way) by studying Cohen-Macaulay liaison (i.e. allowing X above to be simply arithmetically Cohen-Macaulay). Indeed, Walter [71] has shown that any unmixed subscheme of P^n can be linked in this way in a finite number of steps to an arithmetically Cohen-Macaulay scheme; hence there is only one equivalence class in ACM-liaison theory (but see Remark 2.11).

An important question to ask is whether G-liaison theory is a useful equivalence relation to study and can effective computations be made? One of the key points of the present paper is to answer this question with a resounding “yes”! As is to be expected, there are a number of technical obstacles to overcome. Fortunately, the work of Schenzel and Nagel took care of several of these problems but other obstacles remained. These included finding a proper geometric context for the theory, determining methods of completing a given scheme to an arithmetically Gorenstein scheme, characterizing G-liaison classes, etc. We will address these obstacles and provide examples to illustrate various aspects of the theory. See [52] for a detailed introduction to liaison theory.

The kernel of the idea of liaison theory is found at least as early as the work of Severi and Macaulay. Max Noether made use of similar ideas in the late nineteenth century. However, the first formal definitions and the first theorem relating specifically to liaison theory appear in the work of Dubreil [19] in 1935. In this paper, Dubreil proves that if two curves are directly CI-linked then they have the same projective dimension. A similar statement is definitely not true for surfaces. For instance, the projection of the Veronese surface to P^4 is directly linked by two cubic hypersurfaces to a quintic elliptic scroll. The projection of the Veronese is clearly not projectively normal while the quintic elliptic scroll is projectively normal. In 1945, Apéry [1], [2] announced that all projectively normal curves in P^3 are in the same liaison class (both CI-liaison class and G-liaison class since the two theories coincide for codimension two). It was not until the paper of Gaeta [24] that we find the first formal proof of this fact. When combined with the result of Dubreil, this yields the aesthetic statement that a curve in P^3 is in the linkage class of a complete intersection if and only if the curve is projectively normal. By the Hilbert-Burch Theorem this is equivalent to saying that a curve in P^3 is in the linkage class of a complete intersection if and only if the curve is determinantal (recall that for a curve in P^3 to be determinantal it must be defined by the maximal minors of a t × (t + 1) matrix).

In 1974, Peskine and Szpiro [62] published their landmark paper giving a rigorous, modern proof of Gaeta’s Theorem and establishing liaison theory as a modern discipline. In 1979, a remarkable paper of Rao [63] gave a complete characterization of liaison classes of curves in P^3. He later extended his characterization to the case of locally Cohen-Macaulay codimension two schemes in P^n [64]. A major aspect of these papers was an identification of codimension two liaison classes with stable equivalence classes of vector bundles on P^n with vanishing first cohomology modules. This allowed one to determine precisely when two schemes fell into the same liaison class (provided they are locally Cohen-Macaulay of codimension two). Shortly after these results were published, Lazarsfeld and Rao [48] showed that certain liaison classes of curves in P^3 have a very interesting property. They can be built up entirely from a distinguished element by a process known as basic double linkage and a certain type of cohomologically preserving deformation. Martin-Deschamps and Perrin [49] then showed that every liaison class of curves in P^3 has this property provided you let the distinguished element be unique up to deformation and they even included an algorithm allowing one to find a distinguished element. Independently, Ballico, Bolondi and Migliore [4] showed that the result holds true not just for curves in P^3 but for any codimension two locally Cohen- Macaulay scheme in P^n! The algorithm of Martin-Deschamps and Perrin can be extended to this more general setting. These results and the accompanying algorithm provide a powerful tool for the customized construction of codimension two schemes with prescribed properties and prescribed cohomology. Work of Huneke and Ulrich [35], [36] placed liaison theory in a wonderfully more general algebraic setting. At the same time, big differences were beginning to show up between CIliaison theory in codimension two and CI-liaison theory in codimension three. For example, while curves in P^4 have the property that directly linked curves have the same projective dimension, Huneke and Ulrich showed that two projectively normal curves need not be linked! In fact there are an infinite number of projectively normal CI-liaison classes of curves in P^4. One of the simplest examples is that the 2 × 2 minors of a 2 × 4 matrix of general linear forms in k[x_0, . . . , x_4] define a curve in P^4 which is projectively normal yet is not in the CI-linkage class of a complete intersection. The thesis of Buchweitz [13], later work by Buchweitz and Ulrich [14] as well as work by Huneke [35] introduced several new CI-liaison invariants and applied them in a number of settings. Their work also established important connections between CI-liaison theory and obstruction theory. Kleppe furthered this connection in a series of papers [38]-[43]. A large portion of the present paper is devoted to explaining these important invariants, giving applications to obstruction theory and providing sharp formulas for the dimension of certain Hilbert schemes.

An important point of view taken in [49] is to view the liaison theory of curves in P^3 as a theory about divisors on surfaces in P^3. For instance, if the two curves, C_1 and C_2 are linearly equivalent on the surface F in P^3 then they can be shown to be linked in two steps. Furthermore, basic double linkage corresponds naturally to adding hypersurface sections and deformations within a linear series preserve the equivalence class. This point of view can be generalized considerably. Replacing F by any smooth complete intersection scheme, basic double linkage still corresponds to adding hyperplane sections and deformations within linear series still preserve the liaison class. Hartshorne [30] showed that, with some care, one can generalize the notion of divisor allowing one to remove the condition of smoothness of F . Thus, CI-liaison theory really should be viewed as a theory about divisors on complete intersection schemes! What about G-liaison theory? A first guess might be that

G-liaison theory is a theory about divisors on arithmetically Gorenstein schemes but this is a gross underestimate. We will show that G-liaison theory is a theory of divisors on the very large class of arithmetically Cohen-Macaulay schemes. This places a formerly very algebraic theory into a very geometric context. We spend some time applying this point of view to a number of problems then collect some of the remaining open questions in the final chapter.

Chapter 1 and Chapter 2 of this paper provide (respectively) background and preliminary results. As mentioned earlier, Gaeta proved that every projectively normal curve (or equivalently every determinantal curve) in P^3 is linked to a complete intersection. In the context of CI-liaison, Gaeta’s Theorem does not generalize well to higher codimension. As mentioned earlier, the determinantal curve defined by the maximal minors of a 2×4 matrix of general linear forms in k[x_0, . . . x_4] is not CI-linked to a complete intersection. In the context of G-liaison, a generalization of Gaeta’s Theorem does hold. A scheme, X, of codimension c + 1 is said to be standard determinantal if its homogeneous ideal can be generated by the maximal minors of a homogeneous t×(t+c) matrix. Most of Chapter 3 is devoted to proving the following result.

Theorem 1.1. Every standard determinantal scheme in P^n is Gorenstein linked to a complete intersection.

We were pleasantly surprised that the result generalized so cleanly to arbitrary codimension.

The first half of Chapter 4 begins the development of G-liaison theory as a theory of divisors on arithmetically Cohen-Macaulay schemes. To put the theory into as broad a context as possible, we utilize the ideas of Hartshorne on generalized divisors [30]. The second half of Chapter 4 is concerned with the equivalence of algebraic CI-linkage and geometric CI-linkage, extending work of Rao [63] for codimension two. Letting H(c, n) denote the set of all subschemes of P^n that are equidimensional of codimension c and generic complete intersections, we show

Theorem 1.2. Algebraic and geometric CI-linkage generate the same equivalence relation on H(c, n). That is, if C, C^′ ∈ H(c, n) and there is a sequence of algebraic CI-links C ∼ C_1 ∼ · · · ∼ C_t ∼ C^′ with each C_i ∈ H(c, n) then there is a sequence of geometric CI-links from C to C^′.

In the special case of codimension two, we improve this theorem, removing the condition that each C_i ∈ H(c, n), extending work of Schwartau for curves in P^3 [67].

Chapter 5 continues the development of G-liaison theory as a theory of divisors on arithmetically Cohen-Macaulay schemes. When the arithmetically Cohen- Macaulay scheme happens to be a complete intersection, the theory collapses to the setting of CI-liaison theory as a theory of divisors on a complete intersection. First, it is shown that twisted anticanonical divisors on arithmetically Cohen-Macaulay schemes which satisfy property G_1 (see Definition 2.1) are arithmetically Gorenstein. While this is not so difficult to prove, it is quite central to much of the development of the theory. It provides an effective method of extending a given scheme to an arithmetically Gorenstein scheme. In fact, it allows us to prove the following very useful result:

Proposition 1.3. Let S be an arithmetically Cohen-Macaulay subscheme of P^n. Let C be a closed subscheme of S of codimension one in S. Let F be a homogeneous polynomial of degree t not vanishing on any component of S. Then we have:

(i) The ideal I_S + F · I_C is the saturated ideal of an arithmetically Cohen- Macaulay subscheme Y of S. If F is sufficiently general then Y is the union of C with the hypersurface section H_F of S by F .

(ii) If S has property G_0 (generically Gorenstein) then Y is G-linked to C in two steps; hence we call Y a Basic Double G-link of C.

(iii) If S has property G_1 then the linear equivalence class of Y makes sense, and we have that any divisor in |C + tH| is G-linked to Y in two steps.

For CI-liaison, the above fact is true if S is a complete intersection. It should be noted that linearly equivalent divisors on non complete intersections are not, in general, CI-linked. Compare this, for instance, with Proposition 1.5 below.

In Chapter 6, we consider groups which are invariant under (algebraic) CIlinkage. It is well known that for a (locally) Cohen-Macaulay scheme X of dimension d in P^n, the cohomology groups H^i_∗(P^n, I_X ) (the Rao invariants) are invariant up to shifts and duals if 1 ≤ i ≤ d (even for G-liaison [66]). X is arithmetically Cohen-Macaulay if and only if all of these groups vanish. Buchweitz and Ulrich proved the CI-liaison invariance of H^im(K_{R/IX} ⊗_R I_X ) and of most H^i_∗(N_X ) in an unpublished manuscript [14]. These invariants are important in that they allow one to distinguish between many CI-liaison classes which cannot be distinguished by the Rao invariants alone. We give a geometric approach to the proof of this fact (extending the approach originating in [37], [38]). We prove

Theorem 1.4. Let X ⊂ P^N and X^′ ⊂ P^N (with saturated ideals I_X and I_X ′ of R resp.) be ACM schemes, algebraically linked by some complete intersection Y ⊂ P^N of dimension n. Let N_X be the normal sheaf of X and consider the natural map δ_X : H^n_∗ (N_X ) → Hom_R(I_X , H^{n+1}m (R/I_X )).

If n > 0, then, as graded R-modules we have H^i_∗(N_X ) ∼= H^i_∗(N_X ′ ) for 1 ≤ i ≤ n − 1, and

ker δ_X ∼= ker δ_X ′ .

Moreover, at least as graded k-modules, we have for any n ≥ 0 coker δ_X ∼= coker δ_X ′ .

We give a number of applications of this theorem throughout Chapter 6 and the rest of the paper.

Chapter 7 is concerned with geometric applications of the ideas in Chapter 6. We study the behavior of these CI-liaison invariants under the operation of basic double linkage on an arithmetically Cohen-Macaulay scheme. In other words, we compare the invariants for a divisor C ⊂ S to the invariants for the divisor C + tH when S is an arithmetically Cohen-Macaulay scheme. This leads us to the following result (among others).

Proposition 1.5. Let C ⊂ S be two ACM schemes, n = dim C ≥ 0, where S is generically, but not globally, a complete intersection in P^{n+3}. Moreover, suppose C is a Cartier divisor on S satisfying O_S (C) ∼= ω_S (h) for some h, and let C_v ∈ |C + vH| be effective Cartier divisors. Then C_v and C_v′ are not licci and they belong to different CI-liaison classes for any v > v^′ ≫ 0.

In Chapter 7 we moreover introduce a graded module, L^0(C), and we show that the conclusion of Proposition 1.5 holds provided L^0(C)_v ≠ 0 for some integer v, making the proposition above a very special case. In this manner we can construct infinitely many CI-liaison classes of arithmetically Cohen-Macaulay schemes lying on a given arithmetically Cohen-Macaulay scheme. CI-liaison theory does not behave well on such a scheme.

Chapter 8 demonstrates how G-liaison improves the situation considerably. We had hoped to resolve the following question.

Question 1.6. In any projective space, is there only one Gorenstein liaison class containing ACM schemes of fixed codimension?

This should be viewed as a further generalization of Gaeta’s theorem, beyond our result on standard determinantal schemes which we prove in Chapter 3. While this may be a difficult question, we did make substantial progress toward an answer. For instance, we established the following rather general result.

Proposition 1.7. Let X be a smooth, ACM (hence integral) surface in P^n and let M be a graded k[X_0, ..., X_n]-module of finite length. Then there exist only finitely many G-liaison classes of curves C ⊂ X with Rao module M(C) ∼= M (up to twist).

Setting M = 0 shows that there are only finitely many liaison classes of projectively normal curves on a given smooth arithmetically Cohen-Macaulay surface. Furthermore, in a case by case analysis we show that

Proposition 1.8. All ACM curves C ⊂ P^4 lying on a general smooth, rational ACM surface X ⊂ P^4 are glicci.

Further progress on Question 1.6 has been made recently by the third author with M. Casanellas [15], [16], in which they extend the above proposition to a much larger class of arithmetically Cohen-Macaulay surfaces in P^4, and to a much more general setting of divisors in higher codimension. In a different direction, the second and fourth authors have recently shown [53] that any arithmetically Cohen-Macaulay subscheme defined by a Borel-fixed monomial ideal is glicci, and also that for any Hilbert function which exists for arithmetically Cohen-Macaulay subschemes, a reduced scheme with that Hilbert function can be found which is glicci.

Chapter 9 is concerned with the unobstructedness and the dimension of certain families of subschemes of P^n obtained by adding hypersurface sections and with the unobstructedness of most determinantal schemes. In earlier sections it was shown that adding hypersurface sections of high enough degree results in schemes lying in different CI-liaison classes but the same G-liaison class. It was also shown that determinantal schemes are all G-linked to a complete intersection but are rarely CI-linked to a complete intersection. As seen in [38] unobstructedness is preserved under CI-linkage. Since all determinantal schemes are G-linked to a complete intersection and since there exist obstructed determinantal schemes one wonders if G-liaison ever preserves unobstructedness. We show that the answer is “yes” under certain conditions. The first theorem of Chapter 9 is

Theorem 1.9. Let C ⊂ S be equidimensional, locally Cohen-Macaulay closed subschemes of P^n such that C is a Cartier divisor on S. Suppose that S is unobstructed and satisfies H^2(R, R/I_S , R/I_S)^∼ = 0. Let t be an integer such that

H^1(O_S (C)(t)) = 0, and suppose the relative Picard scheme Pic is formally smooth (see Remark 9.1) at (O_S (C), S). If C_t ∈ |C + tH| is an arbitrary effective Cartier divisor inducing an injective map H^1(N_S ⊗ I_{C|S} (−t)) → H^1(N_S ), then C_t is unobstructed, and we have

dim_{Ct} Hilb^p(P^N ) = h^0(N_S ) + h^1(O_S ) − dim Im α_L − h^0(N_S ⊗ I_{C|S} (−t)) + h^0(O_S (C)(t)) − 1, where α_L is a certain map defined on page 85.

The proof of this theorem uses the theory of Hilbert flag schemes. We use this theorem to derive a number of results on obstructedness as well as to make explicit formulas for the dimension of Hilbert schemes of several large classes of schemes. For example we show

Proposition 1.10. Let C ⊂ P^4 be a smooth, ACM curve lying on a smooth, rational ACM surface S ⊂ P^4. If deg(C) ≤ 8 or deg(C) ≥ 24 then C is unobstructed.

The latter part of Chapter 9 is concerned with dimension formulas and unobstructedness of schemes in the strata GradAlg^H of Hilb^p, where we deform C = Proj(A) ⊂ P^N with constant Hilbert function H = H_A = H_C . GradAlg^H allows a natural scheme structure [41] whose tangent space is_0H^1(R, A, A) (resp. 0H^2(R, A, A)). C will be called unobstructed in GradAlg^H (or H-unobstructed) if GradAlg^H is smooth at (C ⊂ P^N ). We show

Theorem 1.11. Let C be a Cartier divisor on S ⊂ P^n, where S is an H_S - unobstructed curve (so C is a zeroscheme). Let C_t ∈ |C + tH| be an arbitrary effective Cartier divisor such that_0 Hom_R(I_{Ct |S} , H^2m(I_{Ct} )) = 0. If

0 Ext^1_R(I_S , I_{Ct|S} ) →_0 Ext^1_R(I_S , R/I_S )

is injective, then C_t is H_{Ct} -unobstructed. If moreover S is an ACM curve and a local complete intersection along C_t, then C_t is unobstructed and

dim_{Ct} GradAlg^{HCt} = h^0(N_{Ct |S} ) + h^0(N_S ) − h^0(N_S ⊗ I_{C|S} (−t)), dim_{Ct} Hilb^{pt} − dim_{Ct} GradAlg^{HCt} = h^1(N_S ⊗ I_{C|S} (−t)) − h^1(N_S )

where h^0(N_{Ct |S} ) = χ(O_S (C)(t)) − χ(O_S ).

In Chapter 10 we give an upper bound for the dimension of the locus W (b, a) of good determinantal schemes C ⊂ P^{n+c} (cf. Definition 3.1). The bound is sharp in a number of instances. The main result of Chapter 10 (Theorem 10.13) is somewhat technical, although the conditions of the theorem can be shown to be satisfied in a wide number of cases which we make explicit in Chapter 10. For instance, we have the following result.

Proposition 1.12. Let C ⊂ S be good determinantal schemes in P^{n+3} where C is given by the maximal minors of a t × (t + 2) matrix whose ij-th entry is homogeneous of degree a_j − b_i, 0 ≤ j ≤ t + 1, 1 ≤ i ≤ t, and S is correspondingly given by deleting some column. Let l = t+1∑ j=0 a_j − t∑ i=1 b_i, a_r = max{a_j }

and suppose C ⊂ S is Cartier in codimension ≤ 3 in S, S is G_1, and n = dim C ≥ 1. Then

(i) dim W (b; a) = λ + κ where λ = ∑ i,j ( a_j − b_i + n + 3 n + 3 ) + ∑ i,j ( b_i − a_j + n + 3 n + 3 ) − ∑ i,j ( b_i − b_j + n + 3 n + 3 )

− ∑ i,j ( a_j − a_i + n + 3 n + 3 ) + 1 κ = ( −l + 2a_r + n + 3 n + 3 ) . (ii) Suppose dim C > 1 or if dim C = 1, we suppose H^1(I_S /I^2_S (l − 2a_k)) = 0 provided S is obtained deleting the (k + 1)-th column. Then C is unobstructed, and

dim_C Hilb^p(P^{n+3}) = dim W (b; a) = λ + κ.

We would like to thank the referee for his or her useful suggestions and comments, and especially for the ideas to simplify the first part of the proof of Proposition 6.8. We would also like to thank Robin Hartshorne for his careful checking of Chapter 8, which led to Remark 8.9 and a revision of the proof of Corollary 8.10.

CHAPTER 2

Preliminaries

Throughout this paper, R will denote the polynomial ring R = k[x_0, x_1, . . . , x_n] where k is a field of characteristic zero, and P^n = Proj(R). Starting in Chapter 6, we will assume that k is algebraically closed. We will denote by m the maximal ideal in R. The sheafification of a module M will be denoted by M^∼. I_X (resp. N_X ) is the ideal sheaf (resp. normal sheaf) of a closed subscheme X of P^n, and I_{X|Y} is the ideal sheaf of X in Y . We will use I_X to denote the saturated ideal H^0_∗ (P^n, I_X ) and A will be used to denote R/I_X . When there is no danger of ambiguity we sometimes simply write I for the homogeneous ideal of X. For a homogeneous polynomial F ∈ R, the principal ideal F · R we will denote by (F ). We use M^∨ to denote the dual of M as a k-vector space (resp. the graded k-dual of M if M is graded) and rank_k M to denote the rank of M as a k-vector space. The ring B = R/I_Y is usually a complete intersection in R and (−)^∗ denotes its B-dual (or its O_Y -dual where Y = Proj(B)). If X = Proj(R/I) ⊂ P^n = Proj(R) is a closed subscheme of codimension c, and A = R/I, we denote by K_A (or sometimes by K_X ) its canonical module Ext^c_R(A, R)(−n − 1) and by ω_X its canonical sheaf Ext^c_{OPn} (O_X , O_Pn)(−n − 1). Definition 2.1. A noetherian ring A (resp. a noetherian scheme X) satisfies the condition G_r, “Gorenstein in codimension ≤ r” if every localization Ap (resp. every local ring O_x) of dimension ≤ r is a Gorenstein local ring.

Remark 2.2. Definition 2.1 means that the non locally Gorenstein locus has codimension greater than r. In particular, G_0 is “generically Gorenstein.” See [30] for more details on schemes satisfying the condition G_r.

Definition 2.3. Let V_1 and V_2 be two non-empty equidimensional schemes without embedded components. V_1 and V_2 are said to be directly CI-linked (resp. directly G-linked) if there exists a complete intersection scheme (resp. arithmetically Gorenstein scheme) X such that I_{V1} /I_X ∼= Hom_{OPn} (O_{V2} , O_X ) and I_{V2} /I_X ∼= Hom_{OPn} (O_{V1} , O_X ). Definition 2.4. Two schemes, V_1, V_2 ⊂ P^n, are said to be CI-linked (resp.

G-linked) if there exists a sequence of schemes A_1, . . . , A_r such that A_i is directly CI-linked (resp. directly G-linked) to A_{i+1} and such that A_1 = V_1 and A_r = V_2. We say that V_1 and V_2 are CI-bilinked (resp. G-bilinked) if r = 3. In other words, if V_1 is linked to V_2 in 2 steps.

Complete intersection liaison (or CI-liaison) is the study of the equivalence relation determined by CI-linkage. Gorenstein liaison (or G-liaison) is the study of the equivalence relation determined by G-linkage. One of the purposes of this paper is to show that Gorenstein liaison is a very natural geometric theory of divisors on an arithmetically Cohen-Macaulay scheme. We begin with the observation that the standard formula relating the degrees and arithmetic genera of curves which are directly linked by a complete intersection (cf. [62] Proposition 3.1, [30] Remark 4.7.1 and [52]) is in fact a special case of a very simple, more general formula for Glinked curves. The following proposition is a direct consequence of [57], Corollary 3.6, which in fact computes the behavior of the Hilbert function under G-liaison (as is done also in [30] for complete intersection liaison). See also [56] pp. 550–551. However, this formulation seems to be new, and we outline a simple proof. See [52] for more details.

Proposition 2.5. Let X be an arithmetically Gorenstein curve in P^n with minimal free resolution 0 → R(−a) → · · · → I_X → 0. Then

(i) p_a(X) = 1 2 (a − n − 1)(deg X) + 1;

(ii) Suppose that C_1 and C_2 are curves which are directly G-linked by X. Then

p_a(C_1) − p_a(C_2) = 1 2 (a − n − 1)(deg C_1 − deg C_2).

Proof. Because X is arithmetically Gorenstein, we have ω_X ∼= O_X (a − n − 1). Using this fact and standard Riemann-Roch techniques one can show that if K is a canonical divisor on X then deg K = 2p_a(X) − 2. That is,

2p_a(X) − 2 = deg K = (a − n − 1)(deg X).

This gives part (i).

For (ii), we have the exact sequence

0 → I_X → I_{C1} → H^0_∗ (C_2, ω_{C2} )(n + 1 − a) → 0.

Using this sequence, a Hilbert polynomial calculation then gives the formula

p_a(X) − 1 − (deg C_2)(a − n − 1) = p_a(C_1) − p_a(C_2).

Using (i) and the fact that deg X = deg C_1 + deg C_2 gives (ii). □

Remark 2.6. In Proposition 2.5, if G is the complete intersection of hypersurfaces of degrees d_1, . . . , d_{n−1} then a = ∑ d_i and deg G = ∏ d_i, and so (i) and (ii) are generalizations of standard formulas for complete intersections. Notice, for example, that it continues to hold, as is well-known in the complete intersection case, that if C_1 and C_2 have the same degree then they necessarily have the same arithmetic genus.

Definition 2.7. Given a scheme X ⊂ P^n with ideal sheaf I_X the i^{th} Rao module (or i^{th} deficiency module) of X is the module M_i(X) = H^i_∗(P^n, I_X ). If X is locally Cohen-Macaulay and equidimensional of codimension c then M_i(X) is a finite length module for 1 ≤ i ≤ n − c.

Definition 2.8. Assume the scheme X ⊂ P^n is locally Cohen-Macaulay and equidimensional of codimension c. The scheme X is said to be arithmetically Cohen- Macaulay or ACM if M_i(X) = 0 for 1 ≤ i ≤ n − c.

Remark 2.9. An equidimensional curve, C, is arithmetically Cohen-Macaulay if and only if it is projectively normal.

Definition 2.10. Following [36], we say that a scheme is licci if it is in the CI-liaison class of a complete intersection. We say that a scheme is glicci if it is in the G-liaison class of a complete intersection.

Remark 2.11. While it is the case that schemes which are licci or glicci are necessarily arithmetically Cohen-Macaulay, it is not true that arithmetically Cohen- Macaulay schemes are necessarily licci. On the other hand, it is an open problem whether schemes which are arithmetically Cohen-Macaulay are necessarily glicci, and we discuss this question elsewhere in this paper.

It is interesting to note that many authors do not explicitly require in the definition of linkage (Definitions 2.3 and 2.4) that the schemes in question are all non-empty. Allowing the empty set (i.e. the scheme defined by the saturated ideal consisting of the whole ring) forces us to adopt the unpleasant convention that the empty set has all dimensions, since it is directly “linked” to a complete intersection of any dimension.

One would like to avoid this. For the study of licci schemes, it is a classical result (cf. for instance [67]) that any two complete intersections of the same dimension are linked, without recourse to the empty set. On the same note, it was pointed out to the second author by H. Martin that in [71], C. Walter showed only that an arbitrary equidimensional subscheme of P^n is Cohen-Macaulay linked (CM-linked) to an arithmetically Cohen-Macaulay subscheme of P^n, leaving open the question of whether one can pass from an arbitrary Cohen-Macaulay scheme V to another one V^′ of the same dimension, without recourse to the empty set.

We would like to point out that the answer to this question is “yes.” Indeed, one can simply choose a complete intersection S containing V and of dimension one greater, and perform a general basic double link (cf. [48], [25] or [7]). Then the resulting scheme is

• the union of V and a hypersurface section of S (which is a complete intersection), and • CI-linked to V in two steps, hence arithmetically Cohen-Macaulay.

That is, V is CM-linked to a complete intersection, and similarly we can CM-link V^′ to another complete intersection. By the above we can find a series of CI-links between these two complete intersections, and all of this avoids the empty set.

There is one interesting question remaining for G-linkage. Is it true that any arithmetically Gorenstein subscheme of P^n is G-linked to any other arithmetically Gorenstein subscheme of the same dimension (without recourse to the empty set)? This is known to be true in codimension three by a result of Watanabe [73] (and in fact a codimension three arithmetically Gorenstein scheme is even licci).

Example 2.12. Although our goal in this paper is to show the merits of studying Gorenstein liaison, it is worth mentioning one disadvantage. It is well-known (see [52] Proposition 5.2.25) that if V ⊂ P^n is any ACM subscheme and Z ⊂ P^{n−1} is a general hyperplane section, and if X is a complete intersection in P^{n−1} CIlinking Z to a residual subscheme Z^′, then X lifts to a complete intersection in P^n which CI-links V to a residual subscheme V^′, and Z^′ is the hyperplane section of V^′.

On the other hand, it was shown in [52] Example 5.2.26 that if V is a rational normal curve in P^4 and Z ⊂ P^3 is a general hyperplane section then there is an arithmetically Gorenstein zeroscheme X in P^3 G-linking Z to a single point, such that X does not lift to an arithmetically Gorenstein curve in P^4 containing V .

CHAPTER 3

Gaeta’s Theorem

In this chapter we do not assume characteristic zero. It is a classical result, originally proved by Gaeta and re-proved in modern language by Peskine and Szpiro [62], that every ACM, codimension two subscheme of P^n can be linked in a finite number of steps to a complete intersection. (Recall that in codimension two the arithmetically Gorenstein subschemes and the complete intersections coincide, so there is no ambiguity about this statement.) Recall also that the homogeneous ideal of a codimension two ACM subscheme of P^n is given by the maximal minors of a t × (t + 1) homogeneous matrix, the Hilbert-Burch matrix. That is, such a scheme is standard determinantal (see below). The purpose of this chapter is to extend Gaeta’s Theorem, viewed as a statement on standard determinantal schemes of codimension two, to arbitrary codimension.

Definition 3.1. If A is a homogeneous matrix, we denote by I(A) the ideal of maximal minors of A. If φ : F → G is a homomorphism of free graded R-modules then we define I(φ) = I(A) for any homogeneous matrix A representing φ after a choice of basis for F and G. A codimension c + 1 scheme, X, in P^n will be called a standard determinantal scheme if I_X = I(A) for some homogeneous t × (t + c) matrix, A. X will be called a good determinantal scheme if additionally, A contains a (t − 1) × (t + c) submatrix (allowing a change of basis if necessary) whose ideal of maximal minors defines a scheme of codimension c + 2. In a similar way we define standard and good determinantal ideals.

We need some preparations. Extensive information on determinantal ideals can be found in [11].

Proposition 3.2. Let X ⊂ P^n be a standard determinantal scheme such that I_X = I(A) for some homogeneous t × (t + c) matrix A. Suppose that the ground field k is infinite. Then the following conditions are equivalent:

(i) X is good determinantal.

(ii) X is standard determinantal and a generic complete intersection. (iii) codim I_{t−1}(A) ≥ c + 2.

Proof. The equivalence of (i) and (ii) follows by [45], Theorem 3.4 (cf. also Remark 3.5).

Furthermore (i) implies clearly (iii). Thus it suffices to show that (ii) is a consequence of (iii). Let φ : F → G be the homomorphism of free modules defined by A. Put M_φ = coker φ. Let p be a minimal prime ideal of I_X . Then p has codimension c and thus does not contain I_{t−1}(φ). Therefore it follows by [11], Proposition 16.3 that (M_φ)_p has at most one minimal generator as R_p-module. But (I_X )_p is generated by the maximal minors of A_p. Hence we can conclude that (M_φ)_p has precisely one minimal generator. This means that φ_p is the sum of an isomorphism of free modules of rank t − 1 and a map into R_p. Thus (I_X )_p is a complete intersection as claimed in (ii). □

Now we want to discuss some complexes related to standard determinantal schemes. For more details we refer to [11], [21] and [54]. Let φ : F → G be a homomorphism of free graded R-modules of rank t + c − 1 and t, respectively. Then there are (generalized) Koszul complexes C_i(φ): 0 → ∧^iF ⊗ S_0(G) → ∧^{i−1}F ⊗ S_1(G) → . . . → ∧^0F ⊗ S_i(G) → 0. Let C_i(φ)^∗ be the R-dual of C_i(φ). The dual map φ^∗ induces graded homomorphisms ν_i : ∧^{t+i}F ⊗ ∧^tG^∗ → ∧^iF. They can be used in order to splice the complexes C_{c−1−i}(φ)^∗ ⊗ ∧^{t+c−1}F ⊗ ∧^tG^∗ and C_i(φ) to a complex D_i(φ): 0 → ∧^{t+c−1}F ⊗ S_{c−1−i}(G)^∗ ⊗ ∧^tG^∗ → ∧^{t+c−2}F ⊗ S_{c−2−i}(G)^∗ ⊗ ∧^tG^∗ → . . . → ∧^{t+i}F ⊗ S_0(G)^∗ ⊗ ∧^tG^{∗ νi}−→ ∧^iF ⊗ S_0(G) → ∧^{i−1}F ⊗ S_1(G) → . . . → ∧^0F ⊗ S_i(G) → 0. The complex D_0(φ) is called the Eagon-Northcott complex and D_1(φ) is called the Buchsbaum-Rim complex.

Let us rename the Koszul complex C_c(φ) as D_c(φ). Then we have the following resolutions (cf. [21], Theorem A2.10).

Proposition 3.3. Suppose I(φ) defines a standard determinantal scheme S ⊂ P^n of codimension c. Then it holds:

(i) D_i(φ) is acyclic for 0 ≤ i ≤ c.

(ii) If φ is a minimal homomorphism, i.e. im φ ⊂ m · G, then D_0(φ) is a minimal free graded resolution of R/I_S and D_i(φ) is a minimal free graded resolution of S_i(coker φ), 1 ≤ i ≤ c.

If we have even stronger genericity conditions on φ we can identify the symmetric powers as ideals of the homogeneous coordinate ring of S.

Proposition 3.4. Let φ : F → G be a homomorphism between free modules of rank t + c − 1 and t respectively defining a standard determinantal scheme S. Fix bases for F and G such that φ is given by a t × (t + c − 1) matrix A. Let A_1 be the submatrix of A consisting of its first t − 1 columns and put J = I(A_1). Assume that I_S + J has codimension ≥ c + 1. Then it holds:

(i) For i = 1, . . . , c we have for the i-th symmetric power of the cokernel M_φ = coker φ that S_i(M_φ) ∼= [(I_S + J^i)/I_S ](ia) where a is the integer defined by ∧^{t−1}F^{′′} ⊗ R(a) ∼= ∧^tG and F^{′′} is the direct summand of F such that A_1 defines the homomorphism F^{′′} → G.

(ii) The isomorphism M_φ ∼= [(I_S + J)/I_S ](a) in (i) is given by the homomorphism which maps y ∈ G (considered as a column) to the residue class in R/I_S of the determinant of the concatenation of A_1 and y.

(iii) If S is good determinantal then we may assume (possibly after a change of bases) that A_1 satisfies the above assumption.

Proof. Claim (i) is Theorem A2.14 in [21]. Its proof shows also the second assertion.

If S is good determinantal then it holds in particular codim I_{t−1}(φ) ≥ c + 1. Thus there is a (t − 1)-minor g of A such that I_S : g = I_S . We may assume that the first (t − 1) columns of A are involved in order to get g. It follows I_S + gR ⊂ I_S + J. Therefore we see that codim(I_S + J) > codim S proving the third claim. □

Corollary 3.5. With the assumptions of Proposition 3.4 it holds:

(i) For i = 1, . . . , c we have that the ideals I_S + J^i are perfect and have codimension c + 1.

(ii) I_S + J^{c−1} is a Gorenstein ideal.

Proof. According to Proposition 3.4 there are exact sequences 0 → S_i(M_φ)(−ia) → R/I_S → R/(I_S + J^i) → 0, 1 ≤ i ≤ c. The module S_i(M_φ)(−ia) is a Cohen-Macaulay module of dimension n + 1 − c due to [21], Corollary A2.13. The same is true for R/I_S by assumption. It follows that R/(I_S + J^i) is Cohen-Macaulay of dimension n − c proving the first claim.

Now we consider the exact sequence above with i = c − 1. A free resolution of S_{c−1}(M_φ) is given by the complex D_{c−1}(φ). It has length c and ends with a free module of rank one. Therefore the mapping cone procedure shows that I_S + J^{c−1} has Cohen-Macaulay type one, i.e., it is a Gorenstein ideal. □

Since S_{c−1}(M_φ) is up to a degree shift the canonical module of S (cf., for example, [11], Theorem 2.20) part (ii) of the preceding statement can be viewed as an initial case of the more general Lemma 5.4 which we will prove later on.

Now we are ready for the main result of this chapter.

Theorem 3.6. Every standard determinantal scheme is glicci.

Proof. Let V ⊂ P^n be a standard determinantal scheme of codimension c + 1. Thus there is a homogeneous t×(t+c) matrix A such that the homogeneous ideal I_V is generated by the maximal minors of A. If t = 1 then V is a complete intersection and there is nothing to prove. Let t > 1. Then our assertion follows by induction if we have shown that V is evenly G-linked to a standard determinantal scheme V^′ whose homogeneous ideal is generated by the maximal minors of a (t−1)×(t+c−1) matrix A^′. Actually, we will even prove that A^′ can be chosen as the matrix which we get after deleting an appropriate row and column of the matrix A and that then V and V^′ are directly G-linked in two steps. In order to do that we proceed in several steps.

Step I: Let B be the matrix consisting of the first t + c − 1 columns of A. Then the ideal I(B) has codimension c according to [9]. Thus I(B) defines a standard determinantal scheme S.

We claim that S is even good determinantal. Indeed, the fact I_V = I_t(A) ⊂ I_{t−1}(B) implies codim I_{t−1}(B) ≥ codim I_V = c + 1. Thus the assertion follows by Proposition 3.2.

Since S is good determinantal we may assume that the maximal minors of the matrix A^′ consisting of the first t − 1 rows of B generate an ideal which defines a standard determinantal scheme V^′, i.e. I_V ′ = I(A^′).

Step II: Let A_1 be the submatrix of A consisting of its first t − 1 columns and put J = I(A_1). Let D be the determinant of the matrix which consists of the first (t − 1) and the last column of A. We claim that it holds

I_S : D = I_S and I_V = (I_S + (D)) : J.

In order to prove this we use techniques similar to those in [45]. Let φ : F → G and ψ : F^′ → G be the homomorphisms of free modules defined by A and B, respectively. Since B arises by deleting a column of A we may assume that F = F^′ ⊕ R(b) for some integer b. Thus there is a commutative exact diagram

(3.1)

0 ↓ F^{′ ψ}−→ G → M_ψ → 0 ↓ ‖ F^φ−→ G → M_φ → 0 ↓ R(b) ↓ 0. The Snake Lemma implies that there is a homogeneous ideal I such that we get the following exact sequence 0 → R/I(b)^ε−→ M_ψ → M_φ → 0. Due to Step I the ideals I(φ) and I(ψ) are standard determinantal. Therefore we know by [12] that Ann M_φ = I_V and Ann M_ψ = I_S .

Thus considering the annihilators the exact sequence above implies I_S ⊂ I and I · I_V ⊂ I_S . Since codim I_V > codim I_S the latter relation gives I ⊂ I_S . Altogether we conclude that I = I_S . Moreover Proposition 3.4(ii) shows that ε maps (1 mod I_S ) onto the residue class of D. Therefore the injectivity of ε yields I_S : D = I_S .

Since im ε = (I_S +(D))/I_S we obtain by Proposition 3.4 that (I_S +J)/(I_S +(D)) is (up to a degree shift) isomorphic to M_φ, whose annihilator is I_V . It follows that

I_V = (I_S + (D)) : (I_S + J) = (I_S + (D)) : J,

and thus our claim is proved.

Step III: We will show that the ideal I_S + D · J^{c−1} is a Gorenstein ideal of codimension c + 1 which is contained in I_V and has degree

deg(I_S + D · J^{c−1}) = deg D · deg S + deg(I_S + J^{c−1})

where we define J^0 = R and deg R = 0.

Indeed, since I_S + D · J^{c−1} is generated by t-minors of A the containment relation is clearly true.

Due to the previous step we know that I_S : D = I_S . Hence the multiplication by D induces an isomorphism

[(I_S + J^{c−1})/I_S ](− deg D) ∼= (I_S + D · J^{c−1})/I_S .

Now we can conclude as in Corollary 3.5 that I_S + D · J^{c−1} is a Gorenstein ideal as well as is I_S + J^{c−1}.

Next, we consider the sequence

0 → I_S (− deg D) → I_S ⊕ (I_S + J^{c−1})(− deg D) → I_S + D · J^{c−1} → 0

where the first map is given by R → (DR, R) (observe that D ∈ J) and the second map is given by (A, B) → A − BD. Using the first claim of the previous step again, it follows that this sequence is exact. Thus it gives the assertion on the degree. (This is similar to Lemma 4.8 on Basic Double G-Linkage.)

Step IV: We claim that for i = 0, . . . , c it holds deg(I_S + J^i) = i · [deg D · deg S − deg V ].

In order to show this let us assume first that V is good determinantal. Then we may also assume that J + I_V has codimension c + 2.

By the previous step there is an exact sequence 0 → R/I_S (b)^ε−→ M_ψ → M_φ → 0. Taking symmetric powers we obtain the exact sequence S_i(M_ψ) ⊗ R/I_S(b)^α−→ S_{i+1}(M_ψ) → S_{i+1}(M_φ) → 0.

Since V is good determinantal Proposition 3.4 applies to V and S. It follows (up to degree shift) that im α ∼= (I_S + D · J^i)/I_S ∼= [(I_S + J^i)/I_S ](−d) where we put d = deg D. Thus the last sequence gives for i = 0, . . . , c − 1 the exact sequence

0 → [(I_S + J^i)/I_S ](−d) → (I_S + J^{i+1})/I_S → (I_V + J^{i+1})/I_V → 0. Therefore we get for the Hilbert functions, using I_S : D = I_S :

rank_k[R/I_V ]_j + rank_k[R/(I_S + J^{i+1})]_j − rank_k[R/(I_S + J^i)]_{j−d} = rank_k[R/(I_V + J^{i+1})]_j + rank_k[R/I_S ]_j − rank_k[R/I_S ]_{j−d} = rank_k[R/(I_V + J^{i+1})]_j + rank_k[R/(I_S + (D))]_j .

Since we know

codim V = codim(I_S + J^{i+1}) = codim(I_S + (D)) < codim(I_V + J^{i+1}) due to Corollary 3.5 we obtain deg(I_S + J^{i+1}) − deg(I_S + J^i) = d · deg S − deg V.

Now a simple induction shows the claim.

It remains to do the general case where V is not necessarily good determinantal. For this we consider the exact sequence 0 → S_i(M_φ)(−ia) → R/I_S → R/(I_S + J^i) → 0, 1 ≤ i ≤ c. The first two modules in that sequence have a free resolution involving only symmetric and exterior powers of F^′ and G, respectively. This means that their Hilbert functions depend only on the degrees of the entries of the matrix A. Similarly the Eagon-Northcott complex provides that the degree of V depends only on the degrees of the entries of the matrix A. Now let us deform the entries of A while keeping their degrees in order to get a matrix defining a good determinantal scheme. Since this deformation does not change the degrees of the ideals involved in our claim the asserted formula follows by the first part of the argument.

Step V: According to Step III we can G-link I_V by I_S + D · J^{c−1}. Let I be the residual ideal. We claim that I = I_S + J^c.

In order to show this we note first that I is a perfect ideal, too. Second, we use Step II. It provides I_S + J^c ⊂ (I_S + D · J^{c−1}) : I_V = I.

Indeed, due to Step II an element P ∈ R belongs to I_V if and only if P ·J ⊂ I_S +DR. It follows that P · J^c ⊂ I_S + D · J^{c−1} as claimed.

Third we use Steps III and IV in order to compare the degrees of the two ideals:

deg I = deg(I_S + D · J^{c−1}) − deg V

= d · deg S + deg(I_S + J^{c−1}) − deg V = d · deg S + (c − 1) · [d · deg S − deg V ] − deg V = c · [d · deg S − deg V ] = deg(I_S + J^c).

Thus we know that I and I_S + J^c are perfect ideals of codimension c + 1 (by Corollary 3.5), that they have the same degree and that I_S + J^c ⊂ I. Therefore both ideals must be equal as we wanted to show.

Step VI: Let D^′ be the determinant of the matrix which consists of the first (t − 1) columns of A^′. We want to sketch that we can repeat Steps II - V replacing D by D^′ and V by V^′.

Indeed, let φ^′ be the homomorphism defined by A^′. Since A^′ arises by deleting a row of B there is a free module G^′ such that we have an exact commutative diagram as follows: 0 ↓ R(b^′) ↓ F^{′ ψ}−→ G → M_ψ → 0 ‖ ↓ F^{′ φ′}−→ G^′ → M_φ′ → 0 ↓ 0. The Snake Lemma and consideration of the annihilators imply the exact sequence 0 → R/I_S (b^′)^{ε′}−→ M_ψ → M_φ′ → 0 where ε^′ maps (1 mod I_S ) onto the residue class of D^′. Thus we get as in Step II I_S : D^′ = I_S and I_V ′ = (I_S + (D^′)) : J.

Furthermore, we see that the ideal I_S +D^′ ·J^{c−1} is a Gorenstein ideal of codimension c + 1 which is contained in I_V ′ and has degree deg(I_S + D^′ · J^{c−1}) = deg D^′ · deg S + deg(I_S + J^{c−1}).

Next, the arguments in Step IV provide

deg(I_S + J^{i+1}) = i · [deg D^′ · deg S − deg V^′], 0 ≤ i ≤ c − 1.

Finally, we consider the ideal I which is G-linked to I_V ′ by I_S + D^′J^{c−1}. It turns out that I and I_S + J^c are perfect of codimension c + 1 and of the same degree. Since I_S + J^c ⊂ I we must have equality.

Step VII: In the two last steps we have seen that it holds

(I_S + D · J^{c−1}) : I_V = I_S + J^c = (I_S + D^′ · J^{c−1}) : I_V ′ .

Since G-linkage is symmetric this means that V is linked to V^′ in two steps completing the proof. □

Remark 3.7. (i) Gaeta’s original result says that every ACM subscheme of codimension two is licci. Since it is known for subschemes of codimension two that ACM subschemes are standard determinantal and that arithmetically Gorenstein subschemes are complete intersections, our theorem is a full generalization of Gaeta’s Theorem.

(ii) Let V ⊂ P^n be a standard determinantal scheme defined by the maximal minors of a t×(c+t) matrix A. Then the proof above shows that V can be G-linked in 2(t− 1) steps to a complete intersection whereas the “standard” proof in codimension two (c = 1) shows that in this case V can be linked in t − 1 steps to a complete intersection. It is fun to compare the two proofs in case c = 1. The “standard” proof proceeds by showing that V can be linked to the standard determinantal scheme W which is defined by the maximal minors of the matrix which arises after deleting two columns of A. It turns out that I_W is just the ideal I_S + J using the notation of the previous proof. Thus our proof would also give the “standard” proof in case c = 1. However, we can not follow this simpler strategy if c ≥ 2 since then the ideal I_S + J^c will be no longer standard determinantal in general. (iii) It is known that in general standard determinantal schemes of codimension ≥ 3 are not licci. Consider for example a t-tuple point P . It is standard determinantal and has a linear minimal free resolution. Thus it is not licci according to [36], Corollary 5.13.

(iv) Gaeta’s result mentioned above would be generalized even further by an affirmative answer to the following question: Is every ACM subscheme glicci? Even in codimension 3 this would be a very interesting result. See Chapter 8 for some progress in this direction.

Divisors on an ACM Subscheme of Projective Space

¿From now on, unless specified otherwise, S will denote an ACM subscheme of P^n which satisfies property G_1 (see Definition 2.1). This will allow us to produce Glinks in a rather straight-forward, geometric way. However, already in Chapter 3 we gave a very powerful result which avoided the use of this assumption (Theorem 3.6). In view of this, we will try to state our results avoiding the condition of satisfying property G_1 whenever possible, while at the same time trying to emphasize the geometric aspects of the constructions.

A divisor on S will be an equidimensional, locally Cohen-Macaulay, codimension one subscheme of S. Since our main applications are for curves on surfaces, we will usually denote such a divisor by C. When we assume that S satisfies G_1 (remembering that S is always ACM), we can consider these as effective generalized divisors in the sense of Hartshorne [30] (see for instance his Proposition 2.4).

If F is a homogeneous polynomial not vanishing on any component of S (i.e. I_S : F = I_S ), then H_F is the codimension one subscheme of S cut out by F . It is again ACM, and its homogeneous ideal (as a subscheme of P^n) is given by I_S + (F ). We will sometimes view it as a subscheme of P^n and sometimes as a divisor on S.

We first give a simple example to illustrate the kinds of thing that we will have to be careful about when we do not have G_1.

Example 4.1. Let V ⊂ P^3 be the scheme defined by the square of the ideal I_P = (x, y, z) supported at the point P = [0, 0, 0, 1]. Then V is standard determinantal, defined by the maximal minors of the 2 × 4 matrix [ x y 0 z 0 y z x + y ] . V is clearly not good determinantal, since removing a generalized row gives a 1 × 4 matrix whose ideal of maximal minors has height 3 rather than 4. Let S be the ACM curve obtained by removing the last column of this matrix. Then S consists of the union of three lines through the point P , with defining ideal I_S = (xy, xz, yz). Unfortunately, S does not satisfy G_1, although it does satisfy G_0! Yet Theorem 3.6 shows that V is G-bilinked to P (see also [55] Remark 5.1, where it is shown that in fact they are directly G-linked).

For comparison with the discussion below, notice that if L is a linear form not vanishing on any component of S then the corresponding hyperplane cuts out a subscheme H_L on S which is a zeroscheme of degree 3. However, if L vanishes at P then this zeroscheme is in fact defined by the square of the ideal of P inside the hyperplane H = P^2 defined by L. This shows that without G_1 we cannot always 21

expect the effective divisor H_L − P on S to have the expected degree, since if P is a point in P^2 then I^2_P : I_P = I_P . Compare this with Lemma 4.2.

Lemma 4.2. Let C be a divisor on S, where S is ACM satisfying G_1. Let F ∈ I_C be a homogeneous polynomial of degree d not vanishing on any component of S (i.e. I_S : F = I_S ), and let H_F be the corresponding hypersurface section of S. Then the ideal [I_S + (F )] : I_C gives a well-defined subscheme C^′ of S. We will usually denote this by C^′ = H_F − C. The degree of C^′ is d · deg S − deg C. As subschemes of P^n, C and C^′ are Cohen-Macaulay-linked by the ACM scheme S ∩F .

Proof. We have to show that (I_S + (F )) : I_C = I_C′ and (I_S + (F )) : I_C′ = I_C . This clearly holds locally at any minimal prime ideal of C or C^′, since S is assumed to satisfy G_1, and hence S ∩ F satisfies G_0. Since ideal quotients commute with localization, the result holds as stated. □

Definition 4.3. Let C be a divisor on S, where S is ACM satisfying G_1. In the situation of Lemma 4.2, we say that C^′ is linked to C on S by the hypersurface divisor H_F , and we denote this by C ∼_F C^′ (when S is understood). A divisor C^′ is said to be linearly equivalent to C on S if there exists a divisor Y and homogeneous polynomials F ∈ I_C and G ∈ I_C′ of the same degree such that Y = H_F − C = H_G − C^′. (Equivalently, C ∼_F Y ∼_G C^′.) The linear system |C| is the set of all such divisors.

Notice that this definition agrees with that of Hartshorne [30].

Remark 4.4. (i) Example 4.1 shows that Lemma 4.2 does not hold without the assumption of G_1.

(ii) We would like to write “C +Y = H_F ” in the above definition, but as Hartshorne [30] remarks, we have to be careful: if C and C^′ are divisors on S then C + C^′ does not always make sense.

Here are two examples. First, if C = C^′ is a line in P^3 and S is the union of three planes passing through C = C^′ then S satisfies G_1 (in fact it is a complete intersection) but C + C^′ does not make sense (at least in a degree-preserving way, as we would like).

Second (see also [30] Warning 4.1.2), if S is the union of two planes passing through C = C^′ as above, and H is a general plane passing through C = C^′, then S ∩ H algebraically links C to C^′. But as a subscheme of S, it does not make sense to write C + C^′ = S ∩ H since any other hyperplane through C would also link C to C^′. However, it still makes sense to write C^′ = (S ∩ H) − C, invoking linkage. (iii) It is clear from Definition 4.3 that linear equivalence is preserved under hypersurface sections: if C is linearly equivalent to C^′ on S and if F is a general homogeneous polynomial then the schemes C ∩ F and C^′ ∩ F are linearly equivalent on S ∩ F .

Remark 4.5. Lemma 4.2 can be generalized as follows, to define the difference of divisors on a projective subscheme S (with no further assumption on S). Let C and Y be divisors on S, with I_Y ⊂ I_C . Then C^′ = Y −C makes sense as an effective divisor, with defining ideal I_C′ = I_Y : I_C , if Y satisfies property G_0. Notice that Lemma 4.2 is a special case since if S is ACM and satisfies G_1 then H_F satisfies G_0. Furthermore, if S is ACM and satisfies property G_1 then we can also define Y − C as an equivalence class of divisors, and it will be effective if and only if there is a divisor D, linearly equivalent to C, such that I_Y ⊂ I_D and Y satisfies G_0.

Lemma 4.6. Let X be a divisor on S which is linearly equivalent to a degree d hypersurface section. Then X actually is a hypersurface section: there exists some homogeneous polynomial F of degree d such that X = H_F . We denote this linear system by |dH|.

Proof. This follows from the fact that the restriction H^0(P^n, O_Pn(d)) → H^0(S, O_S (d)) is surjective, since S is ACM. (In fact, for this result it is enough to assume that S is projectively normal.) More precisely, suppose G is a polynomial of degree d and suppose that there exists a divisor Y and polynomials G_1 and G_2 of the same degree such that X ∼_{G1} Y ∼_{G2} H_G. Then^{GG1}_{G2} restricts to a global section of O_S (d) defining the divisor X, and hence by the surjectivity just mentioned, we have the desired result. □

Lemma 4.7. Let C be a divisor on S. Let C^′ be any effective residual divisor on S, i.e. C^′ = H_F − C for some homogeneous polynomial F ∈ I_C of degree d not vanishing on any component of S. Then a divisor Z is linearly equivalent to C^′ if and only if there is a homogeneous polynomial G ∈ I_C of degree d such that Z = H_G − C. Proof. The proof is very similar to the proof of Lemma 4.6. Assume that C^′ ∼_{G1} Y ∼_{G2} Z, where G_1 and G_2 have the same degree, and consider^{F G2}_{G1} . □

We now describe algebraically the notion of “adding a hypersurface section,” with almost no hypotheses, and then we will apply it to our situation.

Lemma 4.8. (Basic Double G-Linkage) Let I ⊂ J be homogeneous ideals of R = k[x_0, . . . , x_n] such that codim I + 1 = codim J = c + 1. Let A ∈ R be an element of degree d such that I : A = I. Then it holds:

(i) deg(I + A · J) = d deg I + deg J.

(ii) If I is perfect and J is unmixed then I + A · J is unmixed. (iii) J/I ∼= (I + A · J)/I(d). (iv) If R/I and J/I are Cohen-Macaulay and J/I has Cohen-Macaulay type 1 then J and I + A · J are Gorenstein ideals of codimension c + 1.

Proof. (sketch) Consider the sequence of R-modules (4.1) 0 → I(−d) → I ⊕ J(−d) → I + A · J → 0 where the first map is given by F → (AF, F ) and the second map is given by (F, G) → F − AG. Using I : A = I, it follows that this sequence is exact. This implies the first claim.

If I is perfect then the exact sequence provides

H^i_m(J)(−d) ∼= H^i_m(I + A · J) if i ≤ n − c − 1.

Hence the cohomological unmixedness criterion [57], Lemma 2.12 shows that J is unmixed if and only if I + A · J has this property.

In order to establish claim (iii) we consider the homomorphism induced by multiplication by A. Since I : A = I it is an isomorphism.

Finally, we apply the Horseshoe Lemma ([74] 2.2.8, p. 37) to the exact sequence 0 → I → J → J/I → 0.

It shows that J is perfect of Cohen-Macaulay type 1, thus it is a Gorenstein ideal. Using claim (iii), the same argument applied to the exact sequence 0 → I → I + A · J → J/I(−d) → 0 yields that I + A · J is a Gorenstein ideal as well, which completes the proof. □

Remark 4.9. Note that in Lemma 4.8 (iv) we do not claim that such an ideal J necessarily exists. However, we will see in Lemma 5.2 that if I defines an arithmetically Cohen-Macaulay subscheme S possessing property G_0 then such an ideal J must exist.

Remark 4.10. Let S be ACM, satisfying G_1, and let C be a divisor on S. We have seen above that the additive notation for divisors does not always make sense. However, if F is a homogeneous polynomial of degree d not vanishing on any component of S then we shall denote by C + H_F the divisor on S defined by the ideal I_S + F · I_C . If we set A = F , I = I_S and J = I_C then the exact sequence (4.1) gives the Hilbert function formula H(C + H_F , t) = H(H_F , t) + H(C, t − d). The term “Basic Double G-Linkage” used in Lemma 4.8 will be justified in Proposition 5.10, where we will see that the schemes C and C + H_F are G-bilinked (even if we assume only G_0!). We will also see, for instance in Example 7.11 that this is not true in general for CI-liaison. However, notice that if S is a complete intersection then this construction coincides with the “standard” Basic Double Linkage (cf. [48], [7], [25], [57], [52]), and in this case C and C + H_F are CI-bilinked.

Let G ∈ I_C and let Y = H_G − C. Then C + H_F can also be obtained as C + H_F = H_{F G} − Y . In particular, C + H_F is obtained from C by adding a hypersurface section of S, and it can be obtained from C also by a sequence of two links on S (in the sense of Definition 4.3).

Our next goal is to prove that under complete intersections, geometric linkage and algebraic linkage define the same equivalence relation on equidimensional, codimension c subschemes of P^n, generalizing a theorem of Rao for codimension two ([63] Theorem 1.7). We have to be a little bit careful about what we mean here. If C is not a generic complete intersection then clearly it does not participate in any geometric link. However, suppose that we have two subschemes C and C^′ of P^n which are both generic complete intersections, and such that there is a sequence of algebraic links C ∼ C_1 ∼ · · · ∼ C_t ∼ C^′ where some of the C_i are not generic complete intersections. It is conceivable that there is no sequence of geometric links starting at C and ending at C^′.

We have two solutions to this dilemma. First, for arbitrary codimension we follow Rao [63] and avoid this situation by assuming that all the schemes in the sequence of algebraic links are generic complete intersections. Then specializing to codimension two, we make an argument similar in spirit to that of Schwartau [67] (who solved the problem for curves in P^3) to show that the two equivalence relations are the same even if non generic complete intersections are allowed to occur in the sequence of links. In our case we show that it is true even if we allow our schemes to be non locally Cohen-Macaulay, assuming only that the corresponding ideals are unmixed. We will use the term “equidimensional” to include “no embedded components,” i.e. that the corresponding ideal is unmixed.

Beginning with the case of arbitrary codimension, we make the following definition. Note that this differs from the corresponding definition of Rao [63] not only in allowing arbitrary codimension, but also in removing his assumption that the schemes be locally Cohen-Macaulay.

Definition 4.11. Let H(c, n) denote the set of all subschemes of P^n that are equidimensional of codimension c and generic complete intersections.

Lemma 4.12. Let C, C^′ ∈ H(c, n) be subschemes of P^n which are algebraically linked by a complete intersection, X, defined by I_X = (F_1, . . . , F_c). Assume that deg F_1 ≤ · · · ≤ deg F_c. After possibly performing a general change of basis, let S be the complete intersection scheme defined by I_S = (F_2, . . . , F_c). Then we can find a polynomial G such that I_S + (G) = (F_2, . . . , F_c, G) gives a geometric link of C to a generic complete intersection divisor Y on S, and also a polynomial G^′ such that I_S + (G^′) = (F_2, . . . , F_c, G^′) gives a geometric link of C^′ to a generic complete intersection divisor Y^′ on S. In fact, such a G or G^′ exist in any degree ≫ 0.

Proof. If C and C^′ have no common component then there is nothing to prove, so we assume that there are common components. Let ℘ be a generic point at a common component. The proof will be similar in spirit to the proofs of Lemma 3 and Proposition 6 of [65].

We start with a minimal free resolution for I_C , 0 → A_n → · · · → A_c → A_{c−1} → · · · → A_2 → m⨁ i=1 R(−a_i) → I_C → 0. Sheafifying, we obtain a kernel, E, at the c-th step which is a reflexive sheaf. Suppose that deg F_i = d_i and let d = ∑ d_i. We have a commutative diagram

(4.2) 0 → E → A_{c−1} → · · · → A_2^φ−→ m⨁ i=1 O_Pn(−a_i) → I_C → 0 ↑ ↑ σ ↑ 0 → O_Pn(−d) → · · · −→ c⨁ i=1 O_Pn(−d_i) → I_X → 0. We know ([58] Corollary 1.5) that a mapping cone gives an exact sequence

(4.3) 0 → m⨁ i=1 O_Pn(a_i − d) φ^∨ −σ^∨ −−−−−−→ A^∨_2 (−d) ⊕ c⨁ i=1 O_Pn(d_i − d) → · · · → I_C′ → 0. Let (4.2^′) and (4.3^′) be the resolutions and diagrams obtained by localizing at ℘. Then both the top row of (4.2^′) and (4.3^′) are free resolutions of complete intersections. In particular, in (4.2^′) we can split off to obtain m = c. But then since (4.3^′) is a free resolution of the complete intersection I_C′_{,℘}, the Cohen-Macaulay type is one. Hence we can split off all but one of the summands of ⨁_c i=1 O_℘(a_i −d);

thus all but one of the generators, F_i, of I_X have images in I_{C,℘} which are minimal generators. Any homogeneous polynomial G whose image in I_{C,℘} provides the last generator of I_{C,℘} will give the desired geometric link for C. Since a similar argument works for C^′, a general choice of the generators of I_X will work simultaneously for C and C^′, providing the desired complete intersection S. □

Lemma 4.13. Let C ⊂ S be as in Lemma 4.12. Let Y be a divisor which is linearly equivalent to C on S, and let Z be a basic double G-link divisor obtained from C, i.e. Z = C + H_F . Assume that F does not vanish on any component of C. Then both Y and Z can be obtained from C by a sequence of two geometric links. (The same holds for C^′.)

Proof. Since S is a complete intersection, the notion of divisors being linked on S by hypersurface divisors (Definition 4.3) actually gives complete intersection links in P^n. The result then follows from Lemma 4.12, Lemma 4.7 and Remark 4.10. □ Theorem 4.14. Algebraic and geometric CI-linkage generate the same equivalence relation on H(c, n). That is, if C, C^′ ∈ H(c, n) and there is a sequence of algebraic CI-links C ∼ C_1 ∼ · · · ∼ C_t ∼ C^′ with each C_i ∈ H(c, n) then there is a sequence of geometric CI-links from C to C^′.

Proof. Without loss of generality we can let C, C^′ ∈ H(c, n) and assume that C and C^′ are algebraically linked by a complete intersection (F_1, F_2, . . . , F_c). Perform a change of basis as in Lemma 4.12, and restrict to the complete intersection S defined in that Lemma.

Let d = deg F_1. Then C^′ = dH−C. Let a > d such that there is a homogeneous polynomial of degree a giving a geometric link of C to a residual divisor Z_1. Let Z_2 be a basic double link obtained from C^′ using a sufficiently general homogeneous polynomial of degree a − d. One can check using Lemma 4.7 that Z_1 is linearly equivalent to Z_2. Then applying Lemma 4.13 gives that C^′ can be obtained from C by a sequence of five geometric links. □

We now assume that our schemes have codimension two and are equidimensional, and we extend Theorem 4.14.

Remark 4.15. Let C be a generic complete intersection of codimension two. In [63] Remark 1.5, Rao gives criteria (using [62] Lemme 3.5) for an algebraic link to yield another generic complete intersection, and for a link to be geometric. That is, let I_X = (F_1, F_2) ⊆ I_C be a complete intersection and suppose I_X : I_C = I_C′ . Then Rao observes

(i) C^′ is also a generic complete intersection if and only if at each generic point η of C, either F_1 or F_2 yields a minimal generator of I_{C,η} . If F_1 ∈ H^0(P^n, I_C (ν_1)) is given arbitrarily, then for ν_2 ≫ 0 there is an open set in H^0(P^n, I_C (ν_2)), elements F_2 of which satisfy this condition.

(ii) The link is geometric if and only if at each η, F_1 and F_2 give a minimal basis of I_{C,η}. If ν_1, ν_2 ≫ 0 then there is an open set in (I_C )_{ν1} × (I_C )_{ν2} , elements of which satisfy this condition. In fact, it is always possible to find F_1 and F_2 forming part of a minimal basis for I_C and giving a geometric link.

Note that while Rao assumed that his schemes are locally Cohen-Macaulay, they hold equally well in our more general context. Our Lemma 4.12 is similar in spirit but for arbitrary codimension.

Theorem 4.16. Let C, C^′ ∈ H(2, n) and assume that there is a sequence of algebraic links C ∼ C_1 ∼ · · · ∼ C_t ∼ C^′. Then there is a sequence of geometric links from C to C^′.

Proof. In this proof we will refer to [57] for linkage results. However, we remark that in the locally Cohen-Macaulay case these results were originally due to Rao [64], and in the non locally Cohen-Macaulay case similar results were obtained by Nollet [58]. The main point that we would like to make here is that all the links performed in [57] Lemma 6.1 and Proposition 6.2 are of the type described in Remark 4.15 (i), where one of the generators for the complete intersection is allowed to be of large degree. Hence without loss of generality we can assume that all such links preserve the property of being a generic complete intersection.

Performing a geometric link on C if necessary, without loss of generality we may assume that C and C^′ are evenly linked. It follows ([57] Corollary 3.11) that I_C and I_C′ have so-called N-type resolutions of the following form: 0 → ⨁_s i=1 R(−a_i) → N → I_C → 0 0 → ⨁_s i=1 R(−b_i) → N(h) → I_C′ → 0 where N is reflexive and H^n_m(N) = 0. (To arrange that the same N is in the middle, it is enough to add suitable direct sums of line bundles trivially to the left and center terms of the resolutions.) At this point we do not care whether the links which produce these resolutions preserve the generic complete intersection property; we just require the existence of this kind of resolution.

Now we are in a position to apply [57] Lemma 6.1 and Proposition 6.2, together with the observation about the links at the beginning of the proof, to guarantee that C and C^′ are algebraically linked by a sequence of steps each of which is a generic complete intersection. The result then follows from Theorem 4.14 above. □

Remark 4.17. Theorem 4.14 and Theorem 4.16 leave open the question of whether the equivalence relation on H(c, n) would remain the same if we allow sequences of links of the sort described before Definition 4.11, in codimension greater than 2.

Gorenstein Ideals and Gorenstein Liaison

It is well-known (cf. for instance [66]) that Gorenstein liaison behaves very similarly to complete intersection liaison. Many of the tools that one can use are the same, and perhaps most importantly, the deficiency modules are still preserved up to duals and shifts. We refer to [52] and [57] for extensive background and references.

There are two important reasons why Gorenstein liaison has not been used nearly as extensively as complete intersection liaison. First, most of the results and applications to date have been in codimension two, where the Gorenstein ideals are precisely the complete intersections. The second reason is that it is often difficult to find a “good” Gorenstein ideal, apart from complete intersections, which contains a given scheme.

The purpose of this paper is to show how in many ways, Gorenstein liaison behaves better than complete intersection liaison. The fact that all “standard” determinantal ideals are in the Gorenstein linkage class of a complete intersection (Theorem 3.6) is already a strong indication in that direction. In this chapter we give a construction which allows one to find “good” Gorenstein ideals containing a given scheme, at least in a very natural setting, and we use this to demonstrate some important properties of Gorenstein liaison which are not shared by complete intersection liaison.

We would like to stress the naturalness of the ideas described here. Indeed, if one takes the special case where S is a hypersurface, or more generally a complete intersection, then all of the constructions and results used here coincide with the analogous constructions and results of liaison theory as described in [30] or [49]. See also Exemple 2.4 of [62].

Remark 5.1. If S ⊂ P^n is an ACM subscheme then its canonical module is Cohen-Macaulay of Cohen-Macaulay type 1 as an R-module.

Lemma 5.2. Let S ⊂ P^n be an ACM subscheme satisfying G_0. Then there is a homogeneous Gorenstein ideal J of R with codimension codim S + 1 such that J contains I_S and K_S ∼= J/I_S (t) for some integer t. Furthermore, any ideal J for which this isomorphism holds is arithmetically Gorenstein.

Proof. According to our assumptions K_S is a torsion free R/I_S -module of rank 1 (cf., for example, [10], Proposition 3.3.18). Therefore K_S can be identified with an ideal of R/I_S . Thus there is a homogeneous ideal J of R containing I_S such that K_S ∼= J/I_S (t) for some integer t. Now we distinguish two cases.

If K_S (−t) ≠ R/I_S then (R/I_S )/[K_S (−t)] ∼= R/J is Gorenstein due to [10], Proposition 3.3.18. The claim follows.

If K_S (−t) = R/I_S then we choose a homogeneous element A ∈ R of degree, say d, such that I_S : A = I_S . Arguing as in the proof of Lemma 4.8(iii) we see 29

that (I_S + (A))/I_S (−d) ∼= R/I_S is Cohen-Macaulay of Cohen-Macaulay type 1 (as an R-module). Hence Lemma 4.8(iv) shows that I_S + (A) is a Gorenstein ideal as claimed.

For the last statement, note that without the assumption of at least G_0, such a J may not even exist. The proof of the statement is essentially contained in the proof of Lemma 5.4 below. □

Remark 5.3. Boij [6] has shown a partial converse to the last result. In fact using the notation of Lemma 5.2, his Theorem 3.3 implies that for all Gorenstein ideals J containing I_S of sufficiently large initial degree there is an isomorphism K_S ∼= J/I_S (t) for some integer t.

We now give a geometric version of Lemma 5.2, although in order to use the language of generalized divisors we have to assume G_1.

Lemma 5.4. Let S be an ACM subscheme of P^n satisfying property G_1, and let X be a twisted canonical divisor on S (i.e. a subscheme of S defined by the vanishing of a regular section of ω_S (ℓ) for some ℓ ∈ Z). Let F ∈ I_X be a homogeneous polynomial of degree d such that F does not vanish on any component of S. Let H_F be the divisor cut out on S by F . Then the (effective) divisor H_F − X on S, viewed as a subscheme of P^n, is arithmetically Gorenstein. We will call such a divisor a “twisted anticanonical divisor.” In fact, any effective divisor in the linear system |H_F − X| is arithmetically Gorenstein.

Proof. We are assuming that X is the divisor associated to a regular section of ω_S (ℓ). Let Y be the residual divisor, Y ∈ |H_F − X| = |dH − X|. Let I_Y be the homogeneous ideal of Y , viewed as a subscheme of P^n. Consider the ideal I_Y /I_S in A = R/I_S and its sheafification I_{Y |S} in O_S . We have I_{Y |S} (d) ∼= O_S (dH − Y ) ∼= O_S (X) ∼= ω_S (ℓ). Suppose that S has codimension r. Since S is ACM, the dual of the minimal free resolution of I_S is a minimal free resolution for H^0_∗ (ω_S ), and the last free module in this resolution has rank one. We thus have the following exact diagram (up to twist– what is important is the ranks): 0 ↓ 0 R ↓ ↓ F_r F^∗_1 ↓ ↓ F_{r−1} F^∗_2 ↓ ↓ . . . . ↓ ↓ F_1 F^∗_r ↓ ↓ 0 → I_S → I_Y → H^0_∗ (ω_S )(ℓ − d) → 0. ↓ ↓ 0 0 The Horseshoe Lemma then shows that Y is arithmetically Gorenstein. Note that this shows that any element in the linear system of Y is arithmetically Gorenstein. □

Corollary 5.5. Let Y ⊂ S be any effective divisor in the linear system |H_F − X| as in Lemma 5.4. Let G be a homogeneous polynomial not vanishing on any component of S. Then Y + H_G is also arithmetically Gorenstein.

Proof. By Remark 4.10, Y + H_G = H_{F G} − X. □

Remark 5.6. If K is a canonical divisor on S, Lemma 5.4 and Corollary 5.5 amount to saying that any element of the linear system |dH − K| is arithmetically Gorenstein. The fact that this holds for every element of the linear system, and not just on an open set, is what makes our Gorenstein liaison (described below) work.

Example 5.7. Suppose X ⊂ P^3 is a good determinantal zeroscheme (cf. Definition 3.1), defined by the vanishing of the maximal minors of a homogeneous t × (t + 2) matrix A (if t = 1, X is a complete intersection). Then it follows from [45] that there is a suitable local complete intersection, ACM curve S, containing X, such that X is a twisted canonical divisor on S, and hence Lemma 5.4 applies: the residual to X in any hypersurface section of S containing X is arithmetically Gorenstein.

Example 5.8. It is not hard to show that if D is a linear system of divisors on S, then the graded Betti numbers of elements of D are upper semicontinuous. The fact that any element of the linear system of Lemma 5.4 turns out to be arithmetically Gorenstein is thus very surprising. Notice that the Lemma does not say anything about the other graded Betti numbers.

We give two examples, both on the Castelnuovo surface S in P^4. S has degree 5 and sectional genus 2. The canonical divisor on S has degree −3; in fact, −K is a plane cubic.

For the first example, let L be a general linear form. Then the curve Y = −K + H_L has degree 8 and arithmetic genus 5. Its resolution has the form

0 → R(−6) → R(−4)^{⊕3} ⊕ R(−3)^{⊕2} → R(−2)^{⊕3} ⊕ R(−3)^{⊕2} → I_Y → 0.

Notice that Y could not possibly be the complete intersection of three quadrics since it has a plane cubic as a component. However, a general element of the linear system determined by Y is the complete intersection of three quadrics (this can be checked, for example, with the computer program Macaulay [5]). Hence the graded Betti numbers (except the last one) change when we specialize to Y .

For the second example, again start with the plane cubic −K but this time just add two exceptional divisors which are lines, say Y = −K +E_2 +E_3. This is a curve of degree 5, and its hyperplane section consists of five points, three of which are on a line. The main result of [17] shows that Y cannot be arithmetically Gorenstein since its hyperplane section does not have the Cayley-Bacharach property. In fact, its minimal free resolution has the form

0 → R(−4)^{⊕2} ⊕ R(−5) → R(−3)^{⊕6} ⊕ R(−4)^{⊕2} → R(−2)^{⊕5} ⊕ R(−3) → I_Y → 0.

However, one can check that a general element of the linear system |Y | is arithmetically Gorenstein– everything that “should” split off in the above resolution in fact does.

Remark 5.9. We saw in Corollary 5.5 that if C ⊂ S is arithmetically Gorenstein of the type described in Lemma 5.4, then adding a hypersurface section (i.e. performing a basic double G-link– cf. Lemma 4.8 and Remark 4.10) gives a curve which is again arithmetically Gorenstein. On the other hand, from the exact sequence 0 → I_S (−d) → I_C (−d) ⊕ I_S → F · I_C + I_S → 0, a mapping cone construction for a free resolution of F · I_C + I_S would lead one to doubt very much that so many terms necessarily would split off to arrive at a Cohen-Macaulay type 1. The particular form of C is important here. For example, if S is the Castelnuovo surface in P^4 and C is a line on S, then C is arithmetically Gorenstein. However, adding a hyperplane section gives a reduced curve Y of degree 6 and arithmetic genus 2. Its hyperplane section consists of 6 points in P^3, 5 of which lie on a plane. Hence the hyperplane section does not have the Cayley- Bacharach property, and so Y cannot be arithmetically Gorenstein (again using the main result of [17]).

As promised in Remark 4.10, we now justify the term “Basic Double G-Linkage” assuming only G_0 for S. The method of proof generalizes the one used in order to establish Gaeta’s Theorem.

Proposition 5.10. Let S ⊂ P^n be an ACM subscheme having property G_0. Let C ⊂ S be an equidimensional subscheme of codimension 1 and let A ∈ R be a homogeneous element such that I_S : A = I_S . Then I_C and I_S +A·I_C are G-bilinked.

Proof. We will explicitly describe two Gorenstein ideals which will give the G-bilinkage. We proceed in several steps.

Step I: Let c denote the codimension of S and let d denote the degree of A. According to Lemma 5.2 there is a Gorenstein ideal J in R of codimension c + 1 such that J/I_S is Cohen-Macaulay of Cohen-Macaulay type 1.

Since codim C > codim S there is a homogeneous element B ∈ I_C of degree, say e, such that I_S : B = I_S .

Step II: Due to Lemma 4.8 the ideal I_S + B · J is a Gorenstein ideal of codimension c + 1. Hence the ideal a := (I_S + B · J) : I_C is (directly) G-linked to I_C . Thus a is an unmixed ideal. Moreover, it follows by Lemma 4.8 that

deg a = deg(I_S + B · J) − deg C = e · deg S + deg(I_S + J) − deg C.

Step III: Our assumptions on A and B imply I_S : AB = I_S . Furthermore I_S +A·I_C is an unmixed ideal by Lemma 4.8. Therefore I_S +AB ·J is a Gorenstein ideal and the ideal b := (I_S +AB·J) : (I_S +A·I_C ) is (directly) G-linked to I_S +A·I_C and in particular unmixed, too. Using Lemma 4.8 again and Step II we obtain

deg b = deg(I_S + AB · J) − deg(I_S + A · I_C ) = (d + e) · deg S + deg(I_S + J) − [d · deg S + deg C] = deg a.

Step IV: Since we have by the definition of a that a · I_C ⊂ I_S + B · J we get a ⊂ b. But we have seen that a and b are unmixed ideals of the same degree and codimension. Hence they must be equal. Now the claim follows from Steps II and III. □

Remark 5.11. (i) The last result generalizes previous notions of basic double linkage where S was assumed to be (at least) arithmetically Gorenstein (cf. [48], [25], [8] and [57], Proposition 4.4). Taken in conjunction with Proposition 5.12 and Corollary 5.14 below, this also generalizes the notion of elementary biliaison of [49] and [30], where S is assumed to be a complete intersection but linear equivalence is allowed.

(ii) If one follows the proof of Proposition 5.10 closely, one will note that the same proof gives that if S is a zeroscheme with property G_0 (e.g. a reduced zeroscheme) and if I is an artinian ideal containing I_S , then we can again form the ideal I_S + A · I and this will be G-bilinked to I.

We now turn to the fact that linearly equivalent divisors on an ACM subscheme S of P^n are G-bilinked. We first give an algebraic formulation. Then we will give a geometric description which will be useful in the remaining chapters of this paper.

Proposition 5.12. Let S ⊂ P^n be an ACM subscheme of codimension c having property G_1. Let C, Y be generalized divisors on S such that there are homogeneous polynomials F ∈ I_C and G ∈ I_Y with I_S : F = I_S , I_S : G = I_S and (I_S + (F )) : I_C = (I_S + (G)) : I_Y . Then C and Y are G-bilinked.

Proof. We proceed in several steps. Step I: Let D be the divisor on S defined by

I_D = (I_S + (F )) : I_C = (I_S + (G)) : I_Y .

Since S has the property G_1 we obtain

deg D = deg F · deg S − deg C = deg G · deg S − deg Y.

Step II: Consider a minimal free resolution of I_S : 0 → F_c^A−→ F_{c−1} → · · · → I_S → 0. Notice that the transpose A^t of A is a presentation matrix for K_S (n + 1). Suppose that A^t is a t × (t + r) matrix. Let C be a sufficiently general t × 1 matrix such that the concatenation, A^′, of A^t and C is again homogeneous. Let I be the ideal of the annihilator of the module M_A′ where M_A′ is the cokernel of the map represented by A^′. We claim that the scheme K defined by I is a twisted canonical divisor of S. Indeed, there is a commutative exact diagram

(5.1)

0 ↓ F^∗_{c−1}^{At}−→ F^∗_c → K_S (n + 1) → 0 ↓ ‖ F^∗_{c−1} ⊕ R(b)^{A′}−→ F^∗_c → M_A′ → 0 ↓ R(b) ↓ 0.

The Snake Lemma implies that there is a homogeneous ideal I^′ such that we get the following exact sequence 0 → R/I^′(b) → K_S(n + 1) → M_A′ → 0. Thus considering the annihilators the exact sequence above implies I_S = Ann K_S ⊂ I^′ and I^′ · Ann M_A′ = I^′ · I ⊂ I_S . Since Rad(I) = Rad(I_t(A^′)) and thus codim I^′ = codim I_t(A^′) > codim I_S the latter relation provides I^′ ⊂ I_S . Altogether we conclude that I^′ = I_S . Now our claim follows.

Step III: Since the submaximal minors of A define the non locally Gorenstein locus of S, the ideal of submaximal minors of A defines a subscheme B of S of codimension ≥ 2 in S, since S has property G_1. Let P be any point of S away from B. We see immediately that there is some submaximal minor of A which does not vanish at P . It follows that for a sufficiently general choice of C in Step II, the resulting scheme K does not contain P . We conclude that we can choose C so that the corresponding twisted canonical divisor K has no component in common with D (from Step I).

Step IV: Let I_K be the saturation of I (from Step II). Let A ∈ I_K be sufficiently general, so that I_S : A = I_S and I_D : A = I_D (this last condition is valid by Step III). By Lemma 5.4, the ideal J = [I_S + (A)] : I_K is Gorenstein. As in the proof of Lemma 5.4, we have that J/I_S is Cohen-Macaulay with Cohen-Macaulay type 1. Since I_D : A = I_D , we get that the scheme defined by J has no component in common with D. It follows that deg[I_D ∩ J] = deg D + deg J.

Step V: Let F and G be as in the statement of the proposition, and consider the ideals I_S +F ·J and I_S +G·J. By Lemma 4.8, both of these ideals define subschemes of S which are Gorenstein of codimension 1 in S (in particular unmixed), and which have degrees deg I_S + F · J = deg F · deg S + deg J deg I_S + G · J = deg G · deg S + deg J

Step VI: Since I_S + F · J ⊂ I_C , we see that the ideal a = [I_S + F · J] : I_C is (directly) G-linked to I_C . Hence

deg a = deg F · deg S + deg J − deg C = deg D + deg J = deg[I_D ∩ J].

In a similar way, the ideal b = [I_S + G · J] : I_Y is directly G-linked to I_Y and has degree deg[I_D ∩ J].

Step VII: By the definition of a we know a · I_C ⊂ I_S + F · J ⊂ I_S + (F ). This implies a ⊂ I_D . Now let T be an element of a. Since F is in I_C we obtain from T · I_C ⊂ I_S + F · J in particular that T F ∈ I_S + F · J. It follows that T + J ⊂ [I_S + F · J] : F ⊂ J, and thus T ∈ J. Altogether we have shown that a ⊂ I_D ∩ J. But both ideals are unmixed and have the same codimension and degree. Hence they must be equal.

Step VIII: Arguing as in the previous step we see that the ideal b is (directly) Glinked to I_Y , is contained in I_D ∩J and has the same degree as I_D ∩J. We conclude that b = I_D ∩ J = a. Therefore, we have seen that I_C is G-linked to I_D ∩ J which in turn is G-linked to I_Y . This means that C and Y are G-bilinked. □

Example 5.13. Lemma 5.2 and Proposition 5.10 are very important in our theory, and one notices that they assume that S is only G_0. On the other hand, Proposition 5.12 is central to much of what is to come, and it requires that S be G_1. It is natural to ask if Proposition 5.12 might still be true with the weaker assumption of G_0. We now give a counterexample to show this is not the case. This example was first run on Macaulay [5].

Let Y ⊂ P^4 be a line and let S be the union of three general planes containing Y . For instance, in the ring R = k[x_0, x_1, x_2, x_3, x_4] take I_S = (x_0x_1, x_1x_2, x_0x_2) and I_Y = (x_0, x_1, x_2). Choose a non-degenerate double line, C, of arithmetic genus ≤ −1 supported on Y . C is not arithmetically Cohen-Macaulay. The ideal I_C can be obtained by adjoining two sufficiently general forms to the ideal I^2_Y (and the resulting ideal is saturated). Choose a general element F of degree 2 in I_C , and in Proposition 5.12 set G := F ∈ I_Y ⊂ I_C . Then one can check that (I_S + (F )) : I_C = (I_S + (G)) : I_Y . But Y is arithmetically Cohen-Macaulay while C is not, so they cannot be G-bilinked.

We now take a more geometric approach. For the rest of this chapter, unless explicitly stated otherwise, we will consider schemes C which are effective divisors on an ACM scheme S having property G_1, and we will perform Gorenstein links on S using Lemma 5.4 and Corollary 5.5. Given C, our interest is to see which other divisors on S are in the same Gorenstein liaison class as C, and we will study the linear system |dH − K − C|, where K is a canonical divisor.

In a sense, our construction generalizes Hartshorne’s description of liaison in [30]. There, he considers closed subschemes V_1 and V_2 of P^n which are both equidimensional of dimension r (hence without embedded components, by our convention above). He says that “V_1 is linked to V_2 by a complete intersection X, if there is a complete intersection scheme S of dimension r + 1 containing V_1 and V_2, and a hypersurface T containing V_1 and V_2, such that S ∩ T = X, and V_2 = X − V_1 as generalized divisors on S.” In other words, starting with V_1 on S (and given V_1, such an S can always be found), we perform a link on S by choosing any hypersurface T and looking at the residual divisor H_T − V_1. But any such divisor H_T is in fact a twisted anticanonical divisor in the sense of Lemma 5.4, since S is a complete intersection! Hence this complete intersection link is a special case of our Gorenstein links.

We now give the geometric version of Proposition 5.12. In the special case where S is smooth we also give a much simpler proof; the problem with this proof in the more general case of G_1 is that it requires a suitable addition of divisors, which is avoided by Proposition 5.12. It should be compared also with Lemma 4.13. It shows a very nice property of Gorenstein linkage which is not shared by complete intersection linkage in codimension ≥ 3 in P^n (see for instance Example 7.11) except in the special case of divisors on a complete intersection, as described in Lemma 4.13.

Corollary 5.14. Let C ⊂ S be a divisor, where S is an ACM subscheme of P^n satisfying G_1. Let Y be a divisor in the linear system |C + tH|, where H is the hyperplane section class and t ∈ Z. (Notice that if t = 0 then C and Y are linearly equivalent.) Then Y can be obtained from C by a sequence of two Gorenstein links.

Proof. This follows immediately from what was proved in Proposition 5.12 (take deg F + t = deg G).

We now assume that S is smooth, and we give a simpler proof in the language of divisors. Throughout this proof, equality means “as divisors,” not as linear equivalence classes. Let K be an effective twisted canonical divisor on S. For a ≫ 0 we can find a form A of degree a such that H_A − K is effective; it is enough to choose A ∈ I_K not vanishing on any component of S. We can also find forms F ∈ I_C and G ∈ I_Y with deg F + t = deg G, and a divisor D on S, such that H_F −C = D and H_G −Y = D. (This is the geometric equivalent of the assumption on the ideal quotients in the statement of Proposition 5.12. See also Lemma 4.7.)

Now we link. Observe that H_{AF} − K is Gorenstein, by Remark 5.6. On the other hand, H_{AF} − K − C = (H_A − K) + (H_F − C) = (H_A − K) + D. The fact that this makes sense as a divisor, and is what we “expect” it to be (see Remark 4.4) follows from the fact that H_{AF} − K is Gorenstein, so the residual is well-defined and respects degrees. In a similar way, H_{AG} − K is Gorenstein and links Y also to (H_A − K) + D. Notice that both C and Y are linked to the union of D and a Gorenstein “tail.” □

Corollary 5.15. Let S be an ACM surface satisfying G_1. Then the property that a divisor on S is ACM, and the property that a divisor on S is arithmetically Buchsbaum, are preserved under linear equivalence and under adding hypersurface sections.

Proof. This follows immediately from Corollary 5.14 and the fact that these properties are invariant under G-liaison ([52] Remark 5.3.2). □

Remark 5.16. (i) Notice that Proposition 5.10 gives a special case of Corollary 5.14 under the weaker assumption that S satisfies only G_0. That is, we can no longer consider linear equivalence, but we have the fact that the divisor C +H_A is G-linked to C in two steps.

(ii) In view of Corollary 5.14, we have that if C and C^′ are linearly equivalent on S then their deficiency modules are isomorphic: H^i_∗(P^n, I_C ) ∼= H^i_∗(P^n, I_C′ ) for 1 ≤ i ≤ dim C. This holds even though C and C^′ are not necessarily in the same complete intersection liaison class (see for instance Example 7.11).

Example 5.17. We give a simple example to show that Corollary 5.14, Corollary 5.15 and Remark 5.16 (ii) are false without the assumption that S is ACM. Let V be the Veronese surface in P^5. Then V is ACM of degree 4. Let Λ = P^4 be a general hyperplane in P^5 and let S be the projection, from a general point in P^5, of V down to Λ. Then S is a smooth, non ACM surface of degree 4 with h^1(P^4, I_S (1)) = 1. In particular, the sublinear system of |O_S (1)| cut out by hyperplanes is not complete, and a hyperplane section is not an ACM curve ([52] Theorem 1.3.2).

Let C be the curve cut out on V by Λ. Then C is ACM, and it also lies on S. It is an element of |O_S (1)|, so we have that the general element is ACM, while a special element is not. In particular, they are not G-linked.

Example 5.18. The fact given in Remark 5.16 (ii) allows us to give a simple example to illustrate that our intuition, about which curves are linearly equivalent on a surface, is not always correct.

Let S ⊂ P^3 be a surface consisting of the union of two planes, Λ_1 and Λ_2. Let λ be the line of intersection of Λ_1 and Λ_2. Let C = Y ∪ R consist of the disjoint union of a conic, Y , on Λ_1 and a line, R, on Λ_2. Let P be the point of intersection of the two lines λ and R. Let C^′ = Y^′ ∪ R^′ be another such curve on S, and let P^′ be the corresponding point. Then the deficiency module of C is isomorphic to that of C^′ if and only if P = P^′ (cf. [51] Example 2.3). So even though Y and Y^′ move in a linear system on Λ_1 and R and R^′ move in a linear system on Λ_2, the same is not true for C and C^′ on S. See also [30], especially Chapter 5, where this example is studied extensively.

CI-Liaison Invariants

In this chapter we consider groups which are invariant under (algebraic) CIlinkage. Recall that two equidimensional, locally Cohen-Macaulay schemes X ⊂ P^N and X^′ ⊂ P^N are said to be in the same CI-liaison class if there exists a sequence X = X_0, X_1, ..., X_t = X^′ of closed subschemes in P^N such that X_i and X_{i+1} are algebraically linked by some complete intersection Y_i ⊂ P^N . A graded Rmodule C(X) which depends only on X, is liaison-invariant as an R-module (resp. k-module) provided there exists a homogeneous R (resp. k)-module isomorphism C(X) ∼= C(X^′) for any X^′ in the CI-liaison class of X. A group C(X ⊂ Y ) (resp. a morphism of groups C(X ⊂ Y ) → D(X ⊂ Y )) which depends on Y is “liaisoninvariant” (here “ ” is usually used) provided C(X ⊂ Y ) ∼= C(X^′ ⊂ Y ) (resp. such isomorphisms exist and fit into the obvious commutative diagram) where X ⊂ Y and X^′ ⊂ Y are directly linked.

It is well known that the cohomology groups H^i_∗(I_X ), 1 ≤ i ≤ dim X, are liaison-invariant up to shift and dual (and in fact G-liaison-invariant by [66]), and that they all vanish if X is ACM. (See [52] for a general reference.) In what follows we will consider non-trivial liaison-invariants of ACM schemes. They are in general not G-liaison-invariants (Remark 6.15). Indeed we will first use a rather natural geometric approach to give a new proof of an unpublished result of Buchweitz and Ulrich; the liaison-invariance of H^i_m(K_{R/IX} ⊗_R I_X ) and of most H^i_∗(N_X ), where K_{R/IX} is the canonical module Ext^c_R(R/I_X , R)(−N − 1) and X = Proj(R/I_X ). To understand our geometric approach (originated in [37], cf. [38], Section 2), we need to recall some facts. If X is equidimensional and locally Cohen-Macaulay, and if X is a closed subscheme of a local complete intersection Y ⊂ P = P^N , i.e. X ⊂ Y (with ideal sheaf I_{X|Y} ), we define the sheaf A^1_{X|Y} by the cartesian diagram

(6.1) A^1_{X|Y} → N_Y = Hom_{OP}(I_Y , O_Y ) ↓ □ ↓ N_X → N_Y ⊗ O_X ∼= Hom_{OP}(I_Y , O_X ). This and the exact sequence 0 → N_Y ⊗ I_{X|Y} → N_Y → N_Y ⊗ O_X → 0 lead to the following exact sequence

(6.2) 0 → N_Y ⊗ I_{X|Y} → A^1_{X|Y} → N_X → 0.

The important ingredient in our proofs is the natural “liaison-invariance” of A^1_{X|Y} “over N_Y ” induced by taking the O_Y -dual (−)^∗ = Hom_{OY} (−, O_Y ), i.e. the isomorphism (cf. [38] Corollary 2.12)

(6.3) A^1_{X|Y} → N_Y ≀ ‖ ∘ ‖ A^1_{X ′ |Y} → N_Y .

To see this natural isomorphism, let D(p, q) be the Hilbert flag scheme (incidence correspondence) parameterizing “pairs” X ⊂ Y of closed, equidimensional, locally Cohen-Macaulay subschemes of P^N with Hilbert polynomial p and q respectively. We see easily that, in the case where p and q are polynomials of the same degree, q is the Hilbert polynomial of a complete intersection of type/degree f_1, . . . , f_c (Y locally Gorenstein is essentially enough to get the isomorphism below) and p^′(v) = q(v) − (−1)^{N−c}p(Σf_i − N − 1 − v) is the Hilbert polynomial of the linked object X^′ ⊂ Y , then there is an isomorphism D(p, q) ∼= D(p^′, q) as sets, defined by sending X ⊂ Y to X^′ ⊂ Y (provided we restrict D(p, q) and D(p^′, q) to the open part of pairs where Y is a global complete intersection). In [38], Theorem 2.6, this bijection is shown to be an isomorphism as schemes (over Hilb^q (P^N )). The corresponding isomorphism of tangent spaces is just H^0(A^1_{X|Y} ) ∼= H^0(A^1_{X ′ |Y} ) “over H^0(N_Y ),” and we get A^1_{X|Y} ∼= A^1_{X ′ |Y} “over N_Y ” by “sheafifying” the argument (i.e. by the corresponding argument for local k-algebras; it does not matter for the conclusion that we lose the representability of the functor which corresponds to D(p, q)); cf. [38], Section 2, for details.

The geometric approach indicated above leads easily to the liaison-invariance of most H^i_∗(N_X ) and, after a more detailed study, to the liaison-invariance of a certain kernel/cokernel involving H^i_∗(N_X ) for the remaining i > 0. Only the liaisoninvariance of this kernel and cokernel is partially new compared to the treatise [14]. Under some local complete intersection (l.c.i.) requirements one may, however, get the invariance of this kernel and cokernel from [14], Theorem 2.3, using duality, while our approach has the liaison-invariance of H^i_m(Ext^c_R(R/I_X , R)⊗_R I_X ) as a corollary under certain locally licci (e.g. l.c.i.) requirements which [14] does not require. Let A = R/I_X . In particular we see the Cohen-Macaulayness of K_A ⊗_A I_X /I^2_X for licci subschemes [13], and we get the vanishing of the algebra cohomology group H^2(R, A, A) under slightly weaker conditions than those given in [35] or [14]. We also get an interesting duality involving H^i_m(K_A ⊗_R I_X ), 0 ≤ i ≤ dim X, for locally Gorenstein subschemes of codimension 3. In the local complete intersection case, H^i_m(K_A(N + 1) ⊗_R I_X ) ∼= H^{i+2}(R, A, A), and we therefore get a duality for H^i(R, A, A). Moreover, even though our methods in this chapter are fully developed in [38], we succeed in generalizing some results of [38] which required geometric linkage, to algebraic linkage. Since [38] will serve as a standard reference, we take the opportunity to mention the following misprints in [38]:

• H^1(I_{X|Y} (f_i + v)) and H^1(f_i + v)) in (2.19.1) should be H^1(I_X (f_i + v)) and H^1(O_X (f_i + v)), respectively • H^1(R, A, A) (resp. H^2(R, A, A)) in Lemma 4.7 (resp. Remark 4.9) should be H^1(R, A, Ā) (resp. H^2(R, A, Ā))

Several liaison results of this shapter consider the following natural map

δ_X : H^n_∗ (N_X ) → Hom_R(I_X , H^{n+1}_m (A))

(where n = dim X), which one may define using the first terms of an R-free resolution of I_X · · · → ⨁ i R(−n_{2,i}) → ⨁ i R(−n_{1,i}) → I_X → 0. Since N_X = Hom(I_X , O_X ), we get an exact sequence 0 → N_X → ⨁ i O_X (n_{1,i}) → ⨁ i O_X (n_{2,i})

and the existence of δ_X follows by taking cohomology because H^n_∗ (O_X ) ∼= H^{n+1}_m (A) (for dim X > 0). It is easy to see that δ_X is an isomorphism provided I_X /I^2_X is a free A = R/I_X module and dim X > 0. In the case dim X = 0, δ_X is well-defined and it is surjective if I_X /I^2_X is a free A module. We will prove

Theorem 6.1. Let X ⊂ P^N and X^′ ⊂ P^N (with saturated ideals I_X and I_X ′ of R resp.) be ACM schemes, algebraically linked by some complete intersection Y ⊂ P^N of dimension n. If n > 0, then, as graded R-modules we have H^i_∗(N_X ) ∼= H^i_∗(N_X ′ ) for 1 ≤ i ≤ n − 1, and

ker δ_X ∼= ker δ_X ′ .

Moreover, at least as graded k-modules, we have for any n ≥ 0 coker δ_X ∼= coker δ_X ′ .

Remark 6.2. See Proposition 9.20 for the relation between H^0(N_X ) and H^0(N_X ′ ).

Remark 6.3. (i) Under some extra conditions, ker δ_X , coker δ_X and H^i_∗(N_X ) are isomorphic to certain algebra cohomology groups H^j (R, A, A). Indeed let j be an integer, 2 ≤ j ≤ n+2. Using for instance [40] (Lemma 3.5 and proof of Theorem 3.6), one may see

H^0_m(H^j (R, A, A)) ∼= ker δ_X (resp. ∼= coker δ_X ) if j = n + 1 (resp. j = n + 2)

H^0_m(H^j (R, A, A)) ∼= H^{j−1}_∗ (N_X ) if 2 ≤ j ≤ n

provided the sheaf H^i(R, A, A)^∼ = 0 for 2 ≤ i < j. Therefore we get the liaison-invariance of H^i(R, A, A) for 2 ≤ i ≤ j from Theorem 6.1 if we suppose H^i(R, A, A)^∼ = H^i(R, A^′, A^′)^∼ = 0 for 2 ≤ i ≤ j (for instance if X and X^′ are local complete intersections in P^N ); cf.[14], Theorem 4.1.

(ii) We expect a more functorial proof will show the isomorphism of the cokernels of Theorem 6.1 to be R-linear as well. If the linkage is geometric, we can prove the R-linearity as indicated in the proof for n > 0, while the case n = 0 follows for instance from [38], Theorem 4.2.

We will prove Theorem 6.1 shortly (on page 44). First, we will give an alternative description of A^1_{X|Y} from which we easily see A^1_{X|Y} ∼= A^1_{X ′ |Y} . Indeed, to prove the commutativity of a certain diagram appearing in the proof of the liaison-invariance of ker δ_X and coker δ_X , it is desirable to describe an isomorphism A^1_{X|Y} ∼= A^1_{X ′|Y} , fitting into the commutative diagram (6.3), directly. To do this, let I_{X|Y} = I_X /I_Y and let

(6.4)

P_1 → P_0 → I_{X|Y} → 0, and Q_1 → Q_0 → I_X ′_{|Y} → 0 be exact sequences, where P_i and Q_i are B-free, and let Z = ker(P_0 → I_{X|Y} ). Applying (−)^∗ = Hom_B (−, B), we get

(6.5)

0 → I^∗_{X ′ |Y} = A → Q^∗_0 → Q^∗_1, and 0 → I^∗_{X|Y} = A^′ → P^∗_0 → P^∗_1 .

Consider

(6.6)

0 0 0 ↓ ↓ ↓ 0 → Hom_B (I_{X|Y} , A) → Hom_B (P_0, A)^{dA}−→ Hom_B (P_1, A) ↓ ↓ ↓ δ_1 0 → Hom_B (I_{X|Y} , Q^∗_0) → Hom_B (P_0, Q^∗_0)^{d0}−→ Hom_B (P_1, Q^∗_0) ↓ ↓ δ_0 ↓ 0 → Hom_B (I_{X|Y} , Q^∗_1) → Hom_B (P_0, Q^∗_1) → Hom_B (P_1, Q^∗_1).

Then we can find the first terms of a “resolution of Hom_B (I_{X|Y} , A) by the double complex” as the upper horizontal sequence in the commutative diagram

(6.7)

ker(δ_0 , d_0) → Hom_B (P_0, Q^∗_0 )^{(δ0 ,d0)}−−−−→ Hom_B (P_0, Q^∗_1) ⊕ Hom_B (P_1, Q^∗_0) ↑ ∪↑ ↑ (0, δ_1) ker d_A → Hom_B (P_0, A)^{dA}−→ Hom_B (P_1, A) || || ∪↑ Hom_B (I_{X|Y} , A) → Hom_B (P_0, A) → Hom_B (Z, A) → Ext^1_B (I_{X|Y} , A) → 0.

Indeed, we leave it as an easy exercise to see that

Hom_B (I_{X|Y} , A)^∼→ ker(δ_0, d_0)

and the left injection of

(6.8) Ext^1_B (I_{X|Y} , A) → coker d_A → coker(δ_0, d_0).

To see the right injection, take x_1 ∈ Hom_B (P_1, A) such that (0, δ_1)(x_1) ∈ im(δ_0, d_0), i.e. (0, δ_1(x_1)) = (δ_0(y), d_0(y)) for some y ∈ Hom_B (P_0, Q^∗_0). Since δ_0(y) = 0, then (6.6) shows that there exists x_0 ∈ Hom_B (P_0, A) which maps to y in Hom_B (P_0, Q^∗_0) and, by the injectivity of δ_1, to d_A(x_0) = x_1 in Hom_B (P_1, A). Hence x_1 maps to zero in coker d_A, which shows the injectivity.

Now we consider the exact sequence

(6.9) 0 → I_Y ⊗_R A ∼= I_Y /I_Y I_X → I_X /I_Y I_X → I_{X|Y} → 0

which we may assume fits into a commutative diagram

(6.10) 0 → I_Y ⊗_R A → I_X ⊗_R B → I_{X|Y} → 0 ↑ ↑ || 0 → Z → P_0 → I_{X|Y} → 0 where the center vertical map is an epimorphism. Applying ~Hom_B (−, A) to (6.10), we get two of the horizontal exact sequences in the commutative diagram

(6.11) A^1_{X|Y} → N_Y ↓ ↓ ~ Hom_B (I_{X|Y} , A) → N_X → N_Y ⊗ O_X → ~Ext^1_B (I_{X|Y} , A) || ↓ ↓ || ~ Hom_B (I_{X|Y} , A) → ~ Hom_B (P_0 , A) → ~

Hom_B (Z, A) → ~

Ext^1_B (I_{X|Y} , A) → 0 ↓ ≀ ↓ ↓ ∩↓ ~ ker(δ_0 , d_0) → ~

Hom_B (P_0 , Q^∗_0 ) → ~ Hom_B (P_0 , Q^∗_1 ) ⊕ ~ Hom_B (P_1 , Q^∗_0 ) → ~ coker(δ_0, d_0) → 0.

The injectivity we proved in (6.8) readily implies that the diagram, whose morphisms are obtained by taking obvious compositions of maps in (6.11)

(6.12) A^1_{X|Y} → N_Y ↓ □ ↓ ~ Hom_B (P_0, Q^∗_0)^{(δ0,d0)}−−−→ ~

Hom_B (P_0, Q^∗_1) ⊕ ~

Hom_B (P_1, Q^∗_0)

is cartesian. We have a corresponding diagram for A^1_{X ′ |Y} in which the lower horizontal map is the sheafification of (d^′_0, δ^′_0) in the exact sequence (6.13) 0 → Hom_B (I_X ′_{|Y} , A^′) → Hom_B (Q_0, P^∗_0 )^{(d′0,δ′0)}−−−→ Hom_B (Q_0, P^∗_1 ) ⊕ Hom_B (Q_1, P^∗_0 ) given by (6.7). Using that (6.14) Hom_B (P, Q) ∼= Hom_B (Q^∗, P^∗) for B-free modules P and Q, and in particular that the composition

N_Y = ~

Hom_B (I_Y /I^2_Y , B) ∼= ~

Hom_B (B^∗, (I_Y /I^2_Y )^∗) ∼= ~(I_Y /I^2_Y )^∗ really is the identity, we deduce from (6.12) the existence of an isomorphism A^1_{X|Y} ∼= A^1_{X ′ |Y} fitting into (6.3). Of course (6.7), (6.13) and (6.14) induce isomorphisms Hom_B (I_{X|Y} , A) ∼= Hom_B (I_X ′_{|Y} , A^′), and

coker(δ_0, d_0) ∼= coker(d^′_0, δ^′_0) where the latter one commutes (cf. (6.8)) with the isomorphism

Ext^1_B (I_{X|Y} , A)^∼→ Ext^1_B (I_X ′_{|Y} , A^′) which we get by applying (−)^∗ to an extension e : 0 → A → E → I_{X|Y} → 0. Finally, we remark that in a similar manner to (6.7) we can find the first terms in a “resolution of Hom_B (I_{X|Y} , H^{n+1}_m (A)).” Indeed, we claim that we have exact vertical sequences in (6.15)

Hom_B (I_{X|Y} , H^{n+1}_m (A)) = Hom_B (I_{X|Y} , H^{n+1}_m (A)) ∩↓ ∩↓ Hom_B (P_0, H^{n+1}_m (A)) → Hom_B (P_0, H^{n+1}_m (Q^∗_0)) ↓ ↓ (δ^h_0 , d^h_0 ) Hom_B (Z, H^{n+1}_m (A)) → Hom_B (P_0, H^{n+1}_m (Q^∗_1)) ⊕ Hom_B (P_1, H^{n+1}_m (Q^∗_0)) as well as an injection

(6.16) Ext^1_B (I_{X|Y} , H^{n+1}_m (A)) → coker(δ^h_0 , d^h_0 ).

The latter injection follows by the arguments of (6.8). The proof of (6.15) is the same as (6.7) once we have shown that H^{n+1}_m (−) is left-exact on (6.5). This leftexactness follows from Gorenstein duality and by applying Hom_B (−, H^{n+1}_m (B)) to (6.4). Note that the rightmost vertical sequence of (6.15) and its analogue for the linked object, and

Hom_B (P, H^{n+1}_m (Q)) ∼= Hom_B (Q^∗, H^{n+1}_m (P^∗))

imply

(6.17) Hom_B (I_{X|Y} , H^{n+1}_m (A)) ∼= Hom_B (I_X ′_{|Y} , H^{n+1}_m (A^′))

and an isomorphism from coker(δ^h_0 , d^h_0 ) onto the corresponding cokernel of the linked object.

Proof. (of Theorem 6.1): Since Y is a complete intersection of type f_1, . . . , f_c, we have N_Y ∼= ⨁ i O_Y (f_i) and the following exact sequence

(6.18) 0 → ⨁ i I_{X|Y} (f_i) → A^1_{X|Y} → N_X → 0 from (6.2). Using 0 → I_Y → I_X → I_{X|Y} → 0 and the ACM property of X and Y , we get H^i(I_{X|Y} (v)) = 0 for 1 ≤ i < n. Hence, for any v, we have

(6.19) H^i(A^1_{X|Y} (v)) ∼= H^i(N_X (v)) for 1 ≤ i < n − 1

and we get the isomorphisms of the theorem in the range 1 ≤ i < n − 1. Note that the sequence (6.18) and the corresponding sequence twisted by g fit naturally into a commutative diagram by the multiplication of any G in R of degree g, from which we see that the isomorphisms of the theorem are R-linear. Moreover if n ≥ 2 there is a long exact sequence and a commutative diagram

(6.20)

0 ↓ H^{n−1}(A^1_{X|Y} (v)) ↓ H^{n−1}(N_X (v)) ↓ ⨁ i H^n(I_{X|Y} (f_i + v)) → ⨁ i H^n(O_Y (f_i + v)) ↓ ∘ ↓ ≀ H^n(A^1_{X|Y} (v))^{ϕX|Y}−→ H^n(N_Y (v)) ↓ H^n(N_X (v)) ↓ 0 where the horizontal injective map ⨁ i H^n(I_{X|Y} (f_i + v)) → ⨁ i H^{n+1}(I_Y (f_i + v)) ∼= ⨁ i H^n(O_Y (f_i + v)) and the lower horizontal map ϕ_{X|Y} , given by (6.3), commute, and we easily get the isomorphism (6.19) in the case i = n − 1 as well.

If n ≥ 1, we have the diagram above except for the 0 at the very top. Note that the cokernel of the top horizontal map is precisely H^n(N_Y ⊗ O_X (v)) and therefore, by the Five Lemma, we get the lefthand vertical exact sequence in the following diagram

(6.21)

0 0 ↓ ↓ ker ϕ_{X|Y}^{αX|Y}−→_v Hom_B (I_{X|Y} , H^{n+1}_m (A)) ↓ ↓ H^n(N_X (v))^{δX}−→_v Hom_R(I_X , H^{n+1}_m (A)) ↓ ∘ ↓ H^n(N_Y ⊗ O_X (v))^∼→_v Hom_R(I_Y , H^{n+1}_m (A)) ↓ ↓ coker ϕ_{X|Y}^{βX|Y}−−−→_v Ext^1_B (I_{X|Y} , H^{n+1}_m (A)) ↓ 0 where B = R/I_Y . The righthand vertical sequence is seen to be exact by applying Hom_R(−, H^{n+1}_m (A)) to (6.9). Once having understood the naturalness of the horizontal maps, we see that the third horizontal map is indeed an isomorphism because n > 0. Since it obviously commutes with δ_X by the definition of δ_X , the maps given by the top and bottom arrow, α_{X|Y} and β_{X|Y} , exist. Let

β^′_{X|Y} : coker ϕ_{X|Y} → coker(δ^h_0 , d^h_0 )

be the composition of β_{X|Y} and the map

v Ext^1_B (I_{X|Y} , H^{n+1}_m (A)) → coker(δ^h_0 , d^h_0 )

given by (6.16).

Claim: The maps α_{X|Y} and β^′_{X|Y} are “liaison-invariant.”

Indeed, by (6.11) and (6.15) and the definition of δ_X , we have a commutative diagram 0 0 ↓ α_{X|Y} ↓ ker ϕ_{X|Y} −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→_v Hom_B (I_{X|Y} , H^{n+1}_m (A)) ↓ ↓ H^n (A^1_{X|Y} (v)) −→ H^n (N_X (v)) −→_v H^{n+1}_m (Hom_B (P_0 , Q^∗_0 ))^∼−→_v Hom_B (P_0 , H^{n+1}_m (Q^∗_0 )) ↓ ↓ ↓ ↓

H^n (N_Y (v)) → H^n (N_Y ⊗ O_X (v)) →_v H^{n+1}_m

Hom_B (P_0 , Q^∗_1 ) ⊕ Hom_B (P_1 , Q^∗_0 ) ∼−→ v Hom_B (P_0 , H^{n+1}_m (Q^∗_1 )) ⊕ v Hom_B (P_1 , H^{n+1}_m (Q^∗_0 )) ↓ ↓ β^′_{X|Y} coker ϕ_{X|Y} −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ coker(δ^h_0 , d^h_0 ). We have isomorphisms ker ϕ_{X|Y} ∼= ker ϕ_X ′_{|Y} induced by (6.3) (using the explicit description of A^1_{X|Y} ∼= A^1_{X ′ |Y} given by (6.12), (6.13) and (6.14)), and hence it commutes with H^n(A^1_{X|Y} (v)) ∼= H^n(A^1_{X ′ |Y} (v)). Similarly, (6.17) commutes with Hom_B (P_0, H^{n+1}_m (Q^∗_0)) ∼= Hom_B (Q_0, H^{n+1}_m (P^∗_0 )). Therefore α_{X|Y} is “liaisoninvariant” because the diagram H^n(A^1_{X|Y} (v)) ∼= H^n(A^1_{X ′ |Y} (v)) ↓ ↓ v Hom_B (P_0, H^{n+1}_m (Q^∗_0)) ∼=_v Hom_B (Q_0, H^{n+1}_m (P^∗_0 ))

commutes by our explicit description of A^1_{X|Y} ∼= A^1_{X ′|Y} . The liaison invariance of β^′_{X|Y} is shown in a similar way, and the claim is proved.

It follows from the claim that ker α_{X|Y} is “liaison-invariant”. Since ker α_{X|Y} ∼= ker δ_X by (6.21), the second isomorphism of the Theorem is proved.

If the linkage is geometric, we can use the fact that dim X ∩ X^′ < dim X to prove coker ϕ_{X|Y} = 0 from which we get that coker δ_X ∼= coker α_{X|Y} is “liaisoninvariant.” However, for algebraic linkage, we can at least prove dim_k coker δ_X = dim_k coker δ_X ′ . Indeed, using (6.21), we get (for n > 0) the following exact sequence:

0 → coker α_{X|Y} → coker δ_X → coker ϕ_{X|Y}^{βX|Y}−−−→_v Ext^1_B (I_{X|Y} , H^{n+1}_m (A)).

Since coker α_{X|Y} and ker β_{X|Y} = ker β^′_{X|Y} are “liaison-invariant” by the proven claim, we conclude easily by the exact sequence above because, as k-vector spaces, the direct sum of ker β_{X|Y} and coker α_{X|Y} is coker δ_X .

It remains to prove the liaison-invariance of coker δ_X provided n = 0, a proof we only indicate because, in this case, [14], Theorem 2.3, implies the result. (Indeed as argued later in (6.33), one may prove coker δ_X ∼=_v H^0_m(Ext^2_R(I_X , I_X )), and conclude by Remark 6.16). If n = 0 the isomorphism of (6.21) is only surjective, and the kernel,_v Hom_R(I_Y , A), maps naturally into_v Ext^1_B (I_{X|Y} , A). Now, essentially in the same way as we managed to show that coker ϕ_{X|Y} (resp. the composition

coker ϕ_{X|Y} −→_v Ext^1_B (I_{X|Y} , H^1_m(A)) → coker(δ^h_0 , d^h_0 ))

was “liaison-invariant” using (6.1) and (6.3) (resp. mainly (6.12)), the corresponding arguments for the graded deformation functor (cf. [41]) imply the “liaisoninvariance” of coker ϕ_{B,A} (resp. coker ϕ_{B,A} →_v Ext^1_B (I_{X|Y} , A) and coker ϕ_{X|Y} → H^0(Ext^1_{OY} (I_{X|Y} , O_X (v)))), where ϕ_{B,A} : A^1_{B,A} →_v Hom_R(I_Y , B) is natural and A^1_{B,A} is given by the cartesian diagram (6.1) where we have replaced sheaf Hom(−, −) by the corresponding graded piece_v Hom(−, −) of the graded Hom(−, −).

If γ : im δ_X →_v Hom_R(I_Y , H^1_m(A)), then one proves the exactness of the sequences

0 →_v Hom_B (I_{X|Y} , A) → H^0(N_{X|Y} (v)) → ker γ → coker ϕ_{B,A} → coker ϕ_{X|Y} → coker γ → 0

0 → ker γ →_v Hom_B (I_{X|Y} , H^1_m(A)) → coker δ_X → coker γ →_v Ext^1_B (I_{X|Y} , H^1_m(A)).

Since the first, second, fourth and fifth groups in the first sequence, and the morphism above between the two latter ones, are “liaison-invariant,” we get that ker γ and coker γ are “liaison-invariant,” at least as k-vector spaces. Applying exactly the same argument to the second exact sequence, we get the “liaison-invariance” of coker δ_X , and we are done. □

Remark 6.4. An interesting observation from the proof above is that we get the “liaison-invariance” of the groups H^i(A^1_{X|Y} ) also for schemes X which are not ACM and even for Y ’s which are not a complete intersection (e.g. (6.3) holds if Y is arithmetically Gorenstein, while, however, the formulation of (6.1) and (6.2) above require Y to be a local complete intersection). The groups H^i(A^1_{X|Y} ) which usually depend on Y , fit into the long exact sequence induced by (6.2), giving interesting information of the cohomology H^i(N_X (v)) in terms of H^i(N_X ′ (v)) in general, cf. [38], (2.19.1). In particular (6.2) implies the “liaison-invariance” of χ(N_X (v)) + ∑ χ(I_{X|Y} (f_i + v)), hence of χ(N_X (v)) − ∑ χ(O_X (f_i + v)), for equidimensional, locally Cohen-Macaulay subschemes of P^N , linked via a complete intersection of type f_1, . . . , f_c. As an application recall that, for smooth curves C in P^N of degree d and genus g, one knows

(6.22) χ(N_C (v)) = (N + 1)d + (N − 3)(1 − g) + (N − 1)dv.

The “liaison-invariant” expression χ(N_C (v))− ∑ χ(O_C (f_i +v)) is therefore equal to 2g − 2 − d( ∑ f_i − N − 1), which one knows is equal to the corresponding formula for the linked curve by Proposition 2.5. Hence (6.22) holds for any curve of degree d and arithmetic genus g in the linkage class of a smooth curve. This generalizes [38], Corollary 2.17.

When we defined δ_X we observed that δ_X was an isomorphism for complete intersections. Since it is well known that complete intersections satisfy H^i_∗(N_X ) = 0 for 1 ≤ i < dim X, Theorem 6.1 immediately implies the following result which partially generalizes [39], Corollary 1.3, and [44], Theorem 2.6.

Corollary 6.5. If X ⊂ P^N (of dimension n) is licci, then

H^i(N_X (v)) = 0 for 1 ≤ i ≤ n − 1 and any v.

Moreover the natural map

δ_X : H^n_∗ (N_X ) → Hom_R(I_X , H^{n+1}_m (R/I_X ))

is an isomorphism (resp. surjection) provided n ≥ 1 (resp. n = 0).

To get easily some later results, we recall that the right derived functors v Ext^i_m(M, −) of_v H^0_m(Hom_R(M, −)) are equipped with spectral sequences

(6.23) E^{p,q}_2 =_v Ext^p_R(M_1, H^q_m(M_2)) ⇒_v Ext^{p+q}_m (M_1, M_2) and

(6.24) E^{p,q}_2 =_v H^p_m(Ext^q_R(M_1, M_2)) ⇒_v Ext^{p+q}_m (M_1, M_2)

(⇒ means “converging to” and M_i are graded R-modules of finite type) and a long exact sequence ([28], exp. VI, or [29]) (6.25)

→ v Ext^i_m(M1, M2) → v Ext^i_R(M1, M2) → Ext^i_{OP}(M̃1, M̃2(v)) → v Ext^{i+1}_m (M1, M2) →

(where P = P^N ) which sometimes is efficient to combine with the duality isomorphism;

(6.26)_v Ext^i_m(N_2, N_1) ∼=_{−v−N−1} Ext^{N+1−i}_R (N_1, N_2)^∨

(valid for any integers i and v, cf. [39], Theorem 1.1), even though in this paper (where we usually consider ACM subschemes) we can reach our conclusions by using the functoriality of Serre-Gorenstein duality to appropriate exact sequences, without too much extra work.

A coherent non-trivial O_X -module F is said to be a maximal Cohen-Macaulay O_X -module if Ext^i_{OX} (F, ω_X ) = 0 for i > 0. The corresponding vanishing for a finitely generated module M ≠ 0 over a local Cohen-Macaulay ring (A, m) is by Gorenstein duality equivalent to the vanishing of H^i_m(M) for i < dimA, i.e. to M being a maximal Cohen-Macaulay A-module. Note that if F is locally free then it is a maximal Cohen-Macaulay O_X -module, and that I_X /I^2_X ⊗_{OX} ω_X will be a maximal Cohen-Macaulay O_X -module if X is a local complete intersection.

Corollary 6.6. Let X ⊂ P^N , n = dim X, be an ACM subscheme of codimension c belonging to the same CI-liaison class as X^′ ⊂ P^N , and let K_A and K_A′ be the canonical modules of A = R/I_X and A^′ = R/I_X ′ respectively. Assume that • I_X /I^2_X ⊗_{OX} ω_X is a maximal Cohen-Macaulay O_X -module, and • I_X ′ /I^2_X ′ ⊗_{OX′} ω_X ′ is a maximal Cohen-Macaulay O_X ′ -module.

Then H^j_m(K_A ⊗_R I_X ) ∼= H^j_m(K_A′ ⊗_R I_X ′ ) are isomorphic as graded R-modules (resp. as graded k-modules) provided 0 < j ≤ n (resp. 0 ≤ j ≤ n). In particular, if X^′ ⊂ P^N is a complete intersection, then

H^j_m(K_A ⊗_A I_X /I^2_X ) = 0, for 0 ≤ j ≤ n.

Proof. In general we have (cf. [32])

N_X ∼= Hom_{OX} (I_X /I^2_X ⊗_{OX} ω_X , ω_X ) and (6.27) H^i_∗(N_X ) ∼= Ext^i_{OX} (I_X /I^2_X ⊗_{OX} ω_X , ω_X ), 0 ≤ i ≤ n

by the Cohen-Macaulayness of I_X /I^2_X ⊗_{OX} ω_X and the spectral sequence relating local Ext and global Ext. Since pd_R A = pd O_X = c, we get Ext^c_{OP}(O_X , I_X ) ∼= Ext^c_{OP}(O_X , O_P) ⊗_{OP}I_X ∼= ω_X (N + 1) ⊗_{OX} I_X /I^2_X and Ext^c_R(A, I_X ) ∼= K_A(N + 1) ⊗_R I_X . If 0 < i ≤ n, we have by Serre duality; (6.28)

H^{i+1}_m (Ext^c_R(A, I_X )) ∼= H^i_∗(Ext^c_{OP}(O_X , I_X )) ∼= H^i_∗(I_X /I^2_X ⊗_{OX} ω_X )(N + 1)

∼= Ext^{n−i}_{OX} (I_X /I2_X ⊗_{OX} ω_X , ω_X )∨(N + 1) ∼= H n−i_∗ (N_X )∨(N + 1)

and H^{i+1}_m (Ext^c_R(A^′, I_X ′ )) ∼= H^{n−i}_∗ (N_X ′ )^∨(N + 1). We conclude by Theorem 6.1 in the case 2 ≤ j ≤ n, letting j = i + 1. For i = −1 and 0, we have the exact sequence (6.29)

0 → H^0_m(Ext^c_R(A, I_X )) → Ext^c_R(A, I_X ) → H^0_∗ (ω_X ⊗_{OX} I_X /I^2_X )(N + 1)

→ H^1_m(Ext^c_R(A, I_X )) → 0.

The twisted dual of the natural morphism in the middle is precisely the natural map δ_X : H^n_∗ (N_X ) → Hom_R(I_X , H^{n+1}_m (A)) of Theorem 6.1 by Serre duality and (6.26). (Instead of (6.26) we can apply Gorenstein duality to the first terms of a minimal resolution of I_X and the right exactness of Ext^c_R(A, −) to see that Ext^c_R(A, I_X )^∨ ∼= Hom_R(I_X , H^{n+1}_m (A))(−N − 1)). The proof is therefore complete. □

Remark 6.7. (i) Corollary 6.6 is proved in [14], Theorem 2.3, without any Cohen-Macaulay claims on I_X /I^2_X ⊗_{OX} ω_X and I_X ′ /I^2_X ′ ⊗_{OX′} ω_X ′ ; cf. Remark 6.16. Note however that, in our approach, we also easily get the maximal Cohen- Macaulayness of K_A ⊗ I_X /I^2_X , i.e. the vanishing of Ext^i_A(K_A ⊗ I_X /I^2_X , K_A) for i > 0 without the hypothesis Ext^i_{OX} (I_X /I^2_X ⊗_{OX} ω_X , ω_X ) = 0 for i > 0 by an induction argument on n = dim X. Indeed, in the case n = 0, any non-trivial coherent O_X -module is Cohen-Macaulay, and we conclude by induction because (the vanishing in) Corollary 6.6 holds for a local Cohen-Macaulay ring, as well as for a graded ring.

(ii) From (i) we get at once that Ext^i_{OX} (I_X /I^2_X ⊗_{OX} ω_X , ω_X ) = 0 for i > 0 provided X is locally licci.

(iii) From the proof we also get H^{n+1}_m (K_A ⊗_R I_X ) ∼= H^0_∗ (N_X )^∨ for n ≥ 1. (iv) We note that these invariants can be readily computed with computer algebra systems such as Macaulay or CoCoA.

For the rest of this chapter we mainly consider subschemes X in P^N of codimension 3. Then we shall see that H^i_m(Ext^3_R(R/I_X , I_X )) is isomorphic to H^{i+1}_∗ (N_X ) for most i, and we get the liaison-invariance of H^i_m(K_{R/IX} ⊗_R I_X ) in general and an interesting duality by combining with (6.28) and (6.29). More precisely we have

Proposition 6.8. Let X ⊂ P^{n+3} be an ACM subscheme of codimension 3, and let K_A be the canonical module of A = R/I_X . Then

H^i_m(K_A ⊗_R I_X )(n + 4) ∼= H^{i+1}_∗ (X, N_X ), for 0 ≤ i ≤ n − 2, as graded R-modules. Moreover for n ≥ 1 there is an exact sequence

0 → H^{n−1}_m (K_A ⊗_R I_X )(n + 4) → H^n_∗ (N_X )^{δX}−→ Hom_R(I_X , H^{n+1}_m (A))

→ H^n_m(K_A ⊗_R I_X )(n + 4) → 0, and for n = 0 there is an exact sequence

0 → Ext^1_R(I_X , I_X ) → H^0_∗ (N_X )^{δX}−→ Hom_R(I_X , H^1_m(A)) → H^0_m(K_A ⊗_R I_X )(4) → 0. In particular H^i_m(K_A ⊗_R I_X ) is invariant under linkage as a graded R (resp. k)- module for any 0 ≤ i < n (resp. 0 ≤ i ≤ n), and if X ⊂ P^{n+3} is locally Gorenstein, then we have R-module isomorphisms

H^i_m(K_A ⊗_R I_X )(n + 4) ∼= H^{n−i}_m (K_A ⊗_R I_X )^∨, for 0 ≤ i ≤ n.

Proof. Note that (6.30) K_A(n + 4) ⊗_R I_X ∼= Ext^3_R(A, I_X ) ∼= Ext^2_R(I_X , I_X ) and we build our proof on the last group. Indeed using the spectral sequence (6.23), observing that H^q_m(I_X ) = 0 for q ≤ n + 1, we get

(6.31) Ext^j_m(I_X , I_X ) = 0 for j ≤ n + 1.

Since the codimension is 3, i.e. pd_R(I_X ) = 2, we also have Ext^j_R(I_X , I_X ) = 0 for j ≥ 3 and Hom_R(I_X , I_X ) ∼= R. Therefore, if p + q < n + 4 and M_1 = M_2 = I_X , the spectral sequence (6.24) consists of at most two non-vanishing terms. Since it converges to zero by (6.31), we have

(6.32) H^i_m(Ext^2_R(I_X , I_X )) ∼= H^{i+2}_m (Ext^1_R(I_X , I_X )) for i ≤ n − 2. Since N_X ∼= Ext^1(I_X , I_X ), we get the first isomorphism of the Proposition in the required ranged 0 ≤ i ≤ n − 2 by using (6.30).

By the spectral sequence (6.23), Ext^{n+2}_m (I_X , I_X ) ∼= Hom_R(I_X , H^{n+1}_m (A)). Hence, using the spectral sequence (6.24) we obtain the exactness of (6.33) 0 → H^{n−1}_m (Ext^2_R(I_X , I_X )) → H^{n+1}_m (Ext^1_R(I_X , I_X )) →

Hom_R(I_X , H^{n+1}_m (A)) → H^n_m(Ext^2_R(I_X , I_X )) → 0 provided n ≥ 1. The zero to the right is by reasons of dimension, and we get the first exact sequence of the Proposition.

Suppose n = 0. Then (6.33) reduces to

(6.34) 0 → H^1_m(Ext^1_R(I_X , I_X )) → Hom_R(I_X , H^1_m(A)) → H^0_m(Ext^2_R(I_X , I_X )) → 0.

Since depth_m(A) = 1, we get H^0_m(Ext^1(I_X , I_X )) = 0 because Ext^1(I_X , I_X ) ∼= Hom_R(I_X , A), and we get the second exact sequence by combining (6.34) with

H^0_m(Ext^1_R(I_X , I_X )) → Ext^1_R(I_X , I_X ) → H^0_∗ (N ) → H^1_m(Ext^1_R(I_X , I_X )) → 0.

To prove the duality, we remark that for each x ∈ X, (I_X /I^2_X ⊗ ω_X )_x is Cohen-Macaulay, cf. [33]. Hence Ext^i_{OX} (I_X /I^2_X ⊗ ω_X , ω_X ) = 0 for i > 0 by local Gorenstein duality (or use Remark 6.7 (ii)), and all isomorphisms of (6.28) hold in this case (with c = 3). We therefore get the duality isomorphism in the range 2 ≤ i ≤ n − 2 by combining the first isomorphism of the proposition with (6.30).

Moreover by Gorenstein duality, we have

H^{i+1}_m (K_A ⊗ I_X /I^2_X ) ∼= Ext^{n−i}_A (K_A ⊗ I_X /I^2_X , K_A)^∨ ∼= Ext^{n−i}_A (I_X /I^2_X , A)^∨

for i ≥ −1, where the isomorphism to the right follows from [32] and the fact that X is locally Gorenstein. Since H^n_∗ (N_X ) ∼= Ext^n_{OX} (I_X /I^2_X , O_X ), we can use (6.25) (with A instead of R) to see the exactness of (6.35)

0 → Ext^n_A(I_X /I^2_X , A) → Ext^n_{OX} (I_X /I^2_X , O_X ) →

Hom_A(I_X /I^2_X , H^{n+1}_m (A)) → Ext^{n+1}_A (I_X /I^2_X , A) → 0

where the zero to the right follows from reasons of dimension (H^{n+1}_∗ (N_X ) = 0). If n ≥ 1 (resp. n = 0), we conclude by comparing (6.35) with the first ( resp. second) exact sequence of this Proposition. □

Since the duality of Proposition 6.8 shows the vanishing of all H^i_m(K_A ⊗ I_X ) for i ≤ n provided they vanish for 0 ≤ i ≤ n/2 (or for n/2 ≤ i ≤ n), we have

Corollary 6.9. Let X ⊂ P^{n+3} be a local Gorenstein ACM subscheme of codimension 3, and let K_A be the canonical module of A = R/I_X . If

H^i_m(K_A ⊗ I_X ) = 0 for 0 ≤ i ≤ n/2 (or for n/2 ≤ i ≤ n)

then H^i_m(K_A ⊗ I_X ) = 0 for 0 ≤ i ≤ n i.e. K_A ⊗_A I_X /I^2_X (if non-trivial) is a maximal Cohen-Macaulay module.

Corollary 6.10. Let X ⊂ P^{n+3} be a local complete intersection ACM scheme of codimension 3, and let K_A be the canonical module of A = R/I_X . Then, we have R-module isomorphisms H^{i+2}(R, A, A) ∼= H^{n+2−i}(R, A, A)^∨(n + 4), for 0 ≤ i ≤ n.

Proof. Since

H^i_m(K_A ⊗ I_X )(n + 4) ∼= H^{i+2}(R, A, A) for 0 ≤ i ≤ n

by Remark 6.3 (i) and Proposition 6.8, we conclude by the duality of Proposition 6.8. □

Remark 6.11. (i) If n ≤ 1 and X ⊂ P^{n+3} is a locally Gorenstein ACM scheme, one may show that the duality of the above Corollary holds.

(ii) From Ext^{n+2+i}_m (I_X , I_X ) ∼= Ext^i_R(I_X , H^{n+1}_m (A)) for i = 1 and 2, the spectral sequence (6.24), with M_1 = M_2 = I_X , the isomorphism H^{n+1}_m (K_A ⊗_R I_X )(n + 4) ∼= H^{n+1}_m (Ext^2_R(I_X , I_X )) and Remark 6.7 (iii), we see that an ACM scheme X ⊂ P^{n+3} of codimension 3 satisfies

H^{n+1}_m (K_A ⊗_R I_X ) ∼= Ext^1_R(I_X , H^{n+1}_m (A))(−n − 4) ∼= H^0_∗ (N_X )^∨

provided n ≥ 1 (true for n = 0 if we replace H^0_∗ (N_X )^∨ by Ext^1_R(I_X , I_X )^∨) and

Ext^2_R(I_X , H^{n+1}_m (A)) ∼= A^∨(n + 4).

Remark 6.12. In codimension 2 we know the R-modules H^1_∗ (I_X ), . . . , H^n_∗ (I_X ) of X ⊂ P^{n+2} are liaison-invariant (up to shifts and duals, cf. [52], Theorem 5.3.1) and that they vanish (i.e. X is an ACM subscheme) if and only if X is licci. Moreover, given any set M_1, . . . , M_n of finite length graded R-modules, there is a codimension two subscheme X of P^{n+2} and an integer d such that H^i_∗(I_X ) ∼= M_i(d) for 1 ≤ i ≤ n (cf. [23]). Furthermore, at least in P^3, we know that X can be taken to be smooth, by [63].

In codimension 3 we see that the graded R- modules

(6.36) H^0_m(K_A ⊗_R I_X ), . . . , H^n_m(K_A ⊗_R I_X )

(recall H^i_∗(N_X ) ∼= H^{i−1}_m (K_A ⊗_R I_X )(n + 4) for 1 ≤ i ≤ n − 1) of an ACM subscheme X ⊂ P^{n+3} are liaison-invariant in a degree preserving way and that they therefore vanish if X is licci (Corollary 6.5). Inspired by the codimension 2 results, and being of great interest in itself, we ask:

Is the converse true, i.e. is an ACM scheme X licci if all the groups of (6.36) vanish?

Unfortunately there are examples of projectively equivalent non-licci curves in P^4 whose modules H^0_m(K_A ⊗_R I_X ) are all isomorphic (they are 3-dimensional, supported in degree 3), but which belong to different CI-liaison classes [69]. This indicates that the invariants of (6.36) do not separate CI-liaison classes well. However, to our knowledge our question is still open.

Moreover, in P^{n+3} for small n (at least say n ≤ 6), one may ask if any set of finite length R-modules N^0, . . . , N^n satisfying N^{n−i}(n + 4) ∼= (N^i)^∨ for 0 ≤ i ≤ n, is realized by some local complete intersection ACM subscheme X ⊂ P^{n+3} of codimension 3 in the sense that N^i ∼= H^i_m(K_A ⊗_R I_X ), 0 ≤ i ≤ n. The reason why we restrict to small n is due to a famous conjecture of Hartshorne. Indeed if we think the following statement “any local complete intersection ACM subscheme X of P^{n+3} of dimension n > 6 is a complete intersection” is true, then H^i_m(K_A ⊗_R I_X ) must vanish for 0 ≤ i ≤ n provided n > 6; cf. Corollary 6.5.

As an application of Remark 6.11 (ii) and Proposition 6.8 one proves that the usual formula χ(N_C (v)) = 5d + 1 − g + 3dv holds for any generically complete intersection, locally licci, ACM curve C in P^4, cf. Remark 6.4. Indeed the cokernel of N_C (−1) → N_C , the multiplication by a general linear form, is supported at 3d points, taking care of the 3dv term. To see the constant term of χ(N_C (v)) we apply v Hom(−, H^2_m(A)) to a minimal free graded resolution · · · ⨁ i R(−n_{2,i}) → ⨁ i R(−n_{1,i}) → I_C → 0 of I_C . We get a complex of terms ⨁ i H^1(O_C (n_{j,i} + v)), 1 ≤ j ≤ 3, whose cohomology is_v Ext^{j−1}_R (I_C , H^2_m(A)). For v ≪ 0 it follows that ∑ (−1)^i dim_v Ext^i_R(I_C , H^2_m(A)) = ∑ j (−1)^j ∑ i χ(O_C (n_{j,i} + v)) which by the Riemann-Roch Theorem is −(dv + 1 − g). Proposition 6.8 shows, however, that −χ(N_C (v)) = dim_v Hom(I_C , H^2_m(A)) for v ≪ 0, and combining with the information of Remark 6.11 (ii) on the higher v Ext^i_R(I_C , H^2_m(A))-groups, we get

−(dv + 1 − g) = −χ(N_C (v)) − χ(N_C (−v − 5)) + χ(O_C (−v − 5))

for v ≪ 0, and we easily find the constant term of χ(N_C (v)) to be 5d + 1 − g, as required. Finally we claim that the argument above extends so that any generically complete intersection, locally licci and equidimensional curve C in P^4 satisfies χ(N_C (v)) = 5d + 1 − g + 3dv. The main reason for this is that we only needed v ≪ 0 in the argument, which allows us to reconsider (6.33) in the proof of Proposition 6.8 and Remark 6.11 (ii) and still get_v Ext^i_R(I_C , H^2_m(A)), for i = 0 and 1 (v ≪ 0), equal to −χ(N_C (v)) and χ(N_C (−v − 5)) respectively because v Ext^i_R(I_C , H^1_m(A)) = 0 for v ≪ 0. The higher_v Ext^i_R(I_C , H^2_m(A)) groups (i = 2, 3) still give χ(O_C (−v − 5)) for v ≪ 0, and even though the minimal resolution of I_C is one term longer, the alternating sum of these Ext^i-groups is −(dv + 1 − g) by essentially the same argument. This proves the claim and in particular the following proposition (cf. Remark 6.4):

Proposition 6.13. Let C be any equidimensional, local complete intersection curve in P^4 of degree d, arithmetic genus g and normal sheaf N_C . Then

χ(N_C (v)) = 5d + 1 − g + 3dv.

Example 6.14. To illustrate the results obtained so far, we consider a class of examples of non-licci curves. (In the case s ≥ 3 or c_0 = 0, where the constants are defined below, one may also use [36], Corollary 5.13 to see that the curves are not licci.) Let C be a local complete intersection curve in P^4 of degree d and (arithmetic) genus g, whose homogeneous ideal I_C has an “almost linear” minimal resolution in the following sense: 0 → R(−s − 3)^{⊕a} → R(−s − 2)^{⊕b} → R(−s − 1)^{⊕c1} ⊕ R(−s)^{⊕c0} → I_C → 0. (So, if c_0 = 0, the resolution is linear). We claim that C is not licci provided

d + g − 1 − ac_0 ≠ 0.

Hence the only curve with a linear minimal resolution (c_0 = 0) which possibly could be licci, is a straight line (which of course is licci). In particular the smooth rational quartic, which has a linear resolution given by (a, b, c_1, c_0, s) = (3, 8, 6, 0, 1) is not licci, which is well known.

The proof of the claim is nothing more than a computation of the liaisoninvariant constant l(C)_v , defined by l(C)_v = dim_{v+5}H^0_m(K_A ⊗_R I_C ), of Proposition 6.8. Note that the exact sequence and the duality of Proposition 6.8 lead to

l(C)_v − l(C)_{−v−5} = h^1(N_C (v)) −_vhom_R(I_C , H^2_m(A))

(small letters refer to dimension). We want to compute the dimensions on the right side for some v. Indeed sheafifying the minimal resolution above and taking cohomology, we get

H^1(O_C (s − 1)) = 0 and h^1(O_C (s − 2)) = a.

Therefore if we apply_v Hom_R(−, H^2_m(A)) ∼=_v Hom_R(−, H^1_∗ (O_C )) to the minimal resolution of I_C , we get at once

−2hom_R(I_C , H^2_m(A)) = ac_0 and_{−3}ext^1_R(I_C , H^2_m(A)) = 0.

Observing that h^0(N_C (−v − 5)) =_v ext^1_R(I_C , H^2_m(A)) by Remark 6.11 (ii), we get h^0(N_C (−2)) = 0, i.e.

h^1(N_C (−2)) = −χ(N_C (−2)) = −(5d + 1 − g + 3d(−2)) = d + g − 1,

and the claim is proved because

l(C)_{−2} − l(C)_{−3} = h^1(N_C (−2)) −_{−2} hom_R(I_C , H^2_m(A)) = d + g − 1 − ac_0 ≠ 0.

As a special case, we consider curves C = C(t) with linear resolution 0 → R(−t − 2)^{⊕a} → R(−t − 1)^{⊕b} → R(−t)^{⊕c1} → I_C → 0. Note that determinantal curves defined by a linear matrix of size t×(t+2), to which we later return, have a minimal resolution of this form. Now, from H^i(I_C (v)) = 0, for t − 2 ≤ v ≤ t − 1 and i = 0, 1, 2, and Riemann-Roch, we see easily that the degree d_t and the genus g_t of C are

d_t = ( t + 3 4 ) − ( t + 2 4 ) , g_t = (t − 1)d_t + 1 − ( t + 3 4 ) . Since d_t + g_t − 1 = td_t − (_{t+3} 4 ) > d_t′ + g_t′ − 1 for t > t^′, it follows that C(t) and C(t^′) belong to different CI-liaison classes for t ≠ t^′. Varying t, we get infinitely many different CI-liaison classes containing determinantal curves; cf. [69], Theorem 2.6, for other classes.

Remark 6.15. We have proved that H^i_m(K_A ⊗_R I_X ) are liaison-invariants and we have used this fact to see that there are infinitely many different CI-liaison classes containing standard determinantal curves in P^4. By the generalization of Gaeta’s Theorem, Theorem 3.6, we know that all standard determinantal schemes are glicci. Therefore H^i_m(K_A ⊗_R I_X ) are not G-liaison-invariants.

Remark 6.16. In the ACM case a main result of [14], Theorem 2.3, implies that the groups H^i_m(Ext^j_R(R/I_X , I_X )), 0 ≤ i ≤ dim X and 1 ≤ j ≤ codim X, are liaison-invariant. Let us see one easy and interesting case, namely the liaisoninvariance of H^0_m(Ext^3_R(R/I_X , I_X )) ∼= H^0_m(Ext^2_R(I_X , I_X )).

Note that this group is liaison-invariant in codimension 3 by Proposition 6.8, but we claim its liaison-invariance to hold in any codimension. Indeed we can suppose codim X ≥ 2. If n = dim X, we get

H^0_m(Ext^2_R(I_X , I_X )) ∼= H^1_∗ (X, N_X ) for n ≥ 2

by (6.32), and H^0_m(Ext^2_R(I_X , I_X ) ∼= kerδ_X for n = 1 by (6.33) (with notation as in Theorem 6.1), because the spectral sequence argument used in (6.32), (resp. in (6.33)) holds in codimension > 3 as well provided i = 0 (resp. n = 1). We conclude by Theorem 6.1, a theorem which takes care of the zero-dimensional case as well because, in this case, the exact sequence (6.34) shows that H^0_m(Ext^2_R(I_X , I_X )) ∼= coker δ_X . One reason for our interest in the liaison-invariance of this group is the isomorphism H^0_m(Ext^2_R(I_X , I_X )) ∼= H^0_m(H^2(R, A, A)) which now follows from Remark 6.3 (i). Hence H^0_m(H^2(R, A, A)) is liaison-invariant if depth_m A ≥ 1. Note that, for ACM subschemes of codimension 3, we therefore have in general H^0_m(K_A ⊗_R I_X ) ∼= H^0_m(H^2(R, A, A))(−n − 4).

Huneke [35] (resp. Buchweitz-Ulrich [14]) has shown that H^2(R, A, A) = 0 provided A is a graded or local Gorenstein ring (resp. generically a complete intersection) which is in the linkage class of a complete intersection (true also when dim A = 0). We can prove

Proposition 6.17. Let A = R/I be licci as a graded algebra.

(i) If A satisfies the condition G_0, then H^2(R, A, A) = 0. (ii) If A is a complete intersection in codimension ≤ r then

H^{i+2}(R, A, A) = 0 for 0 ≤ i ≤ r.

Proof. (i) Since A is generically Gorenstein, one knows that H^2(R, A, A)_q = 0, for all q ∈ Ass(A) by Huneke’s result. If H^2(R, A, A) ≠ 0, then there exists a graded prime ideal p ⊂ A, p /∈ Ass(A), such that

H^2(R, A, A)_p ≠ 0 and H^2(R, A, A)_p′ = 0

for all graded primes p^′ ⊂ p . We get H^0_{pAp} (H^2(R, A, A)_p) ≠ 0.

By Remark 6.16 we know this group is liaison-invariant. Since A_p is licci by assumption, we get a contradiction and (i) is proved.

(ii) By induction it suffices to prove H^{r+2}(R, A, A) = 0. If dim A_℘ ≤ r, ℘ a graded prime ideal, then H^{r+2}(R, A, A)_℘ = 0 because A_℘ is a complete intersection. And if dim A_℘ ≥ r + 1, then H^0_{℘A℘} (H^{r+2}(R, A, A)_℘) is liaison-invariant by Remark 6.3 (i). Since A is licci, this last group vanishes and we are done. □

CHAPTER 7

Geometric Applications of the CI-Liaison Invariants

In this chapter we consider Cartier divisors C on S ⊂ P^{n+3} of dimension dim C = n, where C = Proj(A) and S = Proj(B) are ACM subschemes and S satisfies the condition G_0. Under some reasonable assumptions we show that there exists a “computable” quotient L^i(C) of H^i_m(K_A(n+4)⊗_RI) with several interesting properties. Firstly if S also satisfies G_1, then L^0(C) is a quotient of (resp. isomorphic to) H^2(R, A, A) (resp. if n = 0), making it possible to find dim H^2(R, A, A) easily in several situations. Secondly, L^i(C) is invariant under adding hyperplane sections in a non-degree-preserving way, and the assumption L^i(C) ≠ 0 therefore leads to a criterion which implies that for large values of t, C_t ∈ |C + tH| belong to different CI-liaison classes, in contrast to our earlier results (Proposition 5.12, Corollary 5.14) which show that they always belong to the same Gorenstein liaison class. In Chapter 8, we give a classification of minimal ACM curves , C, lying on a smooth rational ACM surface S ⊂ P^4. Using this classification, we can show that many non arithmetically Gorenstein curves, C /∈ |tH|, on a cubic scroll, a Castelnuovo surface or a Bordiga surface in P^4 give rise to an infinite number of CI-liaison classes by “adding hyperplane sections” (see Proposition 8.13). For standard determinantal subschemes, which we know belong to the same Gorenstein liaison class (Theorem 3.6), the groups L^i(C) are particularly easy to compute. They are quite often non-vanishing, leading to many different non-licci classes of ACM codimension 3 subschemes in different dimensions n, consistent with what Ulrich has proved for some classes of determinantal curves (i.e. n = 1; see [69], Theorem 2.6). Moreover our result applies to subschemes whose minimal resolutions of their ideals are far from being linear, i.e. it applies to subschemes not covered by [36], Corollary 5.13. We will need the following result, whose first part we state for subschemes C ⊂ P^{n+c} of codimension c for later use.

Lemma 7.1. Let C ⊂ S be equidimensional, locally Cohen-Macaulay subschemes of P^{n+c}, let A = R/I_C , B = R/I_S and suppose C is a Cartier divisor on S of dimension dim C = n.

(i) If S ⊂ P^{n+c} satisfies H^2(R, B, B)^∼ = 0 (e.g. S is locally licci and has the property G_0), then N_S ⊗ O_C ∼= Hom(I_S , O_C ) are isomorphic and there is an exact sequence 0 → N_S ⊗ I_{C|S} → N_S → N_S ⊗ O_C → 0. (ii) If c = 3 and S ⊂ P^{n+3} satisfies G_1, then H^2(R, A, A)^∼ = 0, i.e.

H^0_m(H^2(R, A, A)) ∼= H^2(R, A, A).

Proof. (i) We claim that N_S ⊗ O_C ∼= Hom(I_S , O_C ). Indeed the cokernel of N_S ∼= Hom(I_S , O_S ) → Hom(I_S , O_C ) is contained in H^2(R, B, I_{C|S} )^∼, with I_{C|S} = I_C /I_S , which vanishes by Proposition 6.17 because I_{C|S} is invertible. Since N_S ⊗ I_{C|S} ∼= Hom(I_S , I_{C|S} ), the exact sequences 0 → Hom(I_S , I_{C|S}) → Hom(I_S , O_S ) → Hom(I_S , O_C ) → 0 and N_S ⊗ I_{C|S} → N_S → N_S ⊗ O_C → 0 must coincide, and we conclude easily.

(ii) If S has the property G_1, then H^3(R, B, B)^∼ = 0 by Proposition 6.17 (ii). Moreover, H^3(R, B, I_{C|S} )^∼ = 0 since I_{C|S} is invertible. Combining with H^2(R, B, B)^∼ = 0, we get H^2(R, B, A)^∼ = 0 and hence H^2(R, A, A)^∼ = 0 (because H^2(B, A, A)^∼ = 0) by two standard exact sequences of algebra cohomology. We then easily get (ii). □

In what follows, C is a Cartier divisor on S ⊂ P^{n+3}, and dim C = n, where C = Proj(A) and S = Proj(B) are ACM subschemes. Beginning with Proposition 7.2 we will also assume that S has the property G_0, but we will not need this assumption before then. We know the homogeneous ideal I_S of S ⊂ P^{n+3} has a minimal free resolution

(7.1) 0 → ⨁ i R(−q_i) → ⨁ i R(−p_i) → I_S → 0. Since Ext^1_{OP}(I_S , I_{C|S} ) ∼= Ext^1_{OP}(I_S , O_S ) ⊗ I_{C|S} ∼= Ext1_{OP}(I_S , O_P) ⊗ I_{C|S} ∼= ω_S (n + 4) ⊗ I_{C|S} it induces a complex

(7.2) ⨁ i H^0(I_{C|S} (p_i + v)) → ⨁ i H^0(I_{C|S} (q_i + v)) → H^0(ω_S (n + 4) ⊗ I_{C|S} (v))

for any v, which will be important in several chapters. Indeed, in Chapter 9 we shall see that the homology “in the middle” of (7.2) (which is H^1(N_S ⊗ I_{C|S}(v)), cf. below) carries relevant information for deforming C ⊂ S ⊂ P^{n+3} as a flag. Now we show that, under some conditions, the cokernel L^0(C)_v of the right map is a quotient of the liaison-invariant group_vH^0_m(K_A(n + 4) ⊗_R I) provided v ≥ some v_0. If H is a hyperplane section of S ⊂ P^{n+3}, we obviously have an isomorphism

L^0(C)_v ∼= L^0(C_t)_{v+t}, for any C_t ∈ |C + tH|

(where C_t is given by some non-zero divisor of H^0(O_S (C)(t))) leading to the following interesting fact: if L^0(C)_v ≠ 0 for some v ≥ v_0, then C_t is not licci for any t ≥ 0, and C and C_t (t ≫ 0) belong to different CI-liaison classes. Moreover if S has G_1, we have_v H^0_m(K_A ⊗_R I)(n + 4) ∼=_v H^2(R, A, A) by Remark 6.16 and Lemma 7.1, which shows the direct relevance of these liaison-invariant groups to the deformation theory of C ⊂ P^{n+3}.

By definition,

L^0(C)_v = coker[ ⨁ i H^0(I_{C|S} (q_i + v)) → H^0(ω_S (n + 4) ⊗ I_{C|S} (v))].

We define (7.3) L^j (C)_v = H^j (ω_S (n + 4) ⊗ I_{C|S}(v)) if j ≥ 1.

Before proving our results, we will give another description of L^0(C)_v . Note that the sequence (7.4) ⨁ i H^0(I_{C|S} (p_i + v)) → ⨁ i H^0(I_{C|S} (q_i + v)) → Ext^1_{OP}(I_S , I_{C|S}(v)) → 0

is exact if n ≥ 1 (replace Ext^1_{OP}(I_S , I_{C|S}(v)) by_v Ext^1_R(I_S , I_{C|S} ) if n = 0) and that the spectral sequence H^p(Ext^q_{OP}(I_S , I_{C|S}(v))) implies the exactness of (7.5)

0 → H^1(N_S ⊗ I_{C|S}(v)) → Ext^1_{OP}(I_S , I_{C|S} (v)) → H^0(ω_S (n + 4) ⊗ I_{C|S} (v)) → H^2(N_S ⊗ I_{C|S}(v)) → · · · because Ext^1_{OP}(I_S , I_{C|S} ) ∼= ω_S(n + 4) ⊗ I_{C|S} . It follows that the homology group “in the middle” of (7.2) is H^1(N_S ⊗ I_{C|S} (v)) and that (7.6) L^0(C)_v = ker[H^2(N_S ⊗ I_{C|S}(v)) → Ext^2_{OP}(I_S , I_{C|S} (v))] provided n ≥ 1 (for n > 1, the Ext^2-group vanishes, cf. the proof below). To prove that L^0(C)_v is a certain quotient of_vH^0_m(K_A ⊗_R I), we treat the seemingly most difficult case n ≤ 1 in the following proposition, while the case n ≥ 2 is considered in Proposition 7.3.

Proposition 7.2. Let C ⊂ S ⊂ P^{n+3} be two ACM subschemes, S generically a complete intersection in P^{n+3}, and suppose C is a Cartier divisor on S of dimension n = dim C. Let A = R/I, I = I_C , and suppose, for some v, that v Hom_R(I, H^{n+1}_m (A)) →_v Hom_R(I_S , H^{n+1}_m (A)) is injective (with cokernel T_v). Then the natural map H^n(N_{C|S} (v)) → H^n(N_C (v)) (induced from the short exact sequence 0 → N_{C|S} → N_C → N_S ⊗ O_C → 0) factors via_v H^{n−1}_m (K_A(n + 4) ⊗_R I) ∼=_vH^{n−1}_m (Ext^2_R(I, I)) → H^n(N_C (v)), and we have (i) for n ≥ 1, two exact sequences H^n(N_{C|S}(v)) →_vH^{n−1}_m (K_A(n + 4) ⊗_R I) → L^{n−1}(C)_v → 0 0 →_vH^n_m(K_A(n + 4) ⊗_R I) → L^n(C)_v → T_v → 0 (ii) for n = 0, the isomorphisms v H^0_m(K_A(4) ⊗_R I)^∼→_vH^1_m(K_B (4) ⊗_B I_{C|S} ) ∼= L^0(C)_v provided T_v = 0 where K_B is the canonical module Ext^2_R(B, R)(−4) ∼= H^0_∗ (ω_S ) of B = R/I_S . Proof. For n ≥ 1 we claim that H^n(N_{C|S} (v)) → H^n(N_C (v)) factors via vH^{n−1}_m (K_A(n + 4) ⊗_R I) → H^n(N_C (v)) and that the cokernel of

H^n(N_{C|S} (v)) →_vH^{n−1}_m (K_A(n + 4) ⊗_R I) ∼=_vH^{n−1}_m (Ext^2_R(I, I)) is isomorphic to ker ϕ_{C|S} , where ϕ_{C|S} : H^n(N_S ⊗ O_C (v)) →_v Hom_R(I_S , H^{n+1}_m (A)). Indeed we have N_S ⊗ O_C ∼= Hom(I_S , O_C ) by Lemma 7.1, which leads to an exact sequence 0 → N_{C|S} → N_C → N_S ⊗ O_C → 0.

We therefore get a commutative diagram of exact horizontal sequences; (7.7)

H^n(N_{C|S} (v)) → H^n(N_C (v)) → H^n(N_S ⊗ O_C (v)) → 0 ↓ δ_C ∘ ↓ ϕ_{C|S} 0 →_v Hom_R(I, H^{n+1}_m (A)) →_v Hom_R(I_S , H^{n+1}_m (A)) → and we get the claim because_vH^{n−1}_m (K_A(n + 4) ⊗_R I) ∼= ker δ_C by Proposition 6.8. Since_vH^n_m(K_A(n + 4) ⊗_R I) ∼= coker δ_C (true also when n = 0), the diagram above gives the exact sequence (7.8) 0 →_v H^n_m(K_A(n + 4) ⊗_R I) → coker ϕ_{C|S} → T_v → 0.

Next we claim that ϕ_{C|S} and ρ_{C|S} : H^{n+1}(N_S ⊗ I_{C|S}(v)) → Ext^{n+1}_{OP} (I_S , I_{C|S} (v)) have isomorphic kernels and cokernels (for n ≥ 1). Indeed if we consider the exact sequence (6.25), i.e.

→_v Ext^{n+1}_R (I_S , I_{C|S} ) → Ext^{n+1}_{OP} (I_S , I_{C|S}(v)) →_v Ext^{n+2}_m (I_S , I_{C|S} ) → and if we use pd_B I_S = 1, we get

Ext^{n+1}_{OP} (I_S , I_{C|S} (v)) ∼=_v Ext^{n+2}_m (I_S , I_{C|S} ) ∼=_v Hom_R(I_S , H^{n+2}_m (I_{C|S} )) by (6.23). Arguing similarly and using N_S ∼= Ext^1_{OP}(I_S , I_S ), we get Ext^{i+1}_{OP}(I_S , I_{C|S}(v)) = 0 for 0 < i < n H^n(N_S (v)) ∼= Ext^{n+1}_{OP} (I_S , I_S (v)) = 0 H^{n+1}(N_S (v)) ∼= Ext^{n+2}_{OP} (I_S , I_S (v)) ∼=_v Hom_R(I_S , H^{n+3}_m (I_S )).

Now we consider the following diagram H^n(N_S (v)) 0 ↓ ↓ H^n(N_S ⊗ O_C (v))^{ϕC|S}−→_v Hom_B (I_S , H^{n+2}_m (I)) ↓ ↓ H^{n+1}(N_S ⊗ I_{C|S} (v))^{ρC|S}−→_v Hom_R(I_S , H^{n+2}_m (I_{C|S} )) ↓ ∘ ↓ H^{n+1}(N_S (v))^∼→_v Hom_R(I_S , H^{n+3}_m (I_S )) ↓ ↓ 0 and we get the claim.

In the case n ≥ 1, we can conclude using the spectral sequence which led to (7.5). Recalling N_S ⊗ I_{C|S} ∼= Hom(I_S , I_{C|S} ), Ext^1_{OP}(I_S , I_{C|S}) ∼= ω_S (n + 4) ⊗ I_{C|S} , and Ext^{i+1}_{OP}(I_S , I_{C|S} (v)) = 0 for 0 < i < n, the spectral sequence yields the exact sequence

H^{n−1}(Ext^1_{OP}(I_S , I_{C|S} (v))) → H^{n+1}(N_S ⊗ I_{C|S} (v)) → Ext^{n+1}_{OP} (I_S , I_{C|S} (v)) → H^n(Ext^1_{OP}(I_S , I_{C|S} (v))) → 0. Hence, coker ρ_{C|S} ∼= H^n(ω_S (n + 4) ⊗ I_{C|S} (v)) = L^n(C)_v and ker ρ_{C|S} ∼= L^{n−1}(C)_v (the formula for ker ρ_{C|S} holds also for n = 1 by (7.6)) and the proof is complete when n ≥ 1.

To treat the case n = 0, we claim there is an exact sequence

0 → N_S ⊗ O_C → Ext^1_{OP}(I_S , I_C ) → ω_S (4) ⊗ I_{C|S} → 0

and Hom_{OP}(I_S , I_C ) ∼= O_P. Indeed we prove it using pd I_S = 1, the isomorphism N_S ⊗ O_C ∼= Hom_{OP}(I_S , O_C ), the injectivity of

Ext^1(I_S , I_{C|S} ) ∼= ω_S (4) ⊗ I_{C|S} → Ext^1(I_S , O_S ) ∼= ω_S (4)

deduced from Lemma 7.1 (i), and 0 → Hom(I_S , I_C ) → Hom(I_S , O_P) → Hom(I_S , O_C ) → Ext^1(I_S , I_C ) → Ext^1(I_S , O_P) → Ext^1(I_S , O_C ) → 0.

Next using the proven claim we get the following diagram of exact sequences 0 ↓ H^0(NS ⊗ OC (v)) ↓ ↘ϕ_{C|S} 0 → v Ext^1_R(IS , I) → H^0(Ext^1_{OP}(IS , IC (v))) −→ v HomR(IS , H^2_m(I)) → 0 ↓ H^0(ωS (4) ⊗ I_{C|S} (v)) ↓ 0 where the horizontal sequence is induced by (6.25), recalling Ext^1_{OP}(I_S , I_C (v)) ∼= H^0(Ext^1_{OP}(I_S , I_C (v))). There is then an induced map

v Ext^1_R(I_S , I) → H^0(ω_S (4) ⊗ I_{C|S} (v))

whose cokernel is isomorphic to coker ϕ_{C|S} , which by (7.8) and the assumption T_v = 0 is_v H^0_m(K_A(4) ⊗_R I). Since_v Ext^1_R(I_S , I) →_v Ext^1_R(I_S , I_{C|S} ) is surjective, the cokernel above is isomorphic to the cokernel of

v Ext^1_R(I_S , I_{C|S} ) → H^0(ω_S (4) ⊗ I_{C|S} (v)) ∼= H^0(Ext^1_R(I_S , I_{C|S} )^∼(v))

which is_vH^1_m(K_B (4)⊗_B I_{C|S} ), and we get the last isomorphism of (ii). Finally since ⨁ i H^0(I_{C|S} (q_i + v)) →_v Ext^1_R(I_S , I_{C|S} ) is surjective, this cokernel is also isomorphic to the cokernel described immediately before (7.3), i.e. to L^0(C)_v , and we are done. □

For n ≥ 2, we have a similar result, replacing the injectivity assumption of Proposition 7.2 by the vanishing of H^{i+1}(N_{C|S} (v)). Note that since we have N_{C|S} ∼= ω_C ⊗ ω^{−1}_S , the vanishing assumption above is sometimes easily seen by reasons of its degree (or the degree of its dual) or by ampleness.

Proposition 7.3. Let C ⊂ S ⊂ P^{n+3} be two ACM subschemes, S generically a complete intersection, and suppose C is a Cartier divisor on S of dimension n = dim C ≥ 2. Let A = R/I, I = I_C , and let i be an integer, 2 ≤ i + 1 ≤ n. Then

L^{i−1}(C)_v ∼= H^{i+1}(N_S ⊗ I_{C|S} (v)).

Moreover, if H^{i+1}(N_{C|S} (v)) = 0 (resp. H^j (N_{C|S} (v)) = 0 for j = i and i + 1) for some v, then the composition

vH^{i−1}_m (K_A(n + 4) ⊗_R I) ∼= H^i(N_C (v)) → H^{i+1}(N_S ⊗ I_{C|S} (v)) ∼= L^{i−1}(C)_v

is surjective (resp. bijective).

Proof. By the spectral sequence of (7.5), we get

H^{i+1}(N_S ⊗ I_{C|S} (v)) ∼= H^{i−1}(ω_S (n + 4) ⊗ I_{C|S}(v))

if i + 1 > 2 (resp. (7.5) if i + 1 = 2). Combining with (7.3) (resp. (7.6) and remark that Ext^2_{OP}(I_S , I_{C|S}(v)) = 0 because n ≥ 2), we get the first isomorphism of the proposition.

By Corollary 6.5, we have H^i_∗(N_S ) = H^{i+1}_∗ (N_S ) = 0. The sequence 0 → N_{C|S} → N_C → N_S ⊗ O_C → 0 and the exact sequence of Lemma 7.1 yield

(7.9) H^i(N_C (v)) ↠ H^i(N_S ⊗ O_C (v)) ∼= H^{i+1}(N_S ⊗ I_{C|S} (v))

where we have used the assumption on H^{i+1}(N_{C|S} (v)) to see the surjection. By Proposition 6.8, we have H^{i−1}_m (K_A(n+4)⊗_R I) ∼= H^i_∗(N_C ), so we get the surjection of the proposition.

Finally, if in addition H^i(N_{C|S} (v)) = 0, then (7.9) is an isomorphism, and we get the bijection of the Proposition. □

We want to state the vanishing of_v H^0_m(K_A(n + 4) ⊗_R I) ∼=_v H^0_m(H^2(R, A, A)) under as weak conditions as possible by the approach we have developed. If n = 0, the statement is really given in Proposition 7.2 (ii), but for the case n ≥ 1 Proposition 7.2 (i) only gives an inequality of dimensions. We can skip the injectivity assumption of Proposition 7.2 as well. Indeed, we have

Corollary 7.4. Let C ⊂ S ⊂ P^{n+3} be two ACM subschemes, S having the Property G_1, and suppose C is a Cartier divisor on S of dimension n = dim C ≥ 1. Let A = R/I, I = I_C and suppose, for some v, that L^0(C)_v = 0 and that the connecting morphism

H^0(N_S ⊗ O_C (v)) → H^1(N_{C|S}(v))

is surjective. Then vH^2(R, A, A) = 0. Proof. If n = 1, we will use Proposition 7.2 (i); more precisely we will consider its proof, because we have dropped an assumption of Proposition 7.2: in the commutative diagram (7.7) for n = 1, the map of the Hom-groups is not necessarily an injection. However, by the surjectivity assumption of this corollary, the upper right map of (7.7), H^1(N_C (v)) → H^1(N_S ⊗ O_C (v)), is an isomorphism. Since the proof (of the second claim) of Proposition 7.2 shows

ker ϕ_{C|S} = ker ρ_{C|S} ∼= L^0(C)_v which vanishes by assumption, we get the injectivity of ϕ_{C|S}, and hence the injectivity of δ_C by using (7.7). By Proposition 6.8,

vH^0_m(K_A(n + 4) ⊗_R I) = 0.

Since Lemma 7.1 (ii) shows_v H^2(R, A, A) ∼=_v H^0_m(H^2(R, A, A)), we conclude by the final statement of Remark 6.16. If n ≥ 2, we use Proposition 7.3 (i) for i = 1. Indeed, since the surjection of Proposition 7.3 is exactly given by (7.9), the surjection fits into the sequence

H^0(N_S ⊗ O_C (v)) → H^1(N_{C|S} (v)) →_vH^0_m(K_A(n + 4) ⊗_R I) → L^0(C)_v → 0

and we conclude by the arguments for the case n = 1. □

For subschemes C ⊂ S in P^{n+3} for which C is a section of a twist of the canonical divisor on S, the computations of the quotient L^0(C)_v of the liaison-invariant group vH^0_m(K_A(n + 4) ⊗_R I_C ) ∼=_vH^0_m(H^2(R, A, A)) become particularly easy when we use the complex (7.2). A special case of such twisted canonical sections is the standard determinantal schemes we studied in Chapter 3, and we will illustrate the power of Proposition 7.2 and Proposition 7.3 by computing L^0(C)_v for a class of examples. (The same example was used by Charles Walter in a talk at the Emile Borel Center, Paris, May 1995, to show that the dimension of the Hilbert scheme of curves in P^4 of degree d and genus g does not allow a linear function in d as a lower bound).

Example 7.5. Let C = Proj(A) ⊂ P^{n+3} be a good determinantal subscheme defined by a t × (t + 2) matrix [L, M] where M is a column of entries of degree m and L is a t × (t + 1) matrix of linear entries whose minors define a subscheme S = Proj(B) of P^{n+3} containing C. To apply Proposition 7.2 and Proposition 7.3, we suppose that C is a Cartier divisor on S of dimension n ≤ 2 (to make the Cartier assumption possible) and that S satisfies G_1. The minimal resolutions of A and B are found by using the exactness of the Eagon-Northcott complex, which gives 0 → R(−t − 1)^{⊕t} → R(−t)^{⊕(t+1)} → I_S → 0, and 0 → R(−m − t − 1)^{⊕ 12 t(t+1)} → R(−t − 1)^{⊕t} ⊕ R(−m − t)^{⊕t(t+1)} → R(−t)^{⊕(t+1)} ⊕ R(−m − t + 1)^{⊕ 12 t(t+1)} → I_C → 0.

If we consider the diagram (3.1) in the proof of the generalized Gaeta Theorem (Theorem 3.6), one may see that O_S (C) ∼= ω_S (n + 3 − t + m) and in particular that the complex (7.2) becomes

H^0(I_{C|S} (t + v))^{⊕(t+1)} → H^0(I_{C|S} (t + v + 1))^{⊕t} → H^0(O_S (t − m + 1 + v)).

From the resolution of I_C we see that H^0(I_{C|S} (v)) = 0 for v ≤ t + m − 2, and we get L^0(C)_v ∼= H^0(O_S (t − m + 1 + v)) for v ≤ m − 3.

The resolution of I_C also implies that H^{n+1}(I_C (v)) = 0 for v > m + t − n − 3. The injectivity assumption of Proposition 7.2 is therefore satisfied (and T_v = 0) for v ≥ −n − 1. In the case n = 1 we get

dim_vH^0_m(K_A(5) ⊗_R I) ≥ dim L^0(C)_v and by duality −vH^0_m(K_A(n + 4) ⊗_R I)^∨ ∼=_{v+5}H^1_m(K_A(n + 4) ⊗_R I) ∼= L^1(C)_v = 0 for v ≥ −2. To compute L^0(C)_v when n = 2 , we see by Proposition 7.3 that we need to prove the vanishing of H^2(N_{C|S} (v)). Since O_S (C) ∼= ω_S (n + 3 − t + m) and 0 → O_S → O_S (C) → N_{C|S} → 0 is exact, we get the vanishing of H^i(N_{C|S} (v)), i = 1, 2, for any v ≥ t − 4. Summing up we have

for n = 0:

dim_v H^0_m(K_A(4) ⊗_R I) = dim L^0(C)_v = h^0(O_S (t − m + 1 + v)), −1 ≤ v ≤ m − 3;

for n = 1:

dim_v H^0_m(K_A(5) ⊗_R I) ≥ dim L^0(C)_v = h^0(O_S (t − m + 1 + v)), −2 ≤ v ≤ m − 3;

and_vH^0_m(K_A(5) ⊗_R I) = 0 for v ≤ −3; for n = 2:

dim_vH^0_m(K_A(6) ⊗_R I) = dim L^0(C)_v = h^0(O_S (t − m + 1 + v)), t − 4 ≤ v ≤ m − 3.

Of course this gives infinitely many non-licci ACM-subschemes, belonging to different CI-liaison classes (also in the case n = 1 because the inequality is an equality for large v and m: cf. Corollary 7.6 and observe that the adding a hyperplane section amounts to increasing m by 1).

If n = 1 we consider the case v = 0 and the group_0H^2(R, A, A) which plays an important role in deformation theory. Since we suppose S satisfies G_1, then we have_vH^2(R, A, A) ∼=_vH^0_m(K_A(n + 4) ⊗_R I) by Remark 6.16 and Lemma 7.1. If 3 ≤ m ≤ t + 1, the computations above show that

dim_0H^2(R, A, A) ≥ h^0(O_S (t − m + 1)) = ( t − m + 5 4 ) ≠ 0. Invoking a later result of Chapter 9 (i.e. the vanishing of a certain map α_L in the proof of Proposition 10.7), we can, for m ≥ 3, show

dim_0H^2(R, A, A) = h^1(N_{C|S} ) + h^0(O_S (t − m + 1)) = h^2(O_S ) − h^0(O_S (t − m − 4)) + h^0(O_S (t − m + 1)).

Studying the terms of the complex (7.2) more carefully in the case m = 1 and 2, we get

dim_0H^2(R, A, A) ≥ h^0(O_P(t − 1)) − t ( t + 1 2 ) = ( t + 1 3 ) (t − 6)/4 ≠ 0

for t > 6 and m = 2, and moreover

dim_0H^2(R, A, A) ≥ ( t + 1 3 ) (t − 26)/4 ≠ 0

for t > 26 and m = 1.

The case n = 0 is perhaps even more interesting because if S has G_1 and m ≥ 3 we obtain the equalities

dim_0H^2(R, A, A) = h^0(O_S (t − m + 1)) = (_{t−m+4} 3 ) for m ≤ t + 1;

0 for m ≥ t + 2.

As mentioned above, adding a hyperplane section to the scheme C of Example 7.5 amounts to increasing m by 1. Propositions 7.2 and 7.3 allow us to see rather concretely how the invariant_vH^0_m(K_A(n+4)⊗_R I) changes when we add hyperplane sections to a subscheme C of S ⊂ P^{n+3}. In particular we have

Corollary 7.6. Let C ⊂ S ⊂ P^{n+3} be two ACM subschemes, S generically a complete intersection in P^{n+3}, and suppose C is a Cartier divisor on S of dimension n = dim C ≥ 1. Suppose L^{n−1}(C)_{v0} ≠ 0 for some v_0 and let C_v ∈ |C + vH| be effective Cartier divisors. Then C_v and C_v′ are not licci and they belong to different CI-liaison classes for any v > v^′ ≫ 0.

Indeed, if t = max{ v |_v Hom_R(I_{C|S} , H^{n+2}_m (I_{C|S} )) ≠ 0 } + 1, a = max{ v | H^{n+1}(O_S (v)) ≠ 0 } + 1, and b = max{ v | H^n(O_S (C)(v)) ≠ 0 } + 1

(put a, b or t = −∞ if the corresponding group vanishes for any v), then (i) C_v is not licci for v ≥ t − v_0, and_{v+v0} H^{n−1}_m (K_{Av} (n + 4) ⊗_R I_v) ≠ 0 where I_v = I_{Cv} and A_v = R/I_v;

(ii) C_v and C_v′ belong to different CI-liaison classes for any v and v^′ satisfying

v > v^′ ≥ t − v_0, v ≥ a − v_0 and v + v^′ ≥ b − v_0.

In fact_{u+v0} H^{n−1}_m (K_{Au} (n + 4) ⊗_R I_u) ∼= L^{n−1}(C)_{v0} for u ≥ v − 1.

Proof. By taking cohomology of I_{Cv |S} ∼= O_S (−C_v) ∼= I_{C|S} (−v), we see that I_{Cv |S} ∼= I_{C|S} (−v) and H^{n+2}_m (I_{Cv |S} ) ∼= H^{n+2}_m (I_{C|S} )(−v). Moreover, H^{n+2}_m (I_v ) → H^{n+2}_m (I_{Cv |S}) and we get

μ Hom_R(I_{Cv |S}, H^{n+2}_m (I_v )) →_μ Hom_R(I_{Cv |S} , H^{n+2}_m (I_{Cv |S} )) ∼=_μ Hom_R(I_{C|S} , H n+2_m (I_{C|S} )) = 0 for μ ≥ t and for all v. Hence_μH^{n−1}_m (K_{Av} (n + 4) ⊗_R I_v ) → L^{n−1}(C_v )_μ is surjective for μ ≥ t and for all v by Proposition 7.2. Since we obviously have

L^{n−1}(C_v )_{v+v0} ∼= L^{n−1}(C)_{v0} ≠ 0

(choose the largest possible v_0 such that the group is non-vanishing) and since H^{n−1}_m (K_{Av} (n + 4) ⊗_R I_v ) is liaison-invariant, it follows that C_v is not licci for v + v_0 ≥ t, and (i) holds.

If v > v^′ ≥ t − v_0, v ≥ a − v_0 and v + v^′ ≥ b − v_0, then L^{n−1}(C)_{v−v}′_{+v0} = 0 because v − v^′ + v_0 > v_0. Then Proposition 7.2 implies

v+v_0 H n−1 m (K_{Av′} (n + 4) ⊗_R I_v′ ) ∼= L^{n−1}(C_v′ )_{v+v0} ∼= L^{n−1}(C)_{v−v}′_{+v0} = 0

provided we can show H^n(N_{Cv′ |S} (v + v_0)) = 0. This, however, follows by taking cohomology of

0 → O_S (v + v_0) → O_S (C_v′ )(v + v_0) → N_{Cv′ |S}(v + v_0) → 0 and using the definitions of a and b. Now since we already know

v+v_0 H n−1 m (K_{Av} (n + 4) ⊗_R I_v ) → L^{n−1}(C_v )_{v+v0} ≠ 0

is surjective, we get (ii) by the liaison-invariance of_{v+v0} H^{n−1}_m (K_{Av} (n + 4) ⊗_R I_v ), and we conclude easily. □

Corollary 7.7. Let C ⊂ S ⊂ P^{n+3} be two ACM subschemes, S generically a complete intersection, and suppose C is a Cartier divisor on S of dimension n = dim C ≥ 2. Set A = R/I, I = I_C , let i be an integer, 2 ≤ i + 1 ≤ n, and suppose L^{i−1}(C)_{v0} ≠ 0, or equivalently

H^{i+1}(N_S ⊗ I_{C|S} (v_0)) ≠ 0

for some v_0. Let C_v ∈ |C + vH| be effective Cartier divisors and let s − 1 be the largest integer v such that

H^{i+1}(N_{Cv |S} (v + v_0)) ≠ 0

(such an s ≠ +∞ exists; s = −∞ is, however, allowed). Then C_v, v ≥ s, is not licci. Moreover, C_v (v ≥ s) and C_v′ , for v^′ ≫ 0, belong to different CI-liaison classes.

Proof. Consider the exact sequence

0 → O_S (v + v_0) → O_S (C_v )(v + v_0) → N_{Cv |S}(v + v_0) → 0.

By taking cohomology, we get the existence of s ≠ +∞ because O_S (C_v ) = O_S (C)(v). Since H^{i+1}(N_S ⊗ I_{C|S} (v_0)) ∼= H^{i+1}(N_S ⊗ I_{Cv |S} (v + v_0)) ≠ 0 we have by Proposition 7.3 a surjection

v+v_0 H i−1 m (K_{Av} (n + 4) ⊗_R I_v ) ↠ L^{i−1}(C_v )_{v+v0} ≠ 0

for any v ≥ s, where I_v = I_{Cv} and A_v = A/I_v . Hence C_v is not licci. Since, for v^′ ≫ 0,

v^′ +v_0 H i−1 m (K_{Av} (n + 4) ⊗_R I_v ) ∼= L^{i−1}(C_v )_v′_{+v0} ∼= L^{i−1}(C)_v′_{−v+v0} = 0

by Proposition 7.3 while_v′_{+v0} H^{i−1}_m (K_{Av′} (n + 4) ⊗_R I_v′ ) ≠ 0, we are done. □

Remark 7.8. Combining with Corollaries 7.6 and 7.7, we see the assumption L^0(C)_{v0} ≠ 0 for some v_0 implies that C_v ∈ |C + vH| and C_v′ belong to different CI-liaison classes for large v and v^′ (provided n ≥ 1; see Corollary 7.10 for the case n = 0). The mentioned assumption seems to be very weak, but there are a couple of cases where we know L^0(C) always vanishes. In exactly the same cases we also know the conclusion is false, mainly by other arguments. First, if S is a complete intersection, then the rank of ⨁ i R(−q_i) in (7.1) is one, i.e. ⨁ i I_{C|S} (q_i + v) ∼= ω_S(n + 4) ⊗ I_{C|S} (v) and we get L^0(C) = 0 by (7.2). This fits nicely with Remark 4.10 which states that in “standard” Basic Double Linkage, C_v and C_v′ are CI-bilinked.

Secondly, if C is a hypersurface section (C ∈ |tH| for some t), one shows the surjectivity of the right map in (7.2) (i.e. L^0(C) = 0) by applying Hom_R(−, R) to the resolution (7.1). In this case, however, one may see directly that C_v is licci for any v. Indeed, assume C ∈ |tH|. By Lemma 4.6, there exists some homogeneous polynomial G of degree t cutting out C. Let F_1 and F_2 be minimal generators of I_S . Then (F_1, F_2) links S to an ACM codimension two subscheme S^′ with ν(I_S′ ) = ν(I_S ) − 1 (here ν(−) denotes the number of minimal generators), and (F_1, F_2, G) links C to a subscheme C^′ which is a hypersurface section of S^′. Then in a finitely number of steps we link C to a hypersurface section of a complete intersection, which is again a complete intersection. We remark that with the same proof we have something more general:

If S is licci (of any codimension) and C is a global complete intersection in R/I_S (i.e. C has codimension c in S and is cut out on S by a codimension c complete intersection in P^N ) then C is also licci.

Thirdly, if C is arithmetically Gorenstein of the type described in Lemma 5.4 and Lemma 4.8 (iv), then the map ⨁ i H^0(I_{C|S} (q_i + v)) → H^0(ω_S (n + 4) ⊗ I_{C|S} (v))

of (7.2), where I_{C|S} ∼= ω_S(h) for some h, must be surjective for any v. Indeed, the mentioned conclusion cannot hold because Lemma 4.8 (iv) implies that C_v and C_v′ are arithmetically Gorenstein of codimension 3, and hence licci by [73].

Remark 7.9. Let

e = 1 + max{ v|H^{n+1}(I_C (v)) ≠ 0 }.

Using the exact sequence

0 → H^{n+2}_m (I) → H^{n+2}_m (I_{C|S} ) → H^{n+3}_m (I_S ) → 0

we see that_uH^{n+2}_m (I_{C|S} ) = 0 for any u ≥ max{a, e} because

a = 1 + max{v|H^{n+2}(I_S (v)) ≠ 0}.

So the number t of Corollary 7.6 (i.e. a bound for which the corollary is true) can be taken such that t + s(C|S) ≥ max{a, e}, i.e. as (7.10) t = max{a, e} − s(C|S), where s(C|S) is the minimal degree of the generators of I_{C|S} . Note that the minimal degree s(C) of the generators of I satisfy s(C) ≤ s(C|S), i.e. the corollary holds putting t = max{a, e} − s(C) as well.

Since the considerations in Remark 7.9 hold for n = 0, we will prepare a corollary using Proposition 7.2 (ii). Now supposing n = 0, we claim that t = max{a, e} − s(C|S), u ≥ t and v ≥ a − max{a, e} implies_u Ext^i_R(I_{Cv |S} , H^2_m(I_v )) = 0 for i = 0, 1. Indeed since s(C_v |S) = s(C|S) + v and u + s(C|S) ≥ max{a, e}, we get u + s(C_v |S) ≥ a and hence

u Hom_R(I_{Cv |S} , H^3_m(I_S )) = 0.

It suffices therefore to prove_u Ext^i_R(I_{Cv |S}, H^2_m(I_{Cv |S} )) = 0 for i = 1, 2. This, however, follows from I_{Cv |S} ∼= I_{C|S} (−v), H^2_m(I_{Cv |S} ) ∼= H^2_m(I_{C|S} (−v)) and from uH^2_m(I_{C|S} ) = 0 for u ≥ max{a, e} because the minimal relation degree r(C|S) in a minimal R-resolution of I_{C|S} satisfies r(C|S) > s(C|S). Now, combining the proven claim with Proposition 7.2 (ii), we have

Corollary 7.10. Let C ⊂ S be two ACM subschemes in P^3, S generically a complete intersection, and suppose C is a Cartier divisor on S of dimension n = dim C = 0. Let t = max{a, e} − s(C|S) and C_v ∈ |C + vH| be effective Cartier divisors, and suppose L^0(C)_{v0} ≠ 0 for some v_0. Then C_v and C_v′ are not licci and they belong to different CI-liaison classes for any v > v^′ ≥ min{0, a − e} such that v^′ ≥ t − v_0.

Example 7.11. The Castelnuovo surface S ⊂ P^4 can be realized as the blowup of P^2 in 8 general points, leading to Pic(S) ∼= Z^{⊕9}, which allows us to write H = (4; 2, 1^7) and −K = (3; 1^8); see Chapter 8 of this paper. Moreover one knows

0 → R(−4)^{⊕2} → R(−3)^{⊕2} ⊕ R(−2) → I_S → 0.

a) Consider a curve C on S of the system (1; 1, 0^7) of degree d = C · H = 2 and genus g = 0. If C_v belongs to (4v + 1; 2v + 1, v^7), i.e. to |C + vH|, we claim that C_v and C_v′ are not licci and belong to different CI-liaison classes provided v > v^′ ≥ 2. Indeed, using Corollary 7.6 and (7.10), this is just an exercise in computing the constants a, b etc. Since C and S are rational, we get a = 0 and e = 0, and we can take t = −1 by (7.10). Moreover, since −C + K = −H modulo linear equivalence, we get

H^1(O_S (C)(v)) ∼= H^1(O_S (−C + K)(−v))^∨ = H^1(O_S (−v − 1))^∨ = 0

for any v because S is an ACM surface. Hence b = −∞ by definition. To conclude by Corollary 7.6 it remains to compute v_0, i.e. to consider v’s where the morphism ⨁ i H^0(I_{C|S} (qi + v)) = H^0(I_{C|S} (4 + v))^{⊕2} → H^0(ωS (5) ⊗ I_{C|S} (v)) = H^0(OS (4 + v))

is not surjective. It is obviously not surjective for v = −4, nor for v = −3 because we easily show h^0(I_{C|S} (1)) = 2 and h^0(O_S (1)) = 5. Hence we can use Corollary 7.6 with v_0 = −3, and we get the claim.

b) Let C be a curve of the system (1; 0^8) of degree d = C · H = 4 and genus g = 0. If C_v belongs to (4v + 1; 2v, v^7), we similarly prove that C_v and C_v′ are not licci and belong to different CI-liaison classes provided v > v^′ ≥ 1, v ≥ 3. Indeed a = 0, e = 0 as above, i.e. t = −2 by (7.10) while b ≤ 0 because, on an ACM surface, C · K < 0 implies H^1(O_S (C)(v)) → H^1(N_{C|S} (v)) ∼= H^0(O_S (K) ⊗ O_C (−v))^∨ = 0 for all v ≥ 0. Finally H^0(I_{C|S} (4 + v))^{⊕2} → H^0(ω_S (5) ⊗ I_{C|S}(v)) is obviously not surjective for v = −3 (H^0(I_{C|S} (1)) = 0), i.e. we can take v_0 in Corollary 7.6 to be −3 and we are done.

Note that the minimal resolution of I_C coincides with the minimal resolution of the rational quartic curve considered in Example 6.14, i.e. C = C_0 is not licci, and neither is C_1 because one shows that the minimal resolution of I_{C1} is almost linear in the sense of Example 6.14 with (a, b, c_1, c_0, s) = (5, 12, 7, 1, 2) and (d, g) = (9, 5). Hence l(C_1)_{−2} − l(C_1)_{−3} = d + g − 1 − ac_0 = 8, while l(C_0)_{−2} − l(C_0)_{−3} = 3 by the same formula. Continuing the computations of Example 6.14, we immediately get l(C_0)_v = 0 for v ≥ −1. Combining with Corollary 7.6 (i) which implies l(C_v)_{v−3} ≠ 0 for v ≥ 1, we see that C_v and C_v′ are not licci and belong to different CI-liaison classes provided v > v^′ ≥ 0 (also for C_1 and C_2 belonging to different CI-liaison classes because one may prove l(C_2)_{−2} − l(C_2)_{−3} = 6).

c) Suppose C is a section of (0; 0^7, −1), and so has degree d = 1. Then a = 0 (S is rational), e ≤ 0 (C is rational), b ≤ 0 (C · K < 0), t = −1 by (7.10), v_0 = −4

(h^0(ω_S (5) ⊗ I_{C|S}(−4)) ≠ 0), i.e. C_v and C_v′ are not licci and belong to different CI-liaison classes provided v > v^′ ≥ 3.

d) Suppose C is a section of (4; 3, 1^7), and so has degree d = 3 and genus g = 0. Then a = 0 (S is rational), e ≤ 0 (C is rational), b ≤ 0 (C · K < 0), t = −1 by (7.10), v_0 = −3 (h^0(I_{C|S} (1)) = 1 and h^0(ω_S (5) ⊗ I_{C|S}(−3)) = 3), i.e. C_v and C_v′ are not licci and belong to different CI-liaison classes provided v > v^′ ≥ 2.

Example 7.12. Let S be a smooth ACM curve of degree d = 5 and genus g = 2 in P^3, in which case one knows the homogeneous ideal I_S in R = k[x_0, x_1, x_2, x_3] satisfies 0 → R(−4)^{⊕2} → R(−3)^{⊕2} ⊕ R(−2) → I_S → 0,

and let C be a set of n reduced points on S with Hilbert function H = (h_0, h_1, h_2, ...), h_i = dim A_i. To compute L^0(C)_v , we consider the right map in the complex (7.2). If n ≤ 5, we have by the Riemann-Roch Theorem

h^0(ω_S (4) ⊗ I_{C|S} (−3)) ≥ χ(ω_S (1) ⊗ O_S (−C)) = 2g − 2 + d − n + 1 − g = 6 − n > 0. Therefore if h_1 = 4 (hence n ≥ 4 and h^0(I_C (1)) = 0), or if h_1 = 3 and n = 3 (hence H = (1, 3, 3, 3..) and h^0(I_C (1)) = 1), then the right-hand map in (7.2) is not surjective for v = 3, i.e. L^0(C)_{−3} ≠ 0. It follows from Corollary 7.10 that C_v and C_v′ are not licci and that they belong to different CI-liaison classes for v > v^′ ≫ 0. Noting that the left-hand term of the minimal resolution of I_S leads to a = 1, we have in particular

• If h_1 = 3 and n = 3, then e = 1 and s(C|S) = 1, i.e. C_v and C_v′ are not licci and belong to different CI-liaison classes provided v > v^′ ≥ 3.

• If h_1 = 4 and n = 4, then e = 1 and s(C|S) = 2, i.e. C_v and C_v′ are not licci and belong to different CI-liaison classes provided v > v^′ ≥ 2.

• If H = (1, 4, 5, 5, ..), then e = 2 and s(C|S) = 2, i.e. C_v and C_v′ are not licci and belong to different CI-liaison classes provided v > v^′ ≥ 3.

Remark 7.13. In contrast to the situation with G-liaison, it is interesting to note that linearly equivalent divisors on an arithmetically Cohen-Macaulay scheme need not be in the same CI-liaison class. The scheme arising in the second part of Example 5.8 is linearly equivalent on a Castelnuovo surface to a Gorenstein scheme. It is easy to check that they have different CI-liaison invariants. The very simplest example is of points lying on the ACM curve in P^3 given in Example 7.12. More precisely, let Z ⊂ P^3 consist of the union of three points on a line and two points on a different line. The minimal free resolution of the homogeneous ideal of Z is

0 → R(−4)^{⊕2} ⊕ R(−5) → R(−3)^{⊕6} ⊕ R(−4)^{⊕2} → R(−2)^{⊕5} ⊕ R(−3) → I_Z → 0.

Let L ⊂ P^3 be a general line and let Y = L ∪ Z. Let F and G be two general forms from the homogeneous ideal of Y of degrees two and three respectively. Link L to a curve C using the complete intersection (F, G). The curve C will have degree five and genus two and it contains Z. The general element, Z^′, in the linear system |Z| on C is arithmetically Gorenstein with minimal free resolution

0 → R(−5) → R(−3)^{⊕5} → R(−2)^{⊕5} → I_Z′ → 0.

The scheme Z^′ is CI-linked to a complete intersection but Z itself is not CI-linked to a complete intersection since H^0_m(K_{R/IZ} ⊗_R I_Z ) ≠ 0.

In Examples 7.5, 7.11 a) and the first case of 7.12, C was a section of a twist of the canonical sheaf ω_S. Indeed, in any non-trivial case where O_S (C) ∼= ω_S (h) for some h, we can prove that L^0(C)_{h−n−4} ≠ 0; hence we have the following general result.

Proposition 7.14. Let C ⊂ S be two ACM schemes, n = dim C ≥ 0, where S is generically, but not globally, a complete intersection in P^{n+3}. Moreover, suppose C is a Cartier divisor on S satisfying O_S (C) ∼= ω_S (h) for some h, and let C_v ∈ |C + vH| be effective Cartier divisors. Then C_v and C_v′ are not licci and they belong to different CI-liaison classes for any v > v^′ ≫ 0.

Proof. Since a is the largest number satisfying H^{n+1}(O_S (a − 1)) ≠ 0, we get a − 1 ≥ q_i − n − 4 by (7.1). Moreover, by duality and the definition of a, we have H^0(ω_S (−a + 1)) ≠ 0, i.e. we have injections

O_S → ω_S (−a + 1) → ω_S (−q_i + n + 4)

for any i, whose composition is not an isomorphism because S is not a complete intersection. Now, ω_S (h) ∼= O_S (C) implies

O_S → O_S (C)(−h − q_i + n + 4), i.e. I_{C|S} (q_i + h − n − 4) →_≠ O_S

which shows that H^0(I_{C|S} (q_i + h − n − 4)) = 0 for any i. Using the complex (7.2) with v = h − n − 4, we have ⨁ i H^0(I_{C|S} (qi + v)) → H^0(ωS (n + 4) ⊗ I_{C|S} (h − n − 4)) ∼= H^0(ωS (h) ⊗ OS (−C)) ∼= k

i.e. L^0(C)_{h−n−4} ≠ 0, and we conclude by Corollary 7.6,Corollary 7.7 and Corollary 7.10. □

It is possible to modify the approach above to treat ACM subschemes C ⊂ S ⊂ P^N , N = n + c, of any codimension c ≥ 3 and c − 1, respectively. Reconsidering the proof of Proposition 7.2 we see that ker δ_C and coker δ_C , which are liaison-invariant by Theorem 6.1 (and under a local complete intersection assumption isomorphic to −vH^i_m(K_A ⊗_R I)^∨ for i = 1 and 0 respectively), fit into

(7.11)

H^n(N_{C|S} (v)) → ker δ_C → ker ϕ_{C|S} → 0 (n > 0),

(resp. coker δ_C^∼→ coker ϕ_{C|S} , n ≥ 0)

provided_v Hom_R(I, H^{n+2}_m (I)) →_v Hom_R(I_S , H^{n+2}_m (I)) is injective (resp. an isomorphism). If we let

ρ^′_{C|S} : H^{n+1}(N_S ⊗ I_{C|S} (v)) →_v Ext^{n+2}_m (I_S , I_{C|S} ) ∼=_v Hom_R(I_S , H^{n+2}_m (I_{C|S} ))

and if we suppose

(7.12) H^n(N_S (v)) = 0 and H^{n+1}(N_S (v))^{δS}−→_v Hom_R(I_S , H^{n+3}_m (I_S )) injective

(resp. replace (7.12) by: δ_S an isomorphism), then the diagram in the proof of Proposition 7.2 which contains H^i(N_S (v)) for i = n and n + 1, shows

ker ϕ_{C|S} ∼= ker ρ^′_{C|S} (resp. coker ϕ_{C|S} ∼= coker ρ^′_{C|S}).

Combining with (7.11) we get the variation of Proposition 7.2 we have in mind. Note that defining Li^{n−1}(C)_v = ker ρ^′_{C|S} and Li^n(C)_v = coker ρ^′_{C|S},

then these groups obviously satisfy Li^j (C)_v ∼= Li^j (C_t)_{v+t}, for any C_t ∈ |C + tH|, and they coincide with L^j (C) in codimension 3 (cf. the proof of Proposition 7.2). Note also that the assumptions of (7.12) are satisfied and that δ_S is an isomorphism if S ⊂ P^{n+c} is licci by Corollary 6.5. Putting all this together we get the following result (with a proof so close to the proof of Corollary 7.6 that we skip the details).

Proposition 7.15. Let C ⊂ S be two ACM subschemes of P^{n+c}, S = Proj(B) generically a complete intersection subscheme in P^{n+c} satisfying H^2(R, B, B)^∼ = 0 and C a Cartier divisor on S of dimension n = dim C ≥ 1 (resp. n ≥ 0), and let l (resp. l^′) be an integer such that H^n(N_S (v)) = 0 and δ_S is injective (resp. δ_S is an isomorphism) for any v ≥ l (resp. v ≥ l^′). Let a, b and e be as in Corollary 7.6 and Remark 7.9, let t = max{a, e} − s(C|S), and suppose Li^{n−1}(C)_{v0} ≠ 0 (resp. Li^n(C)_{v0} ≠ 0) for some v_0. If C_v ∈ |C + vH| are effective Cartier divisors, then (i) C_v is not licci provided v ≥ max{t, l} − v_0 (resp. v ≥ max{t, l^′} − v_0 and v ≥ min{0, a − e}). Indeed,

v+v_0 H n−1 m (K_{Av} (n + c + 1) ⊗_R I_v ) ≠ 0

(resp._{v+v0} H^n_m(K_{Av} (n + c + 1) ⊗_R I_v ) ∼= Li^n(C)_{v0} ).

(ii) C_v and C_v′ belong to different CI-liaison classes for any v and v^′ satisfying v > v^′ ≥ max{t, l} − v_0, v ≥ a − v_0 and v + v^′ ≥ b − v_0 (resp. v > v^′ ≥ max{t, l^′} − v_0, v^′ ≥ min{0, a − e}). In fact_{u+v0} H^{n−1}_m (K_{Au} (n + c + 1) ⊗_R I_u) ∼= Li^{n−1}(C)_{v0} for u ≥ v − 1.

Glicci curves on Arithmetically Cohen-Macaulay surfaces

The goal of this chapter is to see, again, that often Gorenstein liaison behaves better than complete intersection liaison. We will see that there is only one Gliaison class containing ACM curves C ⊂ P^4 lying on a “general” smooth, rational, ACM surface X of P^4; even more, we will see that all ACM curves C ⊂ P^4 lying on a “general” smooth, ACM, rational surface X ⊂ P^4 are glicci (i.e. in the Gorenstein liaison class of a complete intersection). We want to stress that this result drastically differs from the ones obtained in Chapter 6 and Chapter 7. Indeed, it follows from Corollary 7.6 that on any non complete intersection, ACM, smooth, rational surface S ⊂ P^4 there are infinitely many ACM curves all of them belonging to different CI-liaison classes.

The fact that all “standard” determinantal ideals are glicci and that all ACM curves C ⊂ P^4 lying on a “general” smooth ACM rational surface X ⊂ P^4 are glicci, suggests to us the following question, which would generalize Gaeta’s codimension two result even further than what we already saw in Chapter 3 (see also Remark 3.7):

Question 8.1. In any codimension, is there only one Gorenstein liaison class containing ACM schemes?

The first goal of this chapter is to see that on ACM surfaces there are only finitely many G-liaison classes with fixed Rao module.

Definition 8.2. Let X be a smooth subscheme of P^n. We will say that an effective divisor C on X is minimal if there is no effective divisor in the linear system |C − H|, where H is the hyperplane section divisor.

We will first consider smooth rational surfaces. Recall that if X is a smooth rational surface, then either X is obtained by blowing up P^2 at s ≥ 0 different points, or by blowing up a Hirzebruch surface X_e, e ≥ 0, at s ≥ 0 different points.

Assume that X is obtained by blowing up P^2 at s ≥ 0 different points. Taking the linear equivalence classes of the inverse image E_0 of a line in P^2 and E_i ( the exceptional divisor), i = 1, ..., s, as a basis for Pic(X), we can associate a curve with an (s + 1)-tuple (a; b_1, ..., b_s). With this notation, the canonical divisor is K = (−3; −1, ..., −1), E^2_0 = 1 = −E^2_1 = · · · = −E^2_s , and E_iE_j = 0 if i ≠ j.

For the Hirzebruch surface X_e ∼= P(O_P1 ⊕ O_P1(−e)), e ≥ 0, we denote the standard basis of Pic(X_e) ∼= Z ⊕ Z by C_0 and f: they correspond to sections and pfibers respectively of the natural projection p : X_e → P^1; and they verify C^2_0 = −e, f^2 = 0 and C_0f = 1: ([31] V, Proposition 2.3). Furthermore, the canonical divisor is K = −2C_0 − (e + 2)f, K^2 = 8 and −K is effective.

Assume that X is obtained blowing up a Hirzebruch surface X_e at s ≥ 0 different points and let π : X −→ X_e be the blow up. The Picard group of X is generated by π^∗C_0, π^∗f, E_1,...,E_s, with (π^∗C_0)^2 = −e, π^∗C_0π^∗f = 1, (π^∗f)^2 = 0, π^∗C_0E_i = π^∗fE_i = 0, for 1 ≤ i ≤ s, 1 = −E^2_1 = · · · = −E^2_s , and E_iE_j = 0 if i ≠ j. The canonical divisor has the form

K_X = π^∗K_{Xe} + s∑ i=1 E_i = −(e + 2)π^∗f − 2π^∗C_0 + s∑ i=1 E_i ([31] V, Propositions 3.2 and 3.3). For simplicity we will write C_0 and f instead of π^∗C_0 and π^∗f and we will identify a curve with an (s + 2)-uple (a, b; b_1, ..., b_s).

Let us see that there are only finitely many G-liaison classes containing ACM curves C ⊂ P^n lying on a smooth ACM rational surface. We first re-state a special case of Corollary 5.14:

Lemma 8.3. Let X be a generic complete intersection, ACM subscheme of P^n. Let C be an effective divisor on X and let H be the hyperplane section divisor. Then C and C + H are in the same Gorenstein liaison class.

Proposition 8.4. Let X ⊂ P^n be a smooth, ACM rational surface. There exist only finitely many G-liaison classes of ACM curves C ⊂ X.

Proof. By Lemma 8.3 we only need to check that on X there are only finitely many minimal ACM curves. If X = P^2, the result is obvious. Otherwise, we distinguish two cases:

Case A: X is obtained by blowing up P^2 at s ≥ 1 different points and we assume that X is embedded in P^n by means of the divisor H = aE_0− ∑_s i=1 b_iE_i. Let C be an (effective) divisor on X such that, viewed as a subscheme of P^n, C is ACM. Without loss of generality we can associate to C the divisor (aν +α)E_0 − ∑_s i=1(b_iν +β_i)E_i = νH +αE_0 − ∑_s i=1 β_iE_i with 0 ≤ α ≤ a−1 and β_i ∈ Z. Now, the result easily follows from the next claim which gives us lower and upper bounds for β_i, i = 1, ..., s.

Claim 1: If α = 0 then −1 ≤ β_i ≤ 1 and at most one β_i is equal to −1. If 1 ≤ α ≤ a − 1 then 0 ≤ β_i ≤ max{1, α − 1}. Furthermore, if α ≥ 3 at most one β_i is equal to α − 1.

Proof of Claim 1: We will first discuss the upper bounds. Assume that there exists β_i > max{α − 1, 1} and consider the exact sequence: (8.1) 0 −→ O_X (−E_i) −→ O_X −→ O_{Ei} −→ 0. Since C is an ACM subscheme of P^n, we have 0 = H^1(P^n, I_C (ν)) = H^1(O_X (−C + νH)).

By Serre duality, we have H^2(O_X (−C + νH − E_i)) = H^0(O_X (C − νH + E_i + K)) = H^0(O_X ((α−3)E_0 −(β_i −2)E_i − ∑ j≠i(βj −1)Ej )) = 0. Twisting the exact sequence

(8.1) and taking cohomology we get:

0 = H^1(O_X (−C +νH)) −→ H^1(O_{Ei} (−C +νH)) −→ H^2(O_X (−C +νH −E_i)) = 0. Therefore, H^1(O_{Ei} (−C +νH)) = 0 which is a contradiction because E_i is a rational curve of degree b_i and E_i(−C + νH) = −β_i < − max{α − 1, 1} ≤ −1. A similar argument proves that if α ≥ 3 then at most one β_i = α − 1.

Concerning the lower bounds, if 1 ≤ α ≤ a − 1 we have

0 = H^1(O_X (−C + νH)) = H^0(O_X (−C + νH + E_i)).

From the exact sequence (8.1) we get H^0(O_{Ei} (−C + νH + E_i)) = 0 and hence β_i ≥ 0. If α = 0, similar argument gives us that β_i ≥ −1 and at most one β_i is equal to −1.

Case B: X is obtained by blowing up a Hirzebruch surface X_e, e ≥ 0, at s ≥ 0 different points and we assume that X is embedded in P^n by means of the divisor H = af + bC_0 − ∑_s i=1 b_iE_i. Let C be an (effective) divisor on X such that, viewed as a subscheme of P^n, C is ACM. Without loss of generality we can associate to C the divisor (aν +α)f +(bν +β)C_0 − ∑_s i=1(b_iν +β_i)E_i = νH +αf +βC_0 − ∑_s i=1 β_iE_i with 0 ≤ α ≤ a − 1 and β, β_i ∈ Z. Now, the result easily follows from the next claim which gives us lower and upper bounds for β and β_i, i = 1, ..., s.

Claim 2: If α ≥ 2 then β_i, β − 1 ≥ 0; if 0 ≤ α ≤ 1 then β_i, β ≥ α − 1. If 0 ≤ α ≤ e then β, β_i ≤ 1; if α = e + 1 then β_i ≤ 1 and β ≤ 2; and if α ≥ e + 2 then β_i ≤ 4α and β ≤ 2α.

Proof of the Claim 2: It follows from the Riemann-Roch Theorem and the exact cohomology sequences associated to the exact sequences: 0 −→ O_X (−E_i) −→ O_X −→ O_{Ei} −→ 0 0 −→ O_X (−f) −→ O_X −→ O_f −→ 0. □ Now we will generalize Proposition 8.4 to arbitrary ACM surfaces and arbitrary G-liaison classes. To this end, the following lemma will be very useful.

Lemma 8.5. Let X ⊂ P^n be a generic complete intersection surface. If H^1(X, O_X ) = 0 then Pic(X) is finitely generated.

Proof. We consider the exponential map e : O_X −→ O^∗_X defined by e(f) := exp(2πif) and the corresponding exact sequence: 0 −→ Z −→ O_X −→ O^∗_X −→ 0. From the vanishing H^1(X, O_X ) = 0, we deduce that Pic(X) is a subgroup of H^2(X, Z) and therefore Pic(X) is finitely generated. □

Proposition 8.6. Let X be a smooth, ACM (hence integral) surface in P^n and let M be a graded R-module of finite length. Then there exist only finitely many G-liaison classes of curves C ⊂ X with Rao module M(C) ∼= M (up to twist).

Proof. Note that the conditions that X be smooth and ACM together imply that X is integral. Since H^1(X, O_X ) = 0, the Picard group Pic(X) is finitely generated. We choose a system of generators {L_1, ..., L_r} of Pic(X) and we assume that X is embedded in P^n by the divisor H = ∑_r i=1 h_iL_i. Set K = ∑_r i=1 k_iL_i. Let Δ = (δ_{ij} ) be the symmetric matrix associated to the bilinear pairing Pic(X) × Pic(X) −→ Z.

Again, by Lemma 8.3 we only need to check that on X there are only finitely many minimal curves C (up to linear equivalence) with Rao module M (up to shift). Let C be an effective divisor on X with M(C) ∼= M (up to shift), and assume that C − H is not effective. Set n_t := dim_k M(C)_t. We associate to C the divisor νH + ∑_r i=1 c_iL_i. The proof follows from the following claim:

Claim: there exist upper and lower bounds for c_i, i = 1, ..., r.

Proof of the Claim: From now on, we will assume that the divisors L_i, i = 1, ..., r, are effective; otherwise, we replace L_i by L_i + α_iH for a suitable choice of α_i. We set:

d_i := deg(L_i) = r∑ j=1 h_j δ_{ij} and g_i := p_a(L_i) = 1 +

L_i(L_i + K) 2 = 1 + δ_{ii} + ∑_r j=1 k_j δ_{ji} 2 . We consider the exact sequences: (8.2) 0 −→ O_X (−L_i) −→ O_X −→ O_{Li} −→ 0 i = 1, ..., r. We distinguish two cases:

(i) There exists i such that −C + L_i is effective; (ii) For all i, −C + L_i is not effective.

For case (i), we have (−C + L_i)H ≥ 0, or equivalently, C · H ≤ L_i · H (recall that the intersection number C · H is just equal to the degree of C in P^n). Since, for any integer d, the set of effective divisors D on X with D · H = d is a finite set (cf. [31] Chapter V, Exercise 1.11), we conclude that there are only finitely many minimal curves C on X with Rao module M (up to shift) and −C + L_i effective.

For case (ii), from the exact cohomology sequence associated to (8.2), we deduce h^0(O_{Li} (−C + L_i)) ≤ h^1(O_X (−C)) = dim_k M(C)_0 = n_0.

Therefore, (−C + L_i)L_i + 1 − g_i = χ(O_{Li} (−C + L_i)) ≤ h^0(O_{Li} (−C + L_i)) ≤ n_0 or equivalently − r∑ j=1 δ_{ij} c_j + δ_{ii} + 1 − g_i ≤ n_0.

This gives the desired lower bound.

On the other hand, for any integer i, 1 ≤ i ≤ r, we define q_i = min{t ∈ Z| − L_i − K + (t − 1)H is effective} and q = max_{1≤i≤r}{q_i}. (Notice that the definition of q does not depend on C.) We note that C+L_i−qH+K is not effective. Indeed, if C + L_i − qH + K were effective, since −L_i − K + (q − 1)H is effective (by definition of q), we deduce that C + L_i − qH + K − L_i − K + (q − 1)H = C − H is effective, which contradicts the minimality of C. Therefore,

0 = H^0(O_X (C + L_i − qH + K)) = H^2(O_X (−C − L_i + qH)).

The exact cohomology sequence associated to (8.2) together with the fact that C + L_i − qH + K is not effective gives us h^1(O_{Li} (−C + qH)) ≤ h^1(O_X (−C + qH)) = n_q or, equivalently,_r ∑ j=1 δ_{ij} c_j − qd_i − 1 + g_i ≤ n_q, which gives the desired upper bound. □

Remark 8.7. Proposition 8.6 would not be true if we only assume that X is ACM and satisfies G_1, as we have done for most of this paper. Indeed, consider the surface X of Example 5.18. Example 5.2 of [30] shows that Pic(X) = Z, generated by the hyperplane section, so Pic(X) does not contain all the effective curves on X. Instead, we would have to use APic(X), which Example 5.6 of [30] describes in a simple way (and which is not finitely generated, as is clear from our Example 5.18).

Our next goal is to describe the minimal effective divisors C on a smooth ACM non-degenerate rational surface X ⊂ P^4 which as subschemes of P^4 are ACM and we will check that all of them are glicci. According to the classification (up to isomorphism) of smooth, ACM, rational surfaces X ⊂ P^4, we distinguish 4 cases (char(k) = 0): • Cubic scroll: X = Bl_{{p1}}(P^2) embedded in P^4 by means of the linear system |2E_0 − E_1| and deg(X) = 3.

• Del Pezzo surface: X = Bl_{{p1,...,p5}}(P^2) embedded in P^4 by means of the linear system |3E_0 −

∑_5

i=1 E_i| and deg(X) = 4.

• Castelnuovo surface: X = Bl_{{p1,...,p8}}(P^2) embedded in P^4 by means of the linear system |4E_0 − 2E_1 −

∑_8 i=2 E_i| and deg(X) = 5.

• Bordiga surface: X = Bl_{{p1 ,...,p10}}(P^2) embedded in P^4 by means of the linear system |4E_0 −

∑_{10}

i=1 E_i| and deg(X) = 6.

This comes from the Riemann-Roch Theorem and the fact that X is rational and ACM, which together give that deg X ≤ 6. Then the result follows easily from [61].

The following easy lemma will simplify our computations:

Lemma 8.8. Let C = (a; b_1, ..., b_s) be a minimal ACM curve of degree d and genus g on a smooth rational, non-degenerate ACM surface X ⊂ P^4. It holds:

1.- If X is a cubic scroll then g = 0 and d ≤ 4. 2.- If X is a Del Pezzo surface then g = 0 and d ≤ 4.

3.- If X is a Castelnuovo surface then g ≤ max{0, a − b_1 − 1} and d ≤ 11. 4.- If X is a Bordiga surface then g ≤ max{0, a − 2} and d ≤ 15.

Proof. 1.- On a cubic scroll X we have H + E_0 = −K. Hence, the exact cohomology sequence associated to the exact sequence: 0 −→ O_X (−C) −→ O_X −→ O_C −→ 0 gives us

g(C) = h^1(O_C ) = h^2(O_X (−C)) = h^0(O_X (C + K)) = h^0(O_X (C − H − E_0)) = 0

where the last equality is a consequence of the minimality of C. Moreover, since C is linearly normal, we obtain deg(C) − 4 ≤ g(C) = 0 which gives what we want.

2.- On a Del Pezzo surface X we have H = −K. Using the above exact sequence we get g(C) = h^1(O_C ) = h^2(O_X (−C)) = h^0(O_X (C + K)) = h^0(O_X (C − H)) = 0 where the last equality is a consequence of the minimality of C. Moreover, since C is linearly normal, we obtain deg(C) − 4 ≤ g(C) = 0 which gives what we want.

3.- On a Castelnuovo surface X we have E_0 − E_1 = H + K. Using the above exact sequence we get g(C) = h^1(O_C ) = h^2(O_X (−C)) = h^0(O_X (C + K)). The exact cohomology sequence associated to the exact sequence 0 −→ O_X (C − H) −→ O_X (C + K) −→ O_{E0 −E1} (C + K) −→ 0 together with the minimality of C gives us

g = h^0(O_X (C + K)) ≤ h^0(O_{E0 −E1} (C + K)) = max{0, a − b_1 − 1}.

Moreover, since C is linearly normal, we obtain deg(C) − 4 ≤ g(C). Combining this with Claim 1 of the proof of Proposition 8.4, we get what we want.

4.- On a Bordiga surface X we have H = E_0 − K. Using the above exact sequence we get

g(C) = h^1(O_C ) = h^2(O_X (−C)) = h^0(O_X (C + K)) = h^0(O_X (C − H + E_0)).

The exact cohomology sequence associated to the exact sequence:

0 −→ O_X −→ O_X (E_0) −→ O_{E0} (E_0) −→ 0

together with the minimality of C gives us

g = h^0(O_X (C − H + E_0)) ≤ h^0(O_{E0} (C + K)) = max{0, a − 2}.

Moreover, since C is linearly normal, we obtain deg(C) − 4 ≤ g(C) which gives what we want. □

We say that a smooth rational ACM surface is general if it is obtained by blowing up points of P^2 in general position. Now, using Claim 1 of the proof of Proposition 8.4 and Lemma 8.8 we will characterize ACM curves on a general smooth ACM rational surface and describe the corresponding minimal curves.

CASE 1: Cubic surface. A curve C = (a; b) ∈ Pic(X) is ACM if and only if is one of the following:

(i) (2ν; ν − 1). The corresponding minimal ACM curve has (d, g) = (1, 0), (ii) (2ν; ν), (iii) (2ν + 1; ν). The corresponding minimal ACM curve has (d, g) = (2, 0), (iv) (2ν + 1; ν + 1). The corresponding minimal ACM curve has (d, g) = (1, 0). CASE 2: General Del Pezzo surface. A curve C = (a; b_1, ..., b_5) ∈ Pic(X) with b_1 ≥ ... ≥ b_5 is ACM if and only if is one of the following:

(i) (3ν; ν^4, ν − 1). The minimal ACM curve (ν = 0) has (d, g) = (1, 0), (ii) (3ν; ν^5), (iii) (3ν; ν + 1, ν^4). The minimal ACM curve (ν = 1) has (d, g) = (3, 0), (iv) (3ν; ν + 1, ν^3, ν − 1). The minimal ACM curve (ν = 1) has (d, g) = (4, 0), (v) (3ν + 1; ν^5). The minimal ACM curve (ν = 0) has (d, g) = (3, 0), (vi) (3ν + 1; ν + 1, ν^4). The minimal ACM curve (ν = 0) has (d, g) = (2, 0), (vii) (3ν + 1; ν + 1^2, ν^3). The minimal ACM curve (ν = 0) has (d, g) = (1, 0), (viii) (3ν + 1; ν + 1^3, ν^2). The minimal ACM curve (ν = 1) has (d, g) = (4, 0), (ix) (3ν + 2; ν + 1^2, ν^3). The minimal ACM curve (ν = 0) has (d, g) = (4, 0), (x) (3ν + 2; ν + 1^3, ν^2). The minimal ACM curve (ν = 0) has (d, g) = (3, 0), (xi) (3ν + 2; ν + 1^4, ν). The minimal ACM curve (ν = 0) has (d, g) = (2, 0), (xii) (3ν + 2; ν + 1^5). The minimal ACM curve (ν = 0) has (d, g) = (1, 0).

CASE 3: General Castelnuovo surface. A curve C = (a; b_1, ..., b_8) ∈ Pic(X) with b_2 ≥ ... ≥ b_8 is ACM if and only if is one of the following:

(i) (4ν; 2ν, ν^6, ν − 1). The minimal ACM curve (ν = 0) has (d, g) = (1, 0), (ii) (4ν; 2ν − 1, ν^7). The minimal ACM curve (ν = 0) has (d, g) = (2, 0), (iii) (4ν; 2ν, ν^7), (iv) (4ν; 2ν + 1, ν^7). The minimal ACM curve (ν = 1) has (d, g) = (3, 0), (v) (4ν; 2ν + 1, ν^6, ν − 1). The minimal ACM curve (ν = 1) has (d, g) = (4, 0), (vi) (4ν; 2ν, ν + 1, ν^6). The minimal ACM curve (ν = 1) has (d, g) = (4, 1), (vii) (4ν; 2ν, ν + 1, ν^5, ν − 1). The minimal ACM curve (ν = 1) has (d, g) = (5, 1), (viii) (4ν; 2ν −1, ν +1^2, ν^5). The minimal ACM curve (ν = 1) has (d, g) = (5, 1), (ix) (4ν; 2ν −1, ν +1^3, ν^4). The minimal ACM curve (ν = 1) has (d, g) = (4, 0), (x) (4ν; 2ν − 1, ν + 1, ν^6). The minimal ACM curve (ν = 1) has (d, g) = (6, 2), (xi) (4ν; 2ν, ν + 1^2, ν^5). The minimal ACM curve (ν = 1) has (d, g) = (3, 0), (xii) (4ν; 2ν, ν + 1^2, ν^4, ν − 1). The minimal ACM curve (ν = 1) has (d, g) = (4, 0), (xiii) (4ν + 1; 2ν, ν^7). The minimal ACM curve (ν = 0) has (d, g) = (4, 0), (xiv) (4ν + 1; 2ν + 1, ν^7). The minimal ACM curve (ν = 0) has (d, g) = (2, 0), (xv) (4ν + 1; 2ν, ν + 1, ν^6). The minimal ACM curve (ν = 0) has (d, g) = (3, 0), (xvi) (4ν + 1; 2ν + 1, ν + 1, ν^6). The minimal ACM curve (ν = 0) has (d, g) = (1, 0), (xvii) (4ν +1; 2ν, ν +1^2, ν^5). The minimal ACM curve (ν = 0) has (d, g) = (2, 0), (xviii) (4ν + 1; 2ν + 1, ν + 1^2, ν^5). The minimal ACM curve (ν = 1) has (d, g) = (5, 1), (xix) (4ν +1; 2ν, ν +1^3, ν^4). The minimal ACM curve (ν = 1) has (d, g) = (6, 2), (xx) (4ν +1; 2ν, ν +1^4, ν^3). The minimal ACM curve (ν = 1) has (d, g) = (5, 1), (xxi) (4ν +1; 2ν, ν +1^5, ν^2). The minimal ACM curve (ν = 1) has (d, g) = (4, 0), (xxii) (4ν + 1; 2ν + 1, ν + 1^3, ν^4). The minimal ACM curve (ν = 1) has (d, g) = (4, 0), (xxiii) (4ν + 2; 2ν + 1, ν + 1^2, ν^5). The minimal ACM curve (ν = 0) has (d, g) = (4, 0), (xxiv) (4ν +2; 2ν, ν +1^4, ν^3). The minimal ACM curve (ν = 0) has (d, g) = (4, 0), (xxv) (4ν + 2; 2ν + 1, ν + 1^3, ν^4). The minimal ACM curve (ν = 0) has (d, g) = (3, 0), (xxvi) (4ν +2; 2ν, ν +1^5, ν^2). The minimal ACM curve (ν = 0) has (d, g) = (3, 0), (xxvii) (4ν + 2; 2ν + 1, ν + 1^4, ν^3). The minimal ACM curve (ν = 0) has (d, g) = (2, 0), (xxviii) (4ν + 2; 2ν + 1, ν + 1^5, ν^2). The minimal ACM curve (ν = 1) has (d, g) = (6, 2), (xxix) (4ν + 2; 2ν, ν + 1^6, ν). The minimal ACM curve (ν = 1) has (d, g) = (7, 3), (xxx) (4ν + 2; 2ν + 1, ν + 1^6, ν). The minimal ACM curve (ν = 1) has (d, g) = (5, 1), (xxxi) (4ν + 2; 2ν, ν + 1^7). The minimal ACM curve (ν = 1) has (d, g) = (6, 2), (xxxii) (4ν +2; 2ν +1, ν +1^7). The minimal ACM curve (ν = 1) has (d, g) = (4, 0), (xxxiii) (4ν + 3; 2ν + 1, ν + 1^5, ν^2). The minimal ACM curve (ν = 0) has (d, g) = (5, 1), (xxxiv) (4ν + 3; 2ν + 1, ν + 1^6, ν). The minimal ACM curve (ν = 0) has (d, g) = (4, 1),

(xxxv) (4ν + 3; 2ν, ν + 1^7). The minimal ACM curve (ν = 0) has (d, g) = (5, 1), (xxxvi) (4ν +3; 2ν +1, ν +1^7). The minimal ACM curve (ν = 0) has (d, g) = (3, 1), (xxxvii) (4ν + 3; 2ν + 2, ν + 1^4, ν^3). The minimal ACM curve (ν = 0) has (d, g) = (4, 0), (xxxviii) (4ν + 3; 2ν + 2, ν + 1^5, ν^2). The minimal ACM curve (ν = 0) has (d, g) = (3, 0), (xxxix) (4ν + 3; 2ν + 2, ν + 1^6, ν). The minimal ACM curve (ν = 0) has (d, g) = (2, 0), (xl) (4ν + 3; 2ν, ν + 2, ν + 1^6). The minimal ACM curve (ν = 0) has (d, g) = (4, 0), (xli) (4ν + 3; 2ν + 1, ν + 2, ν + 1^4, ν^2). The minimal ACM curve (ν = 0) has (d, g) = (4, 0), (xlii) (4ν + 3; 2ν + 1, ν + 2, ν + 1^5, ν). The minimal ACM curve (ν = 0) has (d, g) = (3, 0), (xliii) (4ν + 3; 2ν + 1, ν + 2, ν + 1^6). The minimal ACM curve (ν = 1) has (d, g) = (7, 3), (xliv) (4ν +3; 2ν +2, ν +1^7). The minimal ACM curve (ν = 1) has (d, g) = (6, 2).

CASE 4: General Bordiga surface. A curve C = (a; b_1, ..., b_{10}) ∈ Pic(X) with b_1 ≥ ... ≥ b_{10} is ACM if and only if is one of the following:

(i) (4ν; ν^9, ν − 1). The minimal ACM curve (ν = 0) has (d, g) = (1, 0), (ii) (4ν; ν^{10}), (iii) (4ν; ν + 1, ν^9). The minimal ACM curve (ν = 1) has (d, g) = (5, 2), (iv) (4ν; ν + 1^2, ν^8). The minimal ACM curve (ν = 1) has (d, g) = (4, 1), (v) (4ν; ν + 1^3, ν^7). The minimal ACM curve (ν = 2) has (d, g) = (9, 5), (vi) (4ν; ν + 1, ν^8, ν − 1). The minimal ACM curve (ν = 1) has (d, g) = (6, 2), (vii) (4ν; ν + 1^2, ν^7, ν − 1). The minimal ACM curve (ν = 1) has (d, g) = (5, 1), (viii) (4ν; ν +1^3, ν^6, ν −1). The minimal ACM curve (ν = 2) has (d, g) = (10, 6), (ix) (4ν + 1; ν^{10}). The minimal ACM curve (ν = 0) has (d, g) = (4, 0), (x) (4ν + 1; ν + 1, ν^9). The minimal ACM curve (ν = 0) has (d, g) = (3, 0), (xi) (4ν + 1; ν + 1^2, ν^8). The minimal ACM curve (ν = 0) has (d, g) = (2, 0), (xii) (4ν + 1; ν + 1^3, ν^7). The minimal ACM curve (ν = 1) has (d, g) = (7, 3), (xiii) (4ν + 1; ν + 1^4, ν^6). The minimal ACM curve (ν = 1) has (d, g) = (6, 2), (xiv) (4ν + 1; ν + 1^5, ν^5). The minimal ACM curve (ν = 1) has (d, g) = (5, 1), (xv) (4ν + 1; ν + 1^6, ν^4). The minimal ACM curve (ν = 2) has (d, g) = (10, 6), (xvi) (4ν + 2; ν + 1^4, ν^6). The minimal ACM curve (ν = 0) has (d, g) = (4, 0), (xvii) (4ν + 2; ν + 1^5, ν^5). The minimal ACM curve (ν = 0) has (d, g) = (3, 0), (xviii) (4ν + 2; ν + 1^6, ν^4). The minimal ACM curve (ν = 1) has (d, g) = (8, 4), (xix) (4ν + 2; ν + 1^7, ν^3). The minimal ACM curve (ν = 1) has (d, g) = (7, 3), (xx) (4ν + 2; ν + 1^8, ν^2). The minimal ACM curve (ν = 1) has (d, g) = (6, 2), (xxi) (4ν + 2; ν + 1^9, ν). The minimal ACM curve (ν = 2) has (d, g) = (11, 8), (xxii) (4ν + 2; ν + 1^{10}). The minimal ACM curve (ν = 2) has (d, g) = (10, 6), (xxiii) (4ν + 3; ν + 1^7, ν^3). The minimal ACM curve (ν = 0) has (d, g) = (5, 1), (xxiv) (4ν + 3; ν + 1^8, ν^2). The minimal ACM curve (ν = 0) has (d, g) = (4, 1), (xxv) (4ν + 3; ν + 1^9, ν). The minimal ACM curve (ν = 0) has (d, g) = (3, 1), (xxvi) (4ν + 3; ν + 1^{10}). The minimal ACM curve (ν = 1) has (d, g) = (8, 5), (xxvii) (4ν + 3; ν + 2, ν + 1^6, ν^3). The minimal ACM curve (ν = 0) has (d, g) = (4, 0),

(xxviii) (4ν + 3; ν + 2, ν + 1^7, ν^2). The minimal ACM curve (ν = 1) has (d, g) = (9, 5), (xxix) (4ν+3; ν+2, ν+1^8, ν). The minimal ACM curve (ν = 1) has (d, g) = (8, 4), (xxx) (4ν + 3; ν + 2, ν + 1^9). The minimal ACM curve (ν = 1) has (d, g) = (7, 3).

Remark 8.9. Using the same arguments we use to produce the above list, we can write down the list of ACM minimal curves lying on a smooth ACM rational surface, not necessarily general, and it turns out that the list in the smooth “nongeneral” case is a subset of the list produced above, decreasing the value of ν if necessary.

We believe that Corollary 8.10 below holds for any smooth rational ACM surface, without needing to add the word “general.” However, our proof uses the generality in a strong way, and while we believe that the same approach could yield a proof of the “non-general” case, it seems impractical to check all the possible configurations of points that could arise, and all the ensuing cases.

Now, we are ready to prove that there is only one G-liaison class containing ACM curves C ⊂ P^4 lying on a “general” smooth rational ACM surface X of P^4.

Corollary 8.10. All ACM curves C ⊂ P^4 lying on a “general” smooth, rational ACM surface X ⊂ P^4 are glicci.

Proof. By Lemma 8.3 we only need to check that all minimal ACM curves C lying on a “general” smooth, rational, ACM surface X ⊂ P^4 are glicci. We will assume that X is a Bordiga (resp. Castelnuovo) surface. The other cases are left to the reader.

In the above list if d ≤ 3 or (d, g) = (4, 1) or (5, 2), then the curve C is degenerate and it is well known that ACM curves in P^3 are licci, hence glicci. On the other hand, in the above list all minimal ACM curves with d ≥ 8 (resp. d ≥ 5) are G-linked to an ACM curve with d < 8 (resp. d < 4) via the Gorenstein divisor tH − K for a suitable t ∈ Z. So, we only have to discuss the cases (d, g) = (4, 0), (5, 1), (6, 2) and (7, 3) (resp. (4, 0)).

We first remark that by Corollary 5.14, it is enough to prove the glicciness of the general element of a linear system in order to prove it for every element.

Checking the list for the “general” Bordiga surface, one sees that each of the linear systems corresponding to (d, g) = (4, 0), (5, 1), (6, 2) and (7, 3) possesses a general element that is integral. Most of these linear systems move in at least a pencil. Only (xiv) and (xxvii) are effective but do not move in a linear system. But in these latter cases, since the surface is general we can choose the points to blow up in a general enough way to get the curve to be integral: in (xiv) there is exactly one plane quintic double at 5 general points and passing through 5 more general points, and this is integral; similarly in (xxvii) there is a unique plane cubic double at one point and passing through six of the others, and it is also integral.

Checking the list for the “general” Castelnuovo surface, one sees that there are 12 linear systems with (d, g) = (4, 0). Six of them are G-linked (via H − K) to the other six. Hence without loss of generality we may restrict our attention to the following cases:

(xiii) (1; 0, 0^7) (xxiii) (2; 1, 1^2, 0^5) (xxiv) (2; 0, 1^4, 0^3) (xxxvii) (3; 2, 1^4, 0^3) (xl) (3; 0, 2, 1^6) (xli) (3; 1, 2, 1^4, 0^2)

Exactly as above, we can show that for the “general” Castelnuovo surface each of these has an integral general element. (Note that (xl) corresponds to a unique curve (effective divisor), but it is integral by the general choice of the points of P^2 which were blown up.)

Now, an integral ACM curve C with (d, g) = (4, 0) is in fact smooth. The union of C with a general secant line (whether or not it lies on the surface) is arithmetically Gorenstein, hence C is glicci.

An integral ACM curve with (d, g) = (5, 1) is arithmetically Gorenstein since it is non-degenerate and so its general hyperplane section consists of 5 points in P^3 with symmetric h-vector and uniform position, hence the Cayley-Bacharach property and so the main theorem of [17] applies.

We now turn to ACM curves with (d, g) = (6, 2) and (7, 3) on a “general” Bordiga surface, and as above we can assume that the curves are integral. One computes that h^0(I_C (2)) = 4 or 3, respectively. Choose three general (hence independent) quadrics containing C. If they form a complete intersection then the residual to C is known to be glicci (even licci). So we analyze the other possibilities.

Certainly the first two quadrics do not contain a common factor since C is integral, so they define a complete intersection surface T . If T is integral then the three quadrics define a complete intersection curve and we are done. If all components of T have degree ≤ 2 then C must lie on one of these components and hence is degenerate, and thus licci.

The only remaining possibility is that T is the union of an irreducible cubic surface X and a plane. But then the cubic X is ACM (by liaison). If X is smooth, this is the cubic scroll mentioned above. The other possibility is that the cubic surface X is a cone over a twisted cubic curve Y in P^3. Then it follows from [31], II, Exercise 6.3 that the divisor class group Cl X ∼= Cl Y ∼= Z (since Y ∼= P^1). In particular, as in the case where X is smooth, every ACM curve on X is linearly equivalent to a curve of the form C_0 + tH where deg C_0 ≤ 3 and C_0 is ACM. (If deg C_0 = 3, it is a hyperplane section.) But then in each case C_0 is degenerate, so we are done.

The analysis of the cases (d, g) = (5, 1), (6, 2) and (7, 3) on a “general” Bordiga surface were first verified using the computer program Macaulay [5]. □

Remark 8.11. A consequence of the above proof is that all integral ACM curves in P^4 with (d, g) = (4, 0), (5, 1), (6, 2) and (7, 3) are glicci. The proof of this fact did not rely on the existence of the rational surface.

Using the classification of minimal ACM curves, C, on a smooth rational nondegenerate ACM surface, S ⊂ P^4, we can also show that many ACM curves on a cubic scroll, Castelnuovo surface or Bordiga surface are not licci. More generally, we show that C_ν ∈ |C + νH| and C_ν′ ∈ |C + ν^′H| belong to different CI-liaison classes for ν > ν^′ ≫ 0. Indeed this follows immediately from the complex (7.2) and

Corollary 7.6 if we can show that for some integer ν (8.3) h^0(ω_S (5) ⊗ I_{C|S} (ν)) > ∑ i h^0(I_{C|S} (q_i + ν)).

The first step is to find an appropriate lower bound for h^0(ω_S (5) ⊗ I_{C|S} (ν)).

Lemma 8.12. Let C be a minimal ACM curve on a smooth nondegenerate ACM surface S. Let H denote the hyperplane divisor and K the canonical divisor. Assume C /∈ |H|. Then h^0(ω_S (n + 1) ⊗ I_{C|S} ) ≥^1_2 (2n + 1)H(H + K) − C(H + K) + h^0(I_{C|S} (n)) + h^1(O_C (n)) + h^2(O_S (n)) for n ≥ 0.

Proof. Since C is minimal and C /∈ |H|, we get

h^2(ω_S (n + 1) ⊗ I_{C|S} ) = h^0(O_S (C − (n + 1)H)) = 0 for n ≥ 0. By the Riemann-Roch Theorem, the adjunction formula C^2 + C · K = 2g − 2 and the equality C(K + H) = C · K + d, we have: h^0(ω_S (n + 1) ⊗ I_{C|S} ) ≥ χ(O_S (K + (n + 1)H − C)) =^1_2 (K + (n + 1)H − C) · ((n + 1)H − C) + 1 + h^2(O_S ) =^1_2 ((n + 1)H · K + (n + 1)^2H^2)

−nd + g − C(K + H) + h^2(O_S ).

Using the Riemann-Roch Theorem on C we get nd − g = −1 + χ(O_C (n)) = −1 + h^0(O_C (n)) − h^1(O_C (n)) = −1 − h^1(O_C (n)) + h^0(O_S (n)) − h^0(I_{C|S} (n)) while the Riemann-Roch Theorem for S implies

h^0(O_S (n)) + h^2(O_S (n)) = 1 2 (n^2H^2 − nH · K) + 1 + h^2(O_S ).

Combining we obtain

h^0(ω_S (n + 1) ⊗ I_{C|S}) ≥^1_2 ((n + 1)H · K + (n + 1)^2H^2) − C(K + H) +h^1(O_C (n)) + h^0(I_{C|S} (n)) + h^2(O_S (n)) −^1_2 (n^2H^2 − nH · K) =^1_2 (2n + 1)H(H + K) − C(H + K) +h^0(I_{C|S} (n)) + h^1(O_C (n)) + h^2(O_S (n)) for n ≥ 0 which proves the lemma. □ In particular, we have Proposition 8.13. Let C be a minimal ACM curve, C /∈ |H|, on a smooth rational non-degenerate ACM surface S ⊂ P^4. C will be denoted by the vector (a; b_1, b_2, . . . ) in the usual basis. If

(i) S is a cubic scroll and a > 2n + 1 − h^0(I_{C|S} (n)) for some n with 0 ≤ n ≤ s(C|S) or (ii) S is a Castelnuovo surface and a − b_1 < 2n + 1 − h^0(I_{C|S} (n)) for some n ≥ 0 or (iii) S is a Bordiga surface and a < 4n + 2 − 2h^0(I_{C|S} (n)) for some n ≥ 0 then C_ν and C_ν′ belong to different CI-liaison classes for ν > ν^′ ≫ 0.

Proof. (i) In this case K = (−3; −1), H = (2; 1), H(H + K) = −2 and the minimal resolution of I_S is:

0 → R(−3)^{⊕2} → R(−2)^{⊕3} → I_S → 0.

By (8.3) it suffices to show h^0(ω_S (n+1)⊗I_{C|S}) > 0 for some n with 0 ≤ n ≤ s(C|S). By Lemma 8.12, we have

h^0(ω_S (n + 1) ⊗ I_{C|S} ) ≥ 1 2 (2n + 1)(−2) + a + h^0(I_{C|S} (n))

and we conclude by the assumption of (i) and Corollary 7.6.

(ii) In this case K = (−3; −1^8), H = (4; 2, 1^7), H(H + K) = 2 and C(H + K) = a − b_1 and the minimal resolution of I_S is: 0 → R(−4)^{⊕2} → R(−3)^{⊕2} ⊕ R(−2) → I_S → 0.

By (8.3) it suffices to show h^0(ω_S (n + 1) ⊗ I_{C|S} ) > 2h^0(I_{C|S} (n)) for some n ≥ 0. By Lemma 8.12 we have 2n + 1 − (a − b_1) + h^0(I_{C|S} (n)) > 2h^0(I_{C|S} (n)) and we conclude by the assumption of (ii) and Corollary 7.6.

(iii) In this case K = (−3; −1^{10}), H = (4; 1^{10}), H(H + K) = 4, C(H + K) = a and the minimal resolution of I_S is: 0 → R(−4)^{⊕3} → R(−3)^{⊕4} → I_S → 0.

Again we conclude by (8.3), Lemma 8.12, the assumption (iii) and Corollary 7.6. □

Remark 8.14. (i) On a cubic scroll the family (iv) satisfies Lemma 8.13 (i) for n = 1 so it gives rise to an infinite number of CI-liaison classes containing ACM curves.

(ii) On a Castelnuovo surface the families (i), (xiv), (xvi) (resp. (iv), (v), (vii), (xii), (xiii), (xiv), (xv), (xviii), (xxii), (xxiii), (xxiv), (xxv), (xxxiii), (xxxvii), (xxxviii), (xli)) satisfy Lemma 8.13 (ii) for n = 0 (resp. n = 1).

(iii) On a Bordiga surface the families (i), (ix), (x), (xi) (resp. (vi), (vii), (viii), (xii)-(xvii), (xxii), (xxiv), (xxvii)) satisfy Lemma 8.13 (iii) for n = 0 (resp. n = 1). The family (xxviii) satisfies Lemma 8.13 (iii) for n = 2.

CHAPTER 9

Unobstructedness and dimension of families of subschemes

In this chapter we consider objects C = Proj(A) ⊂ S = Proj(B) ⊂ P^N of equidimensional, locally Cohen-Macaulay closed subschemes, where C is a Cartier divisor on S. In most cases we suppose the local algebra cohomology group H^2(R, B, B)^∼ of S vanishes (e.g. S has the property G_0 and is locally licci; cf. Proposition 6.17). Since we often focus on subschemes C ⊂ P^N of codimension 3, the mentioned assumptions on S are weak (i.e. they hold if S has G_0). For subschemes of higher codimension we can avoid the vanishing of H^2(R, B, B)^∼ (Remark 9.5). Finally C and S are ACM each time we explicitly call them ACM schemes.

Our purpose is to prove the unobstructedness of most of the subschemes C_t we obtain by adding a hypersurface section of S ⊂ P^N of degree t to C ⊂ S, and, moreover, to find manageable formulas for the dimension of the corresponding families of their Hilbert schemes. Our results also allow us to find the dimension of the Hilbert scheme for some classes of ACM curves in P^4 and to show the unobstructedness of many classes of determinantal subschemes in P^N in the next chapter. For a general reference for obstruction theory, see [47].

As we have seen, such subschemes (obtained by varying the parameters in the matrix or by varying t) usually belong to different CI-liaison classes and to the same G-liaison class. Unobstructedness (even strongly unobstructedness) of ACM schemes is preserved under CI-linkage, cf. [38], Proposition 3.12 and [13], and one might wonder whether unobstructedness is preserved under G-liaison as well. This is, however, not true in general. Indeed we will see in Remark 9.12 that there exist obstructed standard determinantal curves in P^4. Since any such determinantal curve is in the G-liaison class of a complete intersection by Theorem 3.6, this will provide a counterexample because complete intersections are necessarily unobstructed. On the other hand, we know that the process of adding hypersurface sections to a divisor C on an ACM subscheme S is a certain G-biliaison (Proposition 5.10 and Corollary 5.14). Our results on the unobstructedness of C_t therefore show that unobstructedness is preserved under G-biliaison under certain conditions.

Recall that J. Herzog [32] calls A = R/I strongly unobstructed if A is generically a complete intersection and A and I/I^2 ⊗_A K_A are Cohen-Macaulay. Indeed, for a generic complete intersection of dimension dim A = n + 1, we have by duality

(9.1) H^n_m(K_A ⊗_R I)^∨ ∼= Ext^1_A(I/I^2, A) ∼= H^2(R, A, A)

which vanishes by Cohen-Macaulayness. A closed subscheme C of P^N is called unobstructed if Hilb^p := Hilb^p(P^N ) is smooth at (C ⊂ P^N ). Especially when dim C = 0, we also consider the strata GradAlg^H = GradAlg^H (P^N ) of Hilb^p, where we deform

C ⊂ P^N with constant Hilbert function H = H_A = H_C . GradAlg^H allows a natural scheme structure [41] whose tangent (resp. “obstruction”) space is_0H^1(R, A, A) (resp._0H^2(R, A, A)), i.e. it is given by deforming R → A as a graded algebra. C will be called unobstructed in GradAlg^H (or H- unobstructed) if GradAlg^H is smooth at (C ⊂ P^N ). By [40], Remark 3.7, GradAlg^H ∼= Hilb^p at (C ⊂ P^N ) under the assumption_0 Hom_R(I, H^2_m(I)) = 0. The two concepts of unobstructedness of C are therefore equivalent if C is an ACM subscheme of positive dimension. So, for a positive dimensional ACM scheme, the vanishing of_0H^2(R, A, A) is sufficient (but not necessary by Example 7.5 and Proposition 10.7) for unobstructedness, and, in a sense, we therefore see that our definition of unobstructedness differs from that in [32], which requires the whole group H^2(R, A, A) to vanish (to have the unobstructedness of A).

By (9.1) and the considerations above, we remark that the vanishing of the liaison-invariant_0H^n_m(K_A ⊗_R I) suffices for a generic complete intersection ACM scheme C to be unobstructed. For every ACM scheme C of codimension 3, Remark 6.16 implies the following: If the liaison-invariant_0H^0_m(K_A(N + 1) ⊗_R I) = 0 (note that_0H^0_m(K_A(N +1)⊗_RI) → H^1(N_C ) if n > 0 by Remark 6.3) and H^2(R, A, A)^∼ = 0 (cf. Proposition 6.17), then C is unobstructed.

In codimension 3, Corollary 7.4 can be used as a criterion for unobstructedness. It is based on L^0(C)_0 = 0, i.e. it requires the right map in (7.2) to be surjective. In what follows, we will prove more general results, which in codimension 3 are based on the exactness of the complex (7.2) “in the middle.”

First we consider the problem of deciding when an arbitrary C_t ∈ |C + tH| (given by some non-zero divisor of H^0(O_S (C)(t))) is unobstructed, provided (if necessary) C is unobstructed. As a special case we will see when any member of |C| is unobstructed if one member is. Similar problems for the case of smooth curves on a smooth surface were considered in [39], Section 2. It turns out that the assumption “C unobstructed” is not too important because the assumption we really need is “D(p, q) is smooth at (C ⊂ S ⊂ P^N )” or “the relative Picard scheme Pic is smooth at (O_S (C), S).” Here the relative Picard scheme Pic = Pic^q parameterizes pairs (L, S) of invertible sheaves on a (variable) subscheme S ⊂ P^N of Hilbert polynomial q, and as on page 40 we let D(p, q) be the Hilbert flag scheme, which parameterizes “pairs” C ⊂ S of equidimensional, locally Cohen-Macaulay closed subschemes of P^N with Hilbert polynomial p and q respectively.

Remark 9.1. The local relative Picard functor is defined by deforming a given pair (L, S) in the category of local artinian k-algebras with residue field k. Since we will not care about the existence of Pic, nor of the existence of the rational map D(p, q) → Pic, essentially given by (C ⊂ S ⊂ P^N ) → (O_S (C), S), we will by definition let the phrase “Pic is formally smooth at (L, S)” mean that the local Picard functor at (L, S) is formally smooth, and we let dim_{(L,S)} Pic be the dimension of the hull of the local functor [47]. Similarly, we say “D(p, q) → Pic is formally smooth at (C ⊂ S ⊂ P^N )” if C ⊂ S is Cartier and the corresponding morphism of the local deformation functors is formally smooth.

Note that the assumption H^2(R, B, B)^∼ = 0 (e.g. G_0 and locally licci) of Lemma 7.1 implies the exact sequences 0 → N_{C|S} → N_C → N_S ⊗ O_C → 0 and 0 → O_S → L → N_{C|S} → 0, where L = O_S (C). Their long exact sequences of cohomology define maps

H^0(N_S ) → H^0(N_S ⊗ O_C ) → H^1(N_{C|S}) → H^2(O_S )

whose composition (resp. the composition H^0(N_S ) → H^0(N_S ⊗ O_C ) → H^1(N_{C|S} )) we call α_L (resp. α_{C|S}). To handle the assumptions of Theorem 9.4 below, we need

Proposition 9.2. Let (C ⊂ S ⊂ P^N ) ∈ D(p, q), C a Cartier divisor on S, and suppose S is unobstructed and satisfies H^2(R, B, B)^∼ = 0. Then the relative Picard scheme Pic is formally smooth at (O_S (C), S) if one of the following conditions holds;

(i) the map α_L : H^0(N_S ) → H^2(O_S ) is surjective ;

(ii) (C ⊂ S ⊂ P^N ) is a smooth point of D(p, q) (true if α_{C|S} is surjective) and H^1(O_S (C)) = 0;

(iii) C is unobstructed, H^1(O_S (C)) = 0 and H^1(N_S ⊗ I_{C|S}) → H^1(N_S ) is injective.

Remark 9.3. The surjectivity of the map α_L, together with the vanishing of H^1(O_S (C)), may be seen as a generalization of the infinitesimal variant of [43], Section 2, for (L, S) to be “general in the Noether-Lefschetz locus.” In particular, if Pic^q has different components, then we expect the general point (L, S) of at least one of the components to have a surjective α_L.

More importantly, there is a connection between coker α_L, or rather coker α_{C|S}, and the liaison-invariant group_0H^0_m(K_A(N + 1) ⊗_R I). Indeed, if we restrict to ACM subschemes C ⊂ S in P^{n+3} of dimension dim C = n > 0 where S has G_0, then Proposition 7.2 (i) and Proposition 7.3 show there is an exact sequence

0 → coker α_{C|S} →_0H^0_m(K_A(n + 4) ⊗_R I) → L^0(C)_0 → 0

provided_0 Hom(I_{C|S} , H^{n+1}_m (A)) = 0 (resp. H^2(N_{C|S} ) = 0) for n = 1 (resp. n ≥ 2) and H^0(N_S ) → H^0(N_S ⊗ O_C ) is surjective.

Proof of 9.2 We first prove (i). Since H^2(O_S ) contains the obstruction o(L) of deforming L = O_S (C) to a given deformation of S by [27], the surjectivity of α_L implies the vanishing of any such obstruction after having changed the deformation of S by a γ of H^0(N_S ) such that α_L(γ) = o(L); cf. [42], p. 324, which describes the tangent spaces of the deformations involved cohomologically. This proves (i).

We now prove (ii). First, by the arguments of (i), one may show that the surjectivity of α_{C|S} implies the smoothness of D(p, q) at (C ⊂ S ⊂ P^N ) (or one may use [38], (1.9) to see it). Moreover by [42], p. 324, or [27], Remark 4.5, the rational map D(p, q) → Pic, essentially given by (C ⊂ S ⊂ P^N ) → (O_S (C), S) is formally smooth at (C ⊂ S ⊂ P^N ) provided H^1(O_S (C)) = 0, i.e. we get (ii).

Finally, we prove (iii). We have the following result ([37], Theorem 1.3.4, or [38], (1.15)): The first projection pr_1 : D(p, q) → Hilb^p, given by (C ⊂ S ⊂ P^N ) → (C ⊂ P^N ), is smooth at (C ⊂ S ⊂ P^N ) provided S is unobstructed and Hom(I_S , O_S ) → Hom(I_S , O_C ) is surjective. To help understand this result we remark that, at (C ⊂ S ⊂ P^N ), the tangent space of D(p, q) (resp. tangent map of pr_1 : D(p, q) → Hilb^p) is given by taking global sections of the corresponding sheaf (resp. morphism of sheaves) in the diagram (6.1) with C ⊂ S instead of X ⊂ Y . Since

Hom(I_S , O_S ) → Hom(I_S , O_C ) is surjective, we therefore get a surjective tangent map of pr_1 (and in fact an injective map of obstruction spaces by [37]) from which we get the smoothness of pr_1 at (C ⊂ S ⊂ P^N ). Now using the exact sequence of Lemma 7.1 (i), we see that the injectivity of H^1(N_S ⊗ I_{C|S} ) → H^1(N_S ) is equivalent to the surjectivity of Hom(I_S , O_S ) → Hom(I_S , O_C ). Hence the theorem of [37] proves (iii) if we combine with (ii). □

Theorem 9.4. Let (C ⊂ S ⊂ P^N ) ∈ D(p, q), C a Cartier divisor on S, and suppose S is unobstructed and satisfies H^2(R, B, B)^∼ = 0. Let t be an integer such that H^1(O_S (C)(t)) = 0, and suppose the relative Picard scheme Pic is formally smooth at (O_S (C), S). If C_t ∈ |C + tH| is an arbitrary effective Cartier divisor inducing an injective map H^1(N_S ⊗ I_{C|S} (−t)) → H^1(N_S ), then C_t is unobstructed, and we have

dim_{Ct} Hilb^p(P^N ) = h^0(N_S ) + h^1(O_S ) − dim Im α_L − h^0(N_S ⊗ I_{C|S} (−t)) + h^0(O_S (C)(t)) − 1.

Proof. It is easy to see that Pic is formally smooth at (L, S), where L = O_S (C), if and only if it is formally smooth at (L(t), S). Moreover, since H^1(O_S (C)(t)) = 0 and the map H^1(N_S ⊗ I_{Ct|S} ) → H^1(N_S ) is injective, the rational map D(p_t, q) → Pic and the projection pr_1 : D(p_t, q) → Hilb^{pt} are (formally) smooth at (C_t ⊂ S ⊂ P^N ), (cf. the proof of 9.2), and we get the unobstructedness of C_t. Finally the fibers of these smooth maps are easy to identify (as H^0(O_S (C)(t))/k and H^0(N_S ⊗ I_{C|S}(−t)), cf. [42], p. 324 and [38], (1.6)), and since dim_{(L(t),S)} Pic = dim_{(L,S)} Pic, we get

dim_{Ct} Hilb^p = dim_{(L,S)} Pic −h^0(N_S ⊗ I_{C|S} (−t)) + h^0(O_S (C)(t)) − 1.

Now, since any deformation S_{k[ϵ]} of S to the dual numbers k[ϵ] maps, via α_L : H^0(N_S ) → H^2(O_S ), onto the obstruction of deforming L to S_{k[ϵ]}, and since, for any S_{k[ϵ]} in the kernel of H^0(N_S ) → H^2(O_S ), we can deform L in each tangent direction given by H^1(O_S ) (cf. [27]), we get

dim_{(L,S)} Pic = h^0(N_S ) − dim Im α_L + h^1(O_S )

by the formal smoothness of Pic at (L, S). One may also deduce this formula for dim_{(L,S)} Pic from the exact sequence of [42], p. 324, describing the tangent space of Pic at (L, S). We get easily the dimension formula of the theorem, and we are done. □

Remark 9.5. If S is of codimension 2 in P^N and satisfies G_0, the condition H^2(R, B, B)^∼ = 0 always holds by Proposition 6.17. For the higher codimension case this vanishing (or a locally licci assumption on S; cf. Proposition 6.17) could be difficult to verify. Therefore we remark that Proposition 9.2 and Theorem 9.4 are still true without requiring the vanishing of this local algebra cohomology, provided we replace the injectivity assumptions on H^1(N_S ⊗ I_{C|S}(−t)) → H^1(N_S ) by a harder claim; the injectivity of Ext^1(I_S , I_{C|S} (−t)) → Ext^1(I_S , O_S ) (we have to replace N_S ⊗ O_C by Hom(I_S , O_C ) in the definition of α_L and α_{C|S} as well). Indeed considering the proof of these results and noting that the smoothness of pr_1 : D(p, q) → Hilb^p only requires the surjectivity of Hom(I_S , O_S ) → Hom(I_S , O_C ) and the unobstructedness of S by [37], Theorem 1.3.4, we conclude as required.

In next example, we will give a huge family of ACM curves in P^4 for which Theorem 9.4 applies.

Example 9.6. Let C ⊂ P^4 be a smooth ACM curve lying on a smooth Del Pezzo surface S ⊂ P^4. Then, C is unobstructed and

dim_C Hilb^p(P^4) = 25 − 2h^0(I_{C|S} (2)) + h^0(O_S (C)) = { d + g + 25 if d > 8 5d + 1 − g if d ≤ 8.

In fact, since S is a smooth complete intersection scheme in P^4 of codimension 2, the algebra cohomology group H^2(R, B, B) of S vanishes (cf. Proposition 6.17) and S is unobstructed. Since H^2(O_S ) = 0, the map α_L : H^0(N_S ) → H^2(O_S ) is surjective. So, applying Proposition 9.2, we get that the relative Picard scheme Pic is formally smooth at (O_S (C), S). Moreover, H^1(O_S (C)) = H^1(N_S ⊗ I_{C|S} ) = 0 (indeed, H^1(O_S (C)) = H^1(O_S (K − C)) = H^1(O_S (−H − C)) = H^1(I_{C|S} (−H)) = H^1(I_C (−1)) = 0,

and H^1(N_S ⊗ I_{C|S} ) = 2H^1(I_{C|S} (2H)) = H^1(I_C (2)) = 0).

So we are ready to apply Theorem 9.4 and we get the unobstructedness of C and dim_C Hilb^p(P^4) = 25 − 2h^0(I_{C|S} (2)) + h^0(O_S (C)) because h^0(N_S ) = 2h^0(O_S (2H)) = 26 (by the Riemann-Roch Theorem) and h^1(O_S ) = dim im α_L = 0. Since, H^0(I_{C|S} (2H)) = H^0(O_S (2H − C)) = 0 if d > 8 and H^0(O_S (C)) = χ(O_S (C)) = d + g; we easily conclude that

dim_C Hilb^p(P^4) = { d + g + 25 if d > 8 5d + 1 − g if d ≤ 8.

As indicated earlier, the injectivity of H^1(N_S ⊗ I_{C|S} (−t)) → H^1(N_S ) in Theorem 9.4 is related to the exactness of the complex (7.2). In fact, we have

Proposition 9.7. Let (C ⊂ S ⊂ P^N ) ∈ D(p, q), C a Cartier divisor on S, and suppose C and S are ACM schemes and n = dim C > 0. As before, let s(C|S) be the minimum degree of the generators of I_{C|S} and let

a = max{v | H^{n+1}(O_S (v)) ≠ 0} + 1.

If t ≥ n + 4 + a − s(C|S), then

H^i(N_S ⊗ I_{C|S} (−t)) = 0 and Ext^i(I_S , I_{C|S}(−t)) = 0

for i = 0 and 1. In particular, if N − n = 3 the complex (7.2) is exact for v = −t.

Proof. Suppose N = n + 3. By (7.4) and (7.5), the complex (7.2) is exact for v = −t if and only if H^1(N_S ⊗ I_{C|S} (−t)) = 0. Indeed, if we can show that the following term of (7.2) vanishes:

(9.2) ⊕_iH^0(I_{C|S} (q_i − t)) = 0,

then H^1(N_S ⊗ I_{C|S} (−t)) and Ext^1(I_S , I_{C|S}(−t)) both vanish. To prove (9.2), it suffices to prove q_i −t < s(C|S) for all i, i.e. t > max{q_i}−s(C|S) by the definition of s(C|S). Since the numbers q_i are given by (7.1) and since

0 → H^{n+2}(I_S (v)) → ⊕_iH^{n+3}(O_Pn+3(v − q_i)) → ⊕_iH^{n+3}(O_Pn+3(v − p_i)) is exact, we see that H^{n+1}(O_S (v)) ∼= H^{n+2}(I_S (v)) vanishes if v − q_i ≥ −n − 3 for all i. Indeed, a = max{q_i} − n − 3 because max{q_i} > max{p_i}, and hence we have (9.2) and the desired vanishing for any integer t ≥ n + 4 + a − s(C|S).

Finally, since for such t we also have H^0(I_{C|S} (p_i − t)) = 0 for all i, we see that H^0(N_S ⊗ I_{C|S} (−t)) = Ext^0(I_S , I_{C|S}(−t)) = 0 because these groups are in general a subgroup of ⊕_iH^0(I_{C|S} (p_i − t)).

If N < n + 3 the result easily follows. Assume N > n + 3. So, a minimal resolution of I_S is given by (9.3) 0 → ⊕_iR(−n_{r,i}) → ... → ⊕_iR(−n_{2,i}) → ⊕_iR(−n_{1,i}) → I_S → 0 where r = N − n − 1. Note that by minimality (9.4) max{n_{r,i}} > ... > max{n_{2,i}} > max{n_{1,i}}. Moreover splitting the sheafification of (9.3) into short exact sequences and taking cohomology, we see that

0 → H^{n+1}(O_S (v)) ∼= H^{n+2}(I_S (v)) → ⨁ i H^N (O_PN (v − n_{r,i})) → ⨁ i H^N (O_PN (v − n_{r−1,i})) is exact. Hence by the definition of a and (9.4), a = max{n_{r,i}} − N = max{n_{r,i}} − n − r − 1 ≥ max{n_{2,i}} − n − 3. By applying Hom(−, I_{C|S}(−t)) to the sheafification of (9.3), we get the desired vanishing of Ext^i(I_S , I_{C|S} (−t)). Moreover, since I_{C|S} is invertible, we have Hom(I_S , I_{C|S}) ∼= N_S ⊗ I_{C|S} , and we get the vanishing of H^i(N_S ⊗ I_{C|S} (−t)) for i = 0 and 1 by the spectral sequence used in (7.5). □

Remark 9.8. (i) By the final part of the proof above, we see that the vanishing of Ext^i(I_S , I_{C|S} (−t)) for i = 0, 1 is true without assuming C ⊂ S to be Cartier, keeping of course the other assumptions of Proposition 9.7.

(ii) In order to apply Theorem 9.4 in the non-ACM case it is interesting to prove a variation of Proposition 9.7 without ACM conditions. For this non-ACM case of subschemes in P^N we only remark that H^1(O_S (t)) and Ext^i(I_S , I_{C|S} (−t)), i = 0,1 vanish for t ≫ 0. For the Ext^i-groups, this follows again by applying Hom(−, I_{C|S}(−t)) to the first two terms of a projective resolution of I_S .

Using Proposition 9.7 and Remark 9.8 (ii), Theorem 9.4 and Remark 9.5 immediately imply

Corollary 9.9. Let (C ⊂ S ⊂ P^N ) ∈ D(p, q), C a Cartier divisor on S of dimension n = dim C > 0, and suppose the map α_{OS (C)} is surjective and S is unobstructed. Then any member C_t of |C + tH| is unobstructed for t ≫ 0, and we have

dim_{Ct} Hilb^p = h^0(N_S ) + h^1(O_S ) − h^2(O_S ) + h^0(O_S (C)(t)) − 1. Moreover, if C and S are ACM subschemes in P^N and as before a = max{v|H^{n+1}(O_S (v)) ≠ 0} + 1 and s(C|S) is the minimal degree of the generators of I_{C|S} , then the conclusion above holds for any t ≥ max{β, n + 4 + a − s(C|S)} where

β = max{v|H^1(O_S (C)(v)) ≠ 0} + 1 (β = −∞ if H^1_∗ (O_S (C)) = 0).

The following corollary allows us to easily treat the examples we have in mind.

Corollary 9.10. (cf. [39], Corollary 2.3) Let C ⊂ P^N be an ACM curve of degree d and (arithmetic) genus g, sitting on a smooth rational ACM surface S ⊂ P^N of degree s. Let K be the canonical divisor of S. If t is any integer such that t ≥ 5 − s(C|S) and t > (C · K)/d, then any member C_t of |C + tH| is an unobstructed curve and

dim_{Ct} Hilb^p = h^0(N_S ) + χ(O_S (C)(t)) − 1.

In particular, C is unobstructed if C · K < 0 and s(C|S) ≥ 5. Moreover, if S is nondegenerate in P^N , then

h^0(N_S ) = χ(N_S ) = N^2 + 2N + 10 − 2K^2 and χ(O_S (C)(t)) = g − C · K + t(d + N − s/2) + t^2s/2. Proof. Note that a smooth rational ACM surface in P^N is unobstructed because one may easily prove that H^2(O_S ) = 0, H^2(θ_S ) = 0 ( θ_S is the tangent sheaf) and H^1(O_S (1)) = 0 leads to H^1(N_S ) = 0 [39], Corollary 1.7. Therefore, if we can prove H^1(O_S (C)(t)) = 0, we get the unobstructedness of C_t from Theorem 9.4 by combining Proposition 9.2 and Proposition 9.7. Now to see H^1(O_S (C)(t)) = 0, we consider the exact sequence 0 → O_S → O_S (C) → N_{C|S} → 0, where N_{C|S} ∼= ω_C ⊗ ω^{⊗(−1)}_S . Twisting by t and taking cohomology, it suffices to prove H^1(N_{C|S} (t)) ∼= H^0(ω_S (−t) ⊗ O_C )^∨ = 0. Since the degree of ω_S (−t) ⊗ O_C is negative by assumption, we conclude easily.

Now the dimension formula follows by combining Theorem 9.4 and Proposition 9.7. Moreover H^2(N_S ) = 0 and

χ(N_S ) = (N + 1)χ(O_S (1)) − 2K^2 + (N + 10)χ(O_S)

by [39], Proposition 1.6. If S is nondegenerate, we have χ(O_S (1)) = N + 1, and we conclude by the Riemann-Roch Theorem. □

Example 9.11. (Curves on a Castelnuovo surface S in P^4; cf. Example 7.11) a) Let C be a curve of the system (1; 0^8) of degree d = C ·H = 4 and arithmetic genus g = 0. Then s(C|S) = 2 and any curve C_t of the linear system (4t + 1; 2t, t^7) is unobstructed and

dim_{Ct} Hilb^p = 34 + 11t/2 + 5t^2/2 = 5 deg(C_t) + 1 − g(C_t) + (5t^2 − 17t + 13)

for t ≥ 3 by Corollary 9.10 (in which we leave to the reader to find deg(C_t) and g(C_t) and check the equality to the right). Moreover, if t ≤ 1, we have H^1(N_{Ct} ) = 0 for smooth curves C_t because 2g(C_t) − 2 < deg(C_t). We have used Macaulay [5] to check the remaining case C_2. We got H^1(N_{C2} ) = 0 for a general enough C_2, so any general C_t is unobstructed for t ≥ 0. Finally we remark that Corollary 7.4 may be used to see the vanishing of_0H^2(R, A_t, A_t) for t ≥ 4, leading to another proof of the unobstructedness of C_t in this case.

b) The other curves we considered in Example 7.11 can be treated similarly. Indeed let C be a curve of the system (1; 1, 0^7). Since s(C|S) = 1, any curve C_t of (4t + 1; 2t + 1, t^7) is unobstructed provided t ≥ 4. Correspondingly, if C is a section of (0; 0^7, −1) (resp. of (4; 3, 1^7) or of any linear system containing an ACM curve), then any C_t of the system |C + tH| is unobstructed provided t ≥ 4 by Corollary 9.10. In each case dim_{Ct} Hilb^p is easily computed.

Remark 9.12. There exist ACM curves in P^4 of degree 4 and genus 0 which are obstructed, cf. [50]. As an example we remark that the curve C in P^4 = Proj(k[x_0, x_1, x_2, x_3, x_4]) given by I_C = (x_0, x_1, x_2)^2 is an obstructed standard determinantal curve; note that C is not generically a complete intersection. However, the curve C^′ given by the union of four lines in P^4 meeting at a point is an example of an obstructed curve of degree 4 and arithmetic genus 0 which is even generically smooth (cf. [59], Theorem 4.2). One can check that h^0(N_C′ ) = 24, while the dimension of the corresponding Hilbert scheme is 21. Note that C^′ cannot be locally licci either, by Proposition 6.17, because the vanishing of H^2(R, R/I_C′ , R/I_C′ )^∼ and H^1(N_C′ ) imply unobstructedness.

Moreover, there exist obstructed curves in the class of Buchsbaum curves with a 1-dimensional Hartshorne-Rao module (i.e. the “closest class to the ACM class”), [39], Example 2.4. Among the last mentioned examples, there even exist smooth curves sitting as a Cartier divisors on a smooth K3 surface in P^4.

On the other hand Corollary 9.10 and the results above (together with [39], Remark 2.2 and Corollary 2.3 which at least takes care of curves on a K3 surface as well) point in a direction that ACM curves obtained by adding hyperplane sections “normally” are unobstructed. Since another main class considered in this paper (determinantal codimension 3 subschemes) also seems to define unobstructed curves, cf. Proposition 10.7, we are led to pose the following two interesting questions:

(1) Is every local complete intersection (resp. smooth) ACM curve in P^4 unobstructed?

(2) Is every smooth ACM curve contained in a smooth ACM surface in P^4 unobstructed?

Since our investigations so far still leave too many classes to study, we are not yet ready to state affirmative answers to these questions as conjectures. However, we especially expect Question 2 to have a positive answer under weak or no extra assumptions, as Corollary 9.10 partially indicates. We also have the following result in this direction.

Proposition 9.13. Let C ⊂ P^4 be a smooth, ACM curve lying on a smooth, rational ACM surface S ⊂ P^4. If deg(C) ≤ 8 or deg(C) ≥ 24 then C is unobstructed.

Proof. By Example 9.6 any smooth ACM curve C ⊂ P^4 on a Del Pezzo surface S is unobstructed. So, we will assume that S is a cubic scroll or a Castelnuovo surface or a Bordiga surface. If d ≤ 8 it easily follows from the description of ACM curves given in Chapter 8 that 2g(C) − 2 ≤ d. Thus, either H^1(O_C (1)) = 0 and hence H^1(N_C ) = 0 or else C is an arithmetically Gorenstein curve with (d, g) = (8, 5) on a Bordiga surface. Therefore, C is unobstructed.

On the other hand, for any minimal ACM curve C_0 on S we have deg(C_0 + μH) > 23 implies μ ≥ 4, unless S is a Bordiga surface and deg C_0 ≥ 6, in which case μ ≥ 3 and s(C_0|S) ≥ 2 (cf. the classification of minimal curves in Chapter 8). Therefore, applying Corollary 9.10 (and Theorem 9.4 if C ∈ |μH|) we get that any curve C on S of degree ≥ 24 is unobstructed. □

If (C_t ⊂ S ⊂ P^N ) is a general point of an irreducible (non-embedded) component of D(p_t, q) and the map H^1(N_S ⊗ I_{C|S} (−t)) → H^1(N_S ) of Theorem 9.4 is not injective, then the dimension formula of the Theorem has a natural interpretation as the dimension of a certain strata of Hilb^p = Hilb^p(P^N ), whose codimension is bounded above by the dimension of the kernel of H^1(N_S ⊗ I_{C|S} (−t)) → H^1(N_S ). Indeed, looking at the proof of Theorem 9.4, there is in general no particular reason for the natural projection pr_1 : D(p_t, q) → Hilb^{pt} to be smooth or dominating near (C_t ⊂ S ⊂ P^N ), i.e. a general member of a component of Hilb^{pt} containing (C_t ⊂ P^N ) might not sit on any deformation of S ⊂ P^N . To understand this situation, let t = 0 and put

δ(C ⊂ S) = dim ker [H^1(N_S ⊗ I_{C|S} ) → H^1(N_S )]

and W (C ⊂ S) = pr_1(W ), where W is the irreducible component of D(p, q) containing a general (C ⊂ S ⊂ P^N ). Then W (C ⊂ S) consists of members (C^′ ⊂ P^N ) of Hilb^p for which there exists a member (S^′ ⊂ P^N ) of Hilb^q such that C^′ ⊂ S^′ is in W . We have

Proposition 9.14. Let (C ⊂ S ⊂ P^N ) be a general point of an irreducible non-embedded component of D(p, q), and suppose C is a Cartier divisor on S and S is unobstructed and satisfies H^2(R, B, B)^∼ = 0. If H^1(O_S (C)) = 0 and if Pic is formally smooth at (O_S (C), S), then

dim_C W (C ⊂ S) = h^0(N_S ) + h^1(O_S ) − dim Im α_{OS (C)} − h^0(N_S ⊗ I_{C|S} ) +h^0(O_S (C)) − 1 and dim_C Hilb^p(P^N ) − dim_C W (C ⊂ S) ≤ δ(C ⊂ S).

Moreover if dim_C Hilb^p(P^N ) = dim_C W (C ⊂ S)+δ(C ⊂ S), then C is unobstructed. The converse holds if in addition α_{OS (C)} : H^0(N_S ) → H^2(O_S ) is surjective.

Proof. Proceeding as in the proof of Theorem 9.4, slightly modified, we see that D(p, q) is smooth at (C ⊂ S ⊂ P^N ) and

dim_{C⊂S} W = h^0(N_S ) + h^1(O_S ) − dim Im α_{OS (C)} + h^0(O_S (C)) − 1.

Endow W (C ⊂ S) with its reduced scheme structure. Applying the Theorem of generic smoothness to the restriction pr_1|_W : W → W (C ⊂ S) of pr_1 : D(p, q) → Hilb^p, and recalling that the smooth fibers of pr_1 (and hence of pr_1|_W ) have fiber dimension h^0(N_S ⊗ I_{C|S}) (cf. the proof of Theorem 9.4), we get the first dimension formula.

Next we recall ([38], (1.6)) that the tangent map T_{pr1} of pr_1 is given as in (6.1), after having taken global sections. Hence we have T_{pr1} : H^0(A^1_{C|S} ) → H^0(N_C ) and since (6.1) is cartesian, we get coker T_{pr1} → ker [H^1(N_S ⊗ I_{C|S}) → H^1(N_S )]. Combining with the smoothness of D(p, q) at (C ⊂ S ⊂ P^N ), which gives dim_{C⊂S} W = h^0(A^1_{C|S} ), and the proven formula for dim_C W (C ⊂ S), we get

(9.5) h^0(N_C ) ≤ dim_C W (C ⊂ S) + δ(C ⊂ S).

This proves the codimension formula because dim_C Hilb^p ≤ h^0(N_C ). Since unobstructedness is equivalent to dim_C Hilb^p = h^0(N_C ), we also get the first part of the final statement. Moreover, by H^1(O_S (C)) = 0, the surjectivity of α_{OS (C)} is equivalent to the surjectivity of α_{C|S} , which by some diagram chasing or the exact sequence of [38] (1.11), imply the equality in (9.5), and we conclude easily. □

To apply Proposition 9.14, we remark that the assumption “(C ⊂ S ⊂ P^N ) a general point of an irreducible non-embedded component of D(p, q)” is supposed to be fulfilled provided (O_S (C), S) is general enough in Pic. Indeed, we may think of this as a consequence of the continuity of the rational map D(p, q) → Pic at (O_S (C), S). We illustrate Proposition 9.14 by treating some exceptional cases of the preceding Example 9.11.

Example 9.15. (Curves on a general Castelnuovo surface S in P^4). Let C be a general curve of the system (1; 1, 0^7) of degree d = C · H = 2 and genus g = 0. Note that C is a twisted canonical divisor because K + H also corresponds to (1; 1, 0^7). In Example 9.11 we saw that any curve C_t of (4t + 1; 2t + 1, t^7) was unobstructed provided t ≥ 4. Now we consider curves C_t with 0 ≤ t ≤ 3. With notation as in Proposition 9.14, we claim that

t h^0(N_S ⊗ I_{Ct |S} ) h^1(N_S ⊗ I_{Ct |S}) dim_{Ct} Hilb^{pt} − dim_{Ct} W (C_t ⊂ S) 0 22 0 0 1 7 1 1 2 1 1 + dim L^0(C_2)_0 ≤ 3 ≤ 3 3 0 −1 + dim L^0(C_3)_0 ≤ 4 ≤ 4 ≥ 4 0 0 0

To compute h^0(N_S ⊗ I_{Ct|S} ) = h^0(N_S ⊗ I_{C|S} (−t)), we remark that N_S ⊗ I_{C|S} ∼= Ext^1(I_S , I_S ) ⊗ O_S (−C) ∼= Ext1(I_S , O_P) ⊗ I_S ⊗ O_S (−K − H) ∼= I_S ⊗ O_S (4)

because Ext^1(I_S , O_P(−5)) ∼= Ext^2(O_S , O_P(−5)) ∼= O_S (K).

Hence H^0(N_S ⊗ I_{C|S} (−t)) ∼= H^0(I_S /I^2_S (4 − t)) ∼= (I_S /I^2_S )_{4−t}, where the last isomorphism relies on the fact that pd(I_S /I^2_S ) = 3, cf. [3], Theorem 3.2 or Remark 10.9. Since

0 → R(−4)^{⊕2} → R(−3)^{⊕2} ⊕ R(−2) → I_S → 0,

we easily get the values of h^0(N_S ⊗ I_{Ct|S} ) above.

Next we observe that the homology groups of the complex (7.2) (enlarged so that it starts and ends with 0’s) are just L^0(C)_v and H^i(N_S ⊗ I_{C|S}(v)) for i = 0, 1. Some easy computations show h^0(I_{C|S} (v)) = 2, 9, 21, 38 for v = 1, 2, 3, 4 respectively. Since L^0(C_t)_0 ∼= L^0(C)_{−t} = 0 for t = 0 and 1 by Proposition 7.2, we get the numbers in the column of h^1(N_S ⊗I_{Ct|S} ) = h^1(N_S ⊗I_{C|S}(−t)) above. Then the last column follows at once from Proposition 9.14 (in which the two cases of inequality, which can probably be improved, are left to the reader). Note that the column h^0(N_S ⊗ I_{Ct |S}), Proposition 9.14 and Corollary 9.10 allow us to compute the precise dimension of the strata W (C_t ⊂ S). Indeed we get

dim W (C_t ⊂ S) = 33 − h^0(N_S ⊗ I_{Ct |S} ) + (7t + 5t^2)/2

which one may use to confirm the codimension column given by Proposition 9.14 after having sufficiently computed dim_{Ct} Hilb^{pt} . In particular W (C_1 ⊂ S) is a proper closed subset of Hilb^{p1} and so is W (C_2 ⊂ S) in Hilb^{p2} provided C_2 is unobstructed.

A consequence of the codimensions we have computed is the following: A general curve in P^4 of degree 2 and genus 0 sits on a Castelnuovo surface and belongs to the system (1; 1, 0^7), while no general (resp. general unobstructed) curve in P^4 of degree 7 (resp. 12) and genus 3 (resp. 11) sits on a Castelnuovo surface as a section of (5; 3, 1^7) (resp. of (9; 5, 2^7)).

Working with the Hilbert scheme of points, the smoothness of GradAlg^H and its dimension at (C ⊂ P^N ) are given by the following result, in which B = R/I_S , A_t = R/I_{Ct} and H_t = H_{Ct} , and we have denoted by GradAlg(H_C , H_S ) the subscheme of D(p, q) obtained by deforming “pairs” (C, S), C ⊂ S ⊂ P^N , with constant Hilbert functions H_C and H_S respectively.

Theorem 9.16. Let (C ⊂ S ⊂ P^N ) ∈ GradAlg(H_C , H_S ), C a Cartier divisor on S and suppose that S is an H_S -unobstructed curve (so C is a zeroscheme). Let C_t ∈ |C + tH| be an arbitrary effective Cartier divisor such that

0 Hom_R(I_{Ct |S}, H^2_m(I_{Ct} )) = 0.

If_0 Ext^1_R(I_S , I_{Ct|S} ) →_0 Ext^1_R(I_S , B) is injective, then C_t is H_t-unobstructed. If moreover S is an ACM curve and a local complete intersection along C_t, then C_t is unobstructed and

dim_{Ct} GradAlg^{Ht} = h^0(N_{Ct|S} ) + h^0(N_S ) − h^0(N_S ⊗ I_{C|S} (−t)), dim_{Ct} Hilb^{pt} − dim_{Ct} GradAlg^{Ht} = h^1(N_S ⊗ I_{C|S}(−t)) − h^1(N_S )

where h^0(N_{Ct |S} ) = χ(O_S (C)(t)) − χ(O_S ).

Proof. We claim that GradAlg(H_C , H_S ) is smooth at (C ⊂ S ⊂ P^N ) and 0H^2(B, A, A) = 0 provided_0 Hom_R(I_{C|S} , H^2_m(I)) = 0. Indeed by [40] Lemma 3.5, there is an exact sequence (9.6)

0 →_0H^1(B, A, A) → H^0(N_{C|S} ) →_0 Hom_R(I_{C|S} , H^2_m(I)) →_0H^2(B, A, A) → 0

because H^1(N_{C|S} ) = 0 and C is a Cartier divisor on S. The assumption that 0 Hom_R(I_{C|S} , H^2_m(I)) = 0 implies therefore_0H^2(B, A, A) = 0. If T^′ → T is a surjection of local Artin k-algebras with residue fields k, and R ⊗ T → B_T → A_T is any (flat) deformation of R → B → A to T , we can deform R ⊗ T → B_T further to T^′ by the H_S -unobstructedness of S, and B_T → A_T further to B_T ′ by 0H^2(B, A, A) = 0, and the claim is proved.

Next we claim that the projection GradAlg(H_C , H_S ) → GradAlg^{HC} , essentially given by (C ⊂ S ⊂ P^N ) → (C ⊂ P^N ), is smooth at (C ⊂ S ⊂ P^N ) provided_0 Ext^1_R(I_S , I_{C|S} ) →_0 Ext^1_R(I_S , B) is injective. Indeed the tangent map T_{pr1} of GradAlg(H_C , H_S ) → GradAlg^{HC} is given by a cartesian diagram as in (6.1) where we replace any sheaf Hom(−, −) with the corresponding graded piece_0 Hom(−, −) of the graded Hom(−, −). Hence we see that T_{pr1} is surjective if_0 Hom_R(I_S , B) →_0 Hom_R(I_S , A) is surjective. Since we can easily deduce this surjectivity from the injectivity of_0 Ext^1_R(I_S , I_{C|S} ) →_0 Ext^1_R(I_S , B), the claim follows from [37], 1.4. (The fact that this follows was explained in the proof of Proposition 9.2 (iii) in a similar case. However, since we already know that D(p, q) is smooth at (C ⊂ S ⊂ P^N ), the conclusion follows directly from the surjectivity of T_{pr1} by [26], (17.11.1).) We get the H_t-unobstructedness of C_t as well by combining the proven claims.

To get the first dimension formula, we observe that

dim_{Ct} GradAlg^{Ht} = dim_0H^1(R, A_t, A_t)

by H_t-unobstructedness. Moreover, there is an exact sequence (9.7) 0 →_0H^1(B, A_t, A_t) →_0H^1(R, A_t, A_t) →_0H^1(R, B, A_t) → 0 because_0H^2(B, A_t, A_t) = 0. Combining with (9.6) and recalling_0H^1(R, B, A_t) ∼= 0 Hom_R(I_S , A_t), we get dim_{Ct} GradAlg^{Ht} = h^0(N_{Ct |S})+dim_0 Hom_R(I_S , A_t). Now, for an ACM curve S, we have H^0(N_S ) ∼=_0 Hom_R(I_S , B) and hence

H^0(N_S ⊗ I_{Ct |S} ) ∼=_0 Hom_R(I_S , I_{Ct|S} ),

and we conclude by the injectivity assumption on the_0 Ext^1-groups.

Finally the sheafified version of (9.7) on the H^2-level shows H^2(R, A_t, A_t)^∼ = 0 because S ⊂ P^N is a local complete intersection along C_t, i.e. C_t is unobstructed because H^1(N_{Ct} ) = 0. By taking global sections of the sheafified version of (9.7), it follows that dim_{Ct} Hilb^{pt} = h^0(N_{Ct} ) = h^0(N_{Ct |S} )+h^0(N_S ⊗O_{Ct} ). Combining with the proven formula for dim_{Ct} GradAlg^{Ht} we get the theorem by taking cohomology of 0 → N_S ⊗ I_{Ct |S} → N_S → N_S ⊗ O_{Ct} → 0, recalling H^1(N_S ⊗ O_{Ct} ) = 0. □

Corollary 9.17. Let C ⊂ P^N be a zero-dimensional Cartier divisor sitting on an unobstructed ACM curve S ⊂ P^N , and suppose s(C|S) ≥ max{a, e} where e = max{v|H^1(I_C (v)) ≠ 0} + 1 and a = max{v|H^1(O_S (v)) ≠ 0} + 1. If t is any integer such that t ≥ 4 + a − s(C|S), then any member C_t of |C + tH| is H_tunobstructed. Moreover, if S is a local complete intersection along C_t, then C_t is unobstructed as well. In particular if s(C|S) ≥ max{a, e} and s(C|S) ≥ 4 + a, then C is unobstructed in both senses.

Proof. Arguing exactly as in Proposition 9.7, we see that_0 Ext^i_R(I_S , I_{Ct |S}) = 0 for i = 0 and 1 if t ≥ 4 + a − s(C|S) (valid also in codimension larger than 3). Combining this with Remark 7.9, cf. the proof of Corollary 7.10, we deduce 0 Hom_R(I_{Ct |S} , H^2_m(I_{Ct} )) = 0 from s(C|S) ≥ max{a, e}. Then we get the corollary from Theorem 9.16. □

Example 9.18. In Example 9.11 we considered curves C (of degree 1, 2, 3 and 4) on a Castelnuovo surface in P^4 (of degree 5, sectional genus 2 and minimal resolution 0 → R(−4)^{⊕2} → R(−3)^{⊕2} ⊕ R(−2) → I_S → 0), on which we added appropriate hyperplane sections to C. Similarly, diminishing the dimension by 1 everywhere, one may consider sets C of n reduced points (with n = 1, 2, 3 and 4) on a smooth ACM curve S of degree 5 and genus 2 in P^3 whose homogeneous ideal I_S in R = k[x_0, x_1, x_2, x_3] is given by

0 → R(−4)^{⊕2} → R(−3)^{⊕2} ⊕ R(−2) → I_S → 0.

a) If n = 4 and C has Hilbert function H = (h_0, h_1, h_2, ...) = (1, 4, 4, 4..), where h_v = dim A_v , one easily computes any number of Corollary 9.17. Indeed we get a = 1, e = 1, s(C|S) = 2, and so C_t is H_t-unobstructed as well as unobstructed for any t ≥ 3.

b) If n = 2 and H = (1, 2, 2..), we get a = 1, e = 1, s(C|S) = 1, i.e. C_t is unobstructed in both senses for any t ≥ 4 by Corollary 9.17. We conclude in the same way for n = 1, H = (1, 1, 1, ..), and for n = 3, H = (1, 3, 3, ..).

We want to point out that Theorem 9.4 and 9.16 (with t = 0) contain a solution of the interesting problem of deciding when every member in a linear system is unobstructed provided one member is. Indeed the theorems and Proposition 9.2 imply at once:

Corollary 9.19. Let (C ⊂ S ⊂ P^N ) ∈ GradAlg(H_C , H_S ), C a Cartier divisor on S and suppose S is unobstructed (resp. is an H_S -unobstructed curve) and satisfies H^2(R, B, B)^∼ = 0. Moreover suppose H^1(N_S ⊗ I_{C|S} ) → H^1(N_S ) (resp._0 Ext^1_R(I_S , I_{C|S} ) →_0 Ext^1_R(I_S , B)) is injective and H^1(O_S (C)) = 0 (resp. 0 Hom_R(I_{C|S} , H^2_m(I)) = 0). Then any member C^′ of |C| is unobstructed (resp. H_C -unobstructed) provided C is unobstructed (resp. H_C -unobstructed).

Now we will relate h^0(N_X ) to h^0(N_X ′ ), where X and X^′ are two ACM schemes of dimension n > 0 algebraically linked by some complete intersection Y ⊂ P^N of type f_1, . . . , f_c. The result completes Theorem 6.1, where we have seen that H^i(N_X ) ∼= H^i(N_X ′ ) for i = 1, . . . , n − 1.

Since for unobstructed schemes, h^0(N_X ) coincides with the dimension dim_X Hilb^{p(s)}(P^N ) and, moreover, any scheme CI-linked to a unobstructed ACM scheme is unobstructed, this result gives us an effective method to compute dim_X Hilb^{p(s)}(P^N ) for any licci scheme X ⊂ P^N (see Example 9.21).

Proposition 9.20. Let X, X^′ ⊂ P^N be ACM schemes of dimension n > 0 algebraically linked by some complete intersection Y ⊂ P^N of type f_1, . . . , f_c. Then we have h^0(N_X ) = h^0(N_X ′ ) + ∑ i h^0(I_X ′ (f_i)) − ∑ i h^0(I_X (f_i))

or, equivalently,

h^0(N_X ) = h^0(N_X ′ ) + ∑ i h^0(O_X (f_i)) − ∑ i h^0(O_X ′ (f_i)).

Proof. We consider the exact sequences (see (6.18))

(9.8) 0 → ⨁ i I_{X|Y} (f_i) → A^1_{X|Y} → N_X → 0 and (9.9) 0 → I_Y → I_X → I_{X|Y} → 0.

Note that the global section functor H^0 is exact on (9.8) and (9.9); for (9.8) in the case n = 1, use (6.20). Hence we get

h^0(A^1_{X|Y} ) = h^0(N_X ) + ∑ i h^0(I_{X|Y} (f_i))

= h^0(N_X ) + ∑ i h^0(I_X (f_i)) − ∑ i h^0(I_Y (f_i)) and h^0(A^1_{X ′ |Y} ) = h^0(N_X ′ ) + ∑ i h^0(I_X ′_{|Y} (f_i))

= h^0(N_X ′ ) + ∑ i h^0(I_X ′ (f_i)) − ∑ i h^0(I_Y (f_i)).

Finally, from the liaison invariance of h^0(A^1_{X|Y} ) we deduce

h^0(N_X ) = h^0(N_X ′ ) + ∑ i h^0(I_X ′ (f_i)) − ∑ i h^0(I_X (f_i)). □ Example 9.21. We know that there exist smooth ACM curves C of degree d = 5 and genus g = 1 in P^4 with a minimal free resolution 0 → R(−5) → R(−3)^{⊕5} → R(−2)^{⊕5} → I_C → 0

(cf. the proof of Corollary 8.10). Since H^1(O_C (1)) = 0, we have h^1(N_C ) = 0 and hence C is unobstructed and dim_C Hilb^{5s} = h^0(N_C ) = 5d + 1 − g = 25 by Proposition 6.13.

Let Y be a complete intersection of type (3, 3, 6) containing C, and let C^′ be the linked curve (which we may take to be a smooth ACM curve of degree d^′ and genus g^′). Using the mapping cone construction to the morphism induced by I_Y → I_C on their resolutions ([62], Proposition 2.5), we find the minimal free resolution of I_C′ to be 0 → R(−10)^{⊕5} → R(−9)^{⊕7} ⊕ R(−6) → R(−7) ⊕ R(−6) ⊕ R(−3)^{⊕2} → I_C′ → 0.

By Proposition 2.5, d^′ = deg C^′ = 49, g^′ = 155 and from the resolution we see easily that h^0(O_C′ (3)) = 33 and h^1(O_C′ (6)) = 0. Hence by Proposition 9.20, we get dim_C′ Hilb^{49s−154} = h^0(N_C′ ) = h^0(N_C ) − 2h^0(O_C (3)) − h^0(O_C (6)) + 2h^0(O_C′ (3)) +h^0(O_C′ (6)) = 25 − 2 · 15 − 30 + 2 · 33 + (49 · 6 − 154) = 171.

Since unobstructedness is preserved under CI-linkage of ACM schemes, C^′ is unobstructed.

In principle Proposition 9.20 computes dim_C Hilb^p for any licci subscheme C ⊂ P^N , but direct formulas have been difficult to find. If C ⊂ P^{n+3} is a codimension 3, arithmetically Gorenstein subscheme, then C is licci and a formula is known ([44], Theorem 2.6). Here we finish by pointing out a formula for dim_C Hilb^p in two special cases where C is licci (or weaker, where we suppose_v H^0_m(K_A ⊗_R I_C ) = 0 for v = 0 and v = n + 4).

In the first case we combine Theorem 9.4 for t = 0 with Remark 9.3, where we see the connection between the surjectivity of α_L and the vanishing of 0H^0_m(K_A(n + 4) ⊗_R I_C ). Leaving a few details to the reader, we easily prove the following result.

Proposition 9.22. Let C ⊂ S, C a Cartier divisor on S, be two ACM subschemes in P^{n+3} of dimension dim C = n > 0 and suppose S satisfies G_0. If (i) H^1(N_S ⊗ I_{C|S} ) → H^1(N_S ) is injective (true if s(C|S) ≥ a + n + 4, cf.

Proposition 9.7), (ii)_0 Hom(I_{C|S} , H^{n+1}_m (A)) = 0 (true if s(C|S) ≥ e by Remark 7.9) provided n = 1, and H^2(N_{C|S} ) = 0 provided n ≥ 2, (iii) dim_0H^0_m(K_A(n + 4) ⊗_R I_C ) ≤ dim L^0(C)_0, and (iv) H^1(O_S (C)) = 0 then C is unobstructed and

dim_C Hilb^p = h^0(N_S ) + χ(N_{C|S} ) = h^0(N_S ) + g − 1 − C · K. Curves which satisfy the conditions of Proposition 9.22 might have a minimal free resolution (9.10) 0 → ⨁ i R(−n_{3,i}) → ⨁ i R(−n_{2,i}) → ⨁ i R(−n_{1,i}) → I_C → 0 which is far from being linear. In the other case, (9.10) is somewhat closer to being linear. Indeed, we have

Proposition 9.23. Let C be an ACM, local complete intersection curve of degree d and arithmetic genus g in P^4, let A = R/I_C and suppose_v H^0_m(K_A ⊗_R I_C ) = 0 for v = 0 and v = 5. If either

(i) max n_{2,i} − min n_{1,i} < 5, or (ii) max n_{3,i} − min n_{2,i} < 5 then C is unobstructed and dim_C Hilb^p = 5d + 1 − g + h^1(N_C ) where

h^1(N_C ) = ∑ h^1(O_C (n_{1,i})) − ∑ h^1(O_C (n_{2,i})) + ∑ h^1(O_C (n_{3,i})).

Moreover, in the case (i) (resp. (ii)), we also have

h^1(N_C ) = ∑ h^0(I_C (n_{3,i} − 5)) (resp. h^1(N_C ) = ∑ h^1(O_C (n_{1,i})) ) Proof. Let I = I_C . Since C is H-unobstructed by Remark 6.16, i.e. by 0H^2(R, A, A) ∼=_5H^0_m(K_A ⊗_R I) = 0, and since H-unobstructedness and unobstructedness are equivalent for ACM curves, we get the unobstructedness of C and hence dim_C Hilb^p = h^0(N_C ) = 5d + 1 − g + h^1(N_C ) by Proposition 6.13.

Now if we apply_0 Hom(−, H^2_m(A)) to (9.10), we get a complex 0 → ⨁ i H^1(O_C (n_{1,i})) → ⨁ i H^1(O_C (n_{2,i})) → ⨁ i H^1(O_C (n_{3,i})) → 0

whose cohomology is_0 Ext^i_R(I, H^2_m(A)) for i = 0, 1, 2. Moreover, since 0H^1_m(K_A(5) ⊗_R I) ∼=_0H^0_m(K_A ⊗_R I)^∨ by the duality of Proposition 6.8, we get H^1(N_C ) ∼=_0 Hom_R(I, H^2_m(A)) by that proposition and by assumption.

If (i) holds, we claim that_0 Ext^i_R(I, H^2_m(A)) = 0 for i = 1 and 2. Indeed, using H^2_m(A) ∼= H^3_m(I), (6.23) and (6.26), we get 0 Ext^i_R(I, H^2_m(A)) ∼=_0 Ext^{i+3}_m (I, I) ∼=_{−5} Ext^{2−i}_R (I, I)^∨.

We have_{−5} Hom_R(I, I) ∼= R_{−5} = 0, and applying_{−5} Hom_R(−, I) to the resolution (9.10), we get_{−5} Ext^1_R(I, I) = 0 because (I_C )_{n2,i −5} = 0 by (i), i.e. the claim is proved. Note that the above argument also shows −5 Ext^2_R(I, I) ∼= ⨁ i (I_C )_{n3,i −5}.

Now if we use the proven claim, and H^1(N_C ) ∼=_0 Hom(I, H^2_m(A)), we easily get the first dimension formula for h^1(N_C ).

To get the second dimension formula, it suffices to show that H^1(N_C ) ∼= −5 Ext^2_R(I, I)^∨, i.e._0 Hom(I, H^2_m(A)) ∼=_{−5} Ext^2_R(I, I)^∨. Since H^2_m(A) ∼= H^3_m(I), the Hom-group is just_0 Ext^3_m(I, I) by (6.23), and we conclude by the duality (6.26).

It remains to prove the Proposition when (ii) holds. Splitting (9.10) into two short exact sequences and taking cohomology, we see that H^1(O_C (n_{2,i})) = 0 and H^1(O_C (n_{3,i})) = 0. We get at once

h^1(N_C ) =_0hom_R(I, H^2_m(A)) = ∑ h^1(O_C (n_{1,i}))

and we conclude easily. □

Example 9.24. The licci curve C^′ of Example 9.21 satisfies (ii) of Proposition 9.23. Since h^1(O_C′ (3)) = h^0(O_C′ (3)) − (3d^′ + 1 − g^′) = 40, we get h^1(N_C′ ) = 2 · h^1(O_C′ (3)) + h^1(O_C′ (6)) + h^1(O_C′ (7)) = 80 and dim_C′ Hilb^{49t−154} = 5d^′ + 1 − g^′ + h^1(N_C′ ) = 171 by Proposition 9.23.

Remark 9.25. (i) The vanishing of_vH^0_m(K_A ⊗_R I_C ) of Proposition 9.23 holds for licci curves. More generally, if an ACM, local complete intersection curve C is in the CI-liaison class of a curve C^′ satisfying H^1(O_C′ (1)) = 0 and H^1(N_C′ ) = 0 (note that H^1(O_C′ (1)) = 0 implies H^1(N_C′ ) = 0 if C^′ is reduced), we get

5H^0_m(K_A′ ⊗_R I_C′ ) =_5H^1_m(K_A′ ⊗_R I_C′ ) = 0 by the exact sequence of Proposition 6.8, and hence_vH^0_m(K_A ⊗ I_C ) = 0 for v = 0 and 5 by that Proposition. So Proposition 9.23 applies to such a curve if (i) or (ii) hold.

(ii) If we drop the assumptions (i) and (ii) of Proposition 9.23, a modification of its proof will still show h^1(N_C ) − h^0(N_C (−5)) = ∑ h^1(O_C (n_{1,i})) − ∑ h^1(O_C (n_{2,i})) + ∑ h^1(O_C (n_{3,i})) = ∑ h^0(I_C (n_{1,i} − 5)) − ∑ h^0(I_C (n_{2,i} − 5)) + ∑ h^0(I_C (n_{3,i} − 5)).

CHAPTER 10

Dimension of families of determinantal subschemes

Our first goal in this chapter is to write down an upper bound for the dimension of the locus W of good determinantal subschemes C ⊂ P^{n+c} (cf. Definition 3.1) of codimension c inside the Hilbert scheme Hilb^{p(s)}(P^{n+c}), where p(s) ∈ Q [s] is the Hilbert polynomial of C. We can use the results of Chapter 9 in order to consider sharpness, and to see when W is an irreducible component of Hilb^{p(s)}(P^{n+c}). One of the main results (Theorem 10.13) of this chapter is the unobstructedness of C under certain conditions, and a dimension formula for Hilb^{p(s)}(P^{n+c}) at (C ⊂ P^{n+c}). These assumptions are almost always satisfied if c = 3 and n ≥ 2 (Proposition 10.7 and Corollary 10.15) and we can therefore find dim_C Hilb^{p(s)}(P^{n+c}). In particular we prove that the mentioned bound is sharp (also when c = 3 and n = 1). If c ≥ 4 the dimension formula of Theorem 10.13 is effective to use in some cases (Example 10.16).

Let C ⊂ P^{n+c} be a good determinantal scheme of codimension c ≥ 3 (see [22] for the codimension 2 case) defined by the vanishing of the maximal minors of a t × (t + c − 1) matrix A = (f_{ij} )^{j=0,...,t+c−2}_{i=1,...t} where f_{ij} ∈ k[x_0, ..., x_{n+c}] are homogeneous polynomials of degree a_j − b_i. The matrix A defines a morphism of locally free sheaves

φ : F := t⨁ i=1 O_Pn+c(b_i) −→ G := t+c−2⨁

j=0 O_Pn+c(a_j )

with b_1 ≥ ... ≥ b_t and a_0 ≥ a_1 ≥ ... ≥ a_{t+c−2}. We may assume without loss of generality that φ is minimal; i.e., f_{ij} = 0 for all i, j with b_i = a_j . It is well known that the Eagon-Northcott complex associated to φ gives us a minimal free resolution of O_C . Up to shift, we have ... −→ ∧^tG^∗ ⊗ ∧^tF −→ O_Pn+c −→ O_C −→ 0. Let p(s) ∈ Q [s] be the Hilbert polynomial of C. Set H := Hilb^{p(s)}(P^{n+c}).

We will denote by W (b; a) = W (b_1, ..., b_t; a_0, a_1, ..., a_{t+c−2}) ⊂ H the locus of good determinantal schemes C ⊂ P^{n+c} of codimension c ≥ 2 defined by a homogeneous matrix A = (f_{ij} ), where i = 1, ...t, j = 0, ..., t + c − 2 and f_{ij} ∈ k[x_0, ..., x_{n+c}] is a homogeneous polynomial of degree a_j − b_i. We will bound dim W (b; a) in terms of b_1, ..., b_t; a_0, a_1, ..., a_{t+c−2} provided (c − 2)a_0 < ∑_{t+c−2} j=1 a_j − ∑_t i=1 b_i.

To this end we consider the scheme V = Hom_{OPn+c} (F, G). It is an affine scheme of dimension ∑ i,j h^0(O_Pn+c(a_i − b_j )) = ∑ a_i≥b_j (_{ai−bj +n+c} n+c ) whose rational points are the morphisms from F to G. Let Y be the irreducible subscheme of

V whose rational points are the morphisms φ_λ : F −→ G such that their associated homogeneous matrix A_λ defines a good determinantal subscheme C_λ ⊂ P^{n+c}. Y ⊂ V is a non-empty open subscheme (indeed, φ belongs to Y).

Let Y^0 ⊂ Y be the subscheme of Y whose rational points are the morphisms φ_λ ∈ Y such that coker(φ_λ) := B_λ is a rank c − 1 reflexive sheaf on P^{n+c} and let Y^0_S ⊂ Y^0 be the subscheme whose rational points are the morphisms φ_λ ∈ Y such that coker(φ_λ) := B_λ is a rank c − 1, stable, reflexive sheaf on P^{n+c}.

Lemma 10.1. (i) Y^0 ⊂ Y is a non-empty irreducible open subscheme.

(ii) If (c − 2)a_0 < t+c−2∑

j=1 a_j − t∑ i=1 b_i, then Y^0_S ⊂ Y is a non-empty irreducible

open subscheme.

Proof. Since being stable and being reflexive are both open conditions, it is enough to prove that Y^0 is non-empty and Y^0_S ⊂ Y is non-empty provided (c−2)a_0 < ∑_{t+c−2} j=1 a_j − ∑_t i=1 b_i . The result follows after a straightforward computation and we will first consider the case c = 3.

Codimension 3 case: We consider the exact sequence

(10.1) 0 −→ F := t⨁ i=1 O_Pn+3(b_i)^{Aλ}−→ G := t+1⨁ j=0 O_Pn+3(a_j ) −→ B_λ −→ 0 where b_1 ≥ ... ≥ b_t, a_0 ≥ a_1 ≥ ... ≥ a_{t+1} and

A_λ := x^{a0 −b1} 0 x^{a0 −b2}_1 x^{a0 −b3}_2 0 0 ... ... 0 x^{a1 −b2}_0 x^{a1 −b3}_1 x^{a1 −b4}_2 0 0 ... 0 0 x^{a2 −b3}_0 x^{a2 −b4}_1 x^{a2 −b5}_2 0 ... .... ... ... ... ... ... ... Since pd(B_λ) = 1 and codim(S(B_λ), P^{n+3}) = 3, where S(B_λ) = supp(Ext^1(B_λ, O_Pn+3)), we deduce that B_λ is a rank 2 reflexive sheaf on P^{n+3} ([60], Proposition 1.2). Moreover, B_λ is stable if and only if H^0(B_λ)_{norm} = 0. But

c_1(B_λ) = − t∑ i=1 b_i + t+1∑ j=0 a_j . Therefore, H^0(B_λ)_{norm} = 0 if and only if H^0(B_λ)(p) = 0 for all p ≤ −μ(B_λ) = −c_1(B_λ)/rk(B_λ) = t∑ i=1 b_i − t+1∑ j=0 a_j /2

if and only if a_0 < ∑_t i=1 b_i − ∑_{t+1} j=1 a_j , where the last equivalence follows from the exact sequence (10.1).

Codimension c ≥ 4 case: We consider the exact sequence

(10.2) 0 −→ F := t⨁ i=1 O_Pn+c(b_i)^{Aλ}−→ G := t+c−2⨁

j=0 O_Pn+c(a_j ) −→ B_λ −→ 0 where b_1 ≥ ... ≥ b_t, a_0 ≥ a_1 ≥ ... ≥ a_{t+c−2} and

A_λ := x^{a0 −b1} 0 x^{a0 −b2}_1 ... x^{a0 −bc}_{c−1} 0 0 ... ... 0 x^{a1 −b2}_0 x^{a1 −b3}_1 ... x^{a1 −bc+1}_{c−1} 0 0 ... 0 0 x^{a2 −b3}_0 x^{a2 −b4}_1 ... x^{a2 −bc+2}_{c−1} 0 ... .... ... ... ... ... ... ... ... Again using [60] Proposition 1.2, together with the facts pd(B_λ) = 1 and codim(S(B_λ), P^{n+c}) ≥ 3 we deduce that B_λ is a rank c − 1 reflexive sheaf on P^{n+c}. Let us check that B_λ is stable. Using the exact sequence (10.2) and the corresponding exact sequence involving alternating and symmetric powers, 0 −→ S^qF −→ S^{q−1}F ⊗ G −→ ... −→ F ⊗ ∧^{q−1}G −→ ∧^q G −→ ∧^q B_λ −→ 0, we obtain H^0(∧^lB_λ)(m) = 0 for all m ≤ −lμ(B_λ) = −μ(∧^lB_λ) = l( t∑ i=1 b_i − t+c−2∑

j=0 a_j )/(c − 1). Therefore, H^0(∧^lB_λ)_{norm} = 0 for all l, 1 ≤ l ≤ c − 2; and B_λ is stable (Hoppe’s criterion [34]), which proves Lemma 10.1. □

The Eagon-Northcott complex of the universal morphism Ψ : pr^∗_2 F −→ pr^∗_2 G on Y^0 × P^{n+c} (where pr_2 : Y^0 × P^{n+c} −→ P^{n+c} is the natural projection) induces a morphism f : Y^0 −→ W (b; a) which is defined by f(φ_λ) := C_λ on closed points.

The affine group scheme G := Aut(F) × Aut(G) operates on Y^0: σ : G × Y^0 −→ Y^0; ((α, β), φ_λ) → βφ_λα^{−1}. The action σ is compatible with the morphism f, i.e. if two closed points φ_{λ1} and φ_{λ2} of Y^0 belong to the same orbit of σ then f(φ_{λ1} ) = f(φ_{λ2} ). Thus, at least set-theoretically f : Y^0 −→ W (b, a) induces a surjective map from the orbit set Y^0//G to W (b, a). (It will be a bijection if G acts transitively on the fibers of f.) Moreover, since the map from Y^0 to the closure W (b, a) in Hilb^{p(s)}(P^{n+c}) is dominant, we get that W (b, a) is irreducible, but not necessarily an irreducible component of Hilb^{p(s)}(P^{n+c}) (see Example 10.5 (4)).

Therefore, we have (small letters denote dimension): (10.3) dim W (b, a) ≤ hom_{OPn+c} (F, G) − aut(G) − aut(F) + dim(G_λ) where G_λ = {(δ, τ) ∈ Aut(F) × Aut(G) | σ((δ, τ), φ_λ) = φ_λ} = {(δ, τ) ∈ Aut(F) × Aut(G) | τφ_λδ^{−1} = φ_λ} is the isotropy group of a general closed point φ_λ ∈ Y^0.

In next propositions we let (_{n+a} n ) = 0 for a < 0, as usual.

Proposition 10.2. (i) For all φ_λ ∈ Y^0, we have dim(G_λ) = aut(B_λ) + hom_{OPn+c} (G, F) = aut(B_λ) + ∑ j,i ( b_j − a_i + n + c n + c ) . (ii) If (c − 2)a_0 < ∑_{t+c−2} j=1 a_j − ∑_t i=1 b_i, then for all φ_λ ∈ Y^0_S , we have

dim(G_λ) = 1 + hom_{OPn+c} (G, F) = 1 + ∑ j,i ( b_j − a_i + n + c n + c ) . Proof. (i) Since any automorphism β ∈ Aut(B_λ) lifts and determines automorphisms β_G ∈ Aut(G) and β_F ∈ Aut(F) such that the following diagram commutes: 0 −→ F^{φλ}−→ G −→ B_λ −→ 0 β_F ↓ ↓ β_G ↓ β 0 −→ F^{φλ}−→ G −→ B_λ −→ 0, we see that G_λ contains a non-empty open subset of Aut(B_λ) × Hom_{OPn+c} (G, F). Indeed, for a general β ∈ Aut(B_λ) and a general ρ ∈ Hom_{OPn+c} (G, F), the pair (δ, τ) = (β_F + ρφ_λ, β_G + φ_λρ) belongs to the isotropy group of φ because (β_G + φ_λρ)φ_λ(β_F + ρφ_λ)^{−1} = (β_G φ_λ + φ_λρφ_λ)(β_F + ρφ_λ)^{−1} = (φ_λβ_F + φ_λρφ_λ)(β_F + ρφ_λ)^{−1} = φ_λ(β_F + ρφ_λ)(β_F + ρφ_λ)^{−1} = φ_λ. Conversely, we claim that if (δ, τ) ∈ G_λ then there exists β ∈ Aut(B_λ) and ρ ∈ Hom_{OPn+c} (G, F) such that (δ, τ) = (β_F + ρφ_λ, β_G + φ_λρ). To this end, we consider the commutative diagram: 0 −→ F^{φλ}−→ G −→ B_λ −→ 0 δ ↓ ↓ τ ↓ β 0 −→ F^{φλ}−→ G −→ B_λ −→ 0 where we denote by β ∈ Aut(B_λ) the induced automorphism. Then Im(τ − β_G ) ⊂ Im(φ_λ) and thus there exists ρ ∈ Hom_{OPn+c} (G, F) such that τ = β_G + φ_λρ. It follows that φ_λδ = τφ_λ = (β_G + φ_λρ)φ_λ = φ_λ(β_F + ρφ_λ), i.e., δ = β_F + ρφ_λ. Hence, we have dim(G_λ) = aut(B_λ) + hom_{OPn+c} (G, F) = aut(B_λ) + ∑ i,j h^0(O_Pn+c(b_j − a_i)) = aut(B_λ) + ∑ j,i (_{bj −ai +n+c} n+c ) . (ii) If (c − 2)a_0 < ∑_{t+c−2} j=1 a_j − ∑_t i=1 b_i, then for all φ_λ ∈ Y^0_S , B_λ is stable.

Hence, B_λ is simple, i.e., Aut(B_λ) = k and the result follows from (i). □ Finally from Proposition 10.2 and inequality (10.3) we easily deduce: Proposition 10.3. (i) We have dim W (b, a) ≤ ∑ i,j ( a_i − b_j + n + c n + c ) − ∑ i,j ( a_i − a_j + n + c n + c ) − ∑ i,j ( b_i − b_j + n + c n + c ) + ∑ j,i ( b_j − a_i + n + c n + c ) + aut(B_λ).

(ii) If (c − 2)a_0 < ∑_{t+c−2} j=1 a_j − ∑_t i=1 b_i, then dim W (b, a) ≤ ∑ i,j ( a_i − b_j + n + c n + c ) − ∑ i,j ( a_i − a_j + n + c n + c ) − ∑ i,j ( b_i − b_j + n + c n + c ) + ∑ j,i ( b_j − a_i + n + c n + c ) + 1.

We would like to know how far the bounds given in Proposition 10.3 are from being sharp, and to find aut(B_λ) in terms of a_j and b_i only. First of all, we will give examples where the hypothesis (c − 2)a_0 < ∑_{t+c−2} j=1 a_j − ∑_t i=1 b_i is satisfied.

Remark 10.4. (1) Let A = (f_{ij} )^{j=0,...,t+c−2}_{i=1,...t} be a homogeneous matrix with linear entries. The inequality (c − 2)a_0 < ∑_{t+c−2} j=1 a_j − ∑_t i=1 b_i is clearly true.

(2) More generally, let A = (f_{ij} )^{j=0,...,t+c−2}

i=1,...t be a homogeneous matrix all

whose entries are homogeneous polynomials of fixed degree d. Again, the inequality (c − 2)a_0 < ∑_{t+c−2} j=1 a_j − ∑_t i=1 b_i is verified.

(3) We consider a homogeneous t × (t + 2) matrix A = [L, M] where M is a column of entries of degree m and L is a t × (t + 1) matrix with linear entries (see Example 7.5). If m < t + 1, then the condition (c − 2)a_0 < ∑_{t+c−2} j=1 a_j − ∑_t i=1 b_i is satisfied.

We give some examples for which the bound of Proposition 10.3 (ii) is sharp.

Example 10.5. (1) According to [22], Theorem 2, in the codimension 2 case the bound is sharp.

(2) In the codimension 3 case, it follows from Proposition 10.7 and Corollary 10.15 that the inequality given in Proposition 10.3 (ii) is an equality provided a certain local complete intersection property holds.

(3) Let C ⊂ P^{n+4} be a good determinantal subscheme of codimension 4 defined by a t × (t + 3) matrix with linear entries. Using the Macaulay program we have checked that for (t, n) ∈ {(2, 3), (3, 3)(2, 4)} the bound given in Proposition 10.3 (ii) is sharp.

(4) Let C ⊂ P^4 be a good determinantal curve of degree 10 and arithmetic genus 6 defined by the maximal minors of a 3 × 5 matrix with linear entries. The closure of W (b, a) inside Hilb^{10s−5}(P^4) is not an irreducible component. Indeed, by Proposition 10.3 (ii), dim W (b, a) ≤ 42 while the open set H_{10,6,4} of Hilb^{10s−5}(P^4) of smooth irreducible degree 10 and genus 6 curves in P^4 is irreducible of dimension 45 (cf. [20], Theorem 8).

We are led to pose the following questions. When is the closure of W (b, a) an irreducible component of Hilb^{p(s)}(P^{n+c})? Moreover, under which extra assumptions are the bounds given in Proposition 10.3 sharp?

For the remaining part of this chapter we concentrate on proving the unobstructedness, and finding the dimension of Hilb^p(P^{n+c}) and hence of W (b; a), at a good determinantal scheme C in P^{n+c} of codimension c ≥ 2. By successively deleting columns (cf. first part of the proof of Theorem 3.6 or [45]), one may always suppose there is a “flag” of ACM subschemes

(10.4) (X.) : C = X_1 ⊂ X_2 ⊂ ... ⊂ X_s ⊂ P^{n+c}

where each X_{i−1} ⊂ X_i (with ideal sheaf I_{Xi−1 |Xi} = I_i) is of codimension 1, X_s ⊂ P^{n+c} is of codimension 2, and where there exist numbers f_i and O_{Xi} -modules M_i fitting into exact sequences

(10.5) 0 → O_{Xi} (−f_i) → M_i → M_{i−1} → 0 for 2 ≤ i ≤ s,

(which we obtain by twisting one of the exact sequences of Step II in Theorem 3.6) such that I_i(f_i) is the O_{Xi} -dual of M_i for 2 ≤ i ≤ s and M_s = ω_{Xs} is the canonical sheaf on X_s. Of course for 2 ≤ i ≤ s we let I_i = Γ_∗(X_i, I_i) be the homogeneous ideal in B_i = Γ_∗(X_i, O_{Xi} ), M_i = Γ_∗(X_i, M_i) and A = B_1 = B_2/I_2. Since the projective dimension of M_s is 2, the exact sequence above and the sequence 0 → I_{Xi} → I_{Xi−1} → I_i → 0 imply that the projective dimension of M_{s−i} and of I_{s−i} both equal 2 + i (for 0 ≤ i ≤ s − 2) as R-modules.

Remark 10.6. Let D(q_1, . . . , q_s) be the Hilbert flag scheme parameterizing s-tuples (X.) = (X_1 ⊂ X_2 ⊂ · · · ⊂ X_s ⊂ P^{n+c}) of equidimensional, locally Cohen- Macaulay closed subschemes in P^{n+c}, where q_i is the Hilbert polynomial of X_i. Note that, given (X.) ∈ D(q_1, . . . , q_s) and the short exact sequence of the M_i’s satisfying the set-up of (10.4) and (10.5) above, then one may get back a matrix whose maximal minors define the good determinantal ACM subscheme C, by using (3.1). Moreover, supposing (10.12), we will later see that given any flat deformation (X.,_T ) of (X.) (cf. the proof of Proposition 10.12 and let C_T = X_{1,T} ), then the corresponding short exact sequence of the Γ_∗(M_{i,T} )’s and the diagram (3.1) show the existence of a matrix over T (reducing to the matrix which defines C) whose associated Eagon-Northcott complex defines a minimal resolution of O_{CT} , because a complex which lifts a minimal resolution is again a resolution. This shows that the closure of W (b; a) in Hilb^p(P^{n+c}) coincides with the closure of the image pr_1(W (X.)) (where pr_1 : D(q_1, . . . , q_s) → Hilb^p(P^{n+c}) is the first projection) of the irreducible component W (X.) ⊆ D(q_1, . . . , q_s) to which (X.) belongs. Note that W (X.) is unique by the unobstructedness of Proposition 10.12. We return to a more detailed discussion of these facts in Remark 10.14.

Now if all X_{i−1} ⊂ X_i are Cartier divisors (an assumption which we later will weaken), the set-up of (10.4) fits nicely with the theory developed in Chapter 9. Indeed, by Remark 10.6, if (X.) = (C ⊂ S ⊂ P^{n+3}), i.e. s = 2 and c = 3 and S satisfies G_1 (to fulfill (10.12) as required by Remark 10.6), then the closure of W (b; a) is precisely what we called W (C ⊂ S) in Proposition 9.14. Under the assumption of Theorem 9.4, C was unobstructed and W (C ⊂ S) was an irreducible component. We can therefore use these results to prove that C is unobstructed, and to decide when W (b; a) is an irreducible component and to compute dim W (b; a). We remark, however, that the unobstructedness of most generic determinantal schemes of any codimension follows from works of Svanes ([11],Theorem 15.10). Indeed, in this generic case, H^2(R, A, A) ∼= Ext^2_A(Ω_A, A) = 0 where Ω_A is the module of differentials. If c = 3 and n ≤ 2, however, then H^2(R, A, A) is in general far from being vanishing (cf. Example 7.5), and in any case it is interesting to find dim W (b; a) and to prove unobstructedness more generally.

When we consider good determinantal schemes, we can without loss of generality suppose that each homogeneous entry of the matrix of degree less than 1 is zero and that no column or row consists entirely of zeros.

Proposition 10.7. Let C ⊂ S be good determinantal schemes in P^{n+3} where C is given by the maximal minors of a t × (t + 2) matrix whose ij-th entry is homogeneous of degree a_j − b_i, 0 ≤ j ≤ t + 1, 1 ≤ i ≤ t, and S is correspondingly given by deleting some column. Let l = t+1∑ j=0 a_j − t∑ i=1 b_i, a_r = max{a_j }

and suppose C ⊂ S is Cartier, S satisfies G_1 and n = dim C ≥ 1. Then (i) dim W (b; a) = λ + κ where λ = ∑ i,j ( a_j − b_i + n + 3 n + 3 ) + ∑ i,j ( b_i − a_j + n + 3 n + 3 ) − ∑ i,j ( b_i − b_j + n + 3 n + 3 )

− ∑ i,j ( a_j − a_i + n + 3

n + 3 ) + 1 κ = ( −l + 2a_r + n + 3

n + 3 ) . (ii) Suppose that either of the following conditions holds:

a. dim C > 1, or b. dim C = 1 and H^1(I_S /I^2_S (l − 2a_k)) = 0, where S is obtained deleting the (k + 1)-st column (say).

Then C is unobstructed, and

dim_C Hilb^p(P^{n+3}) = dim W (b; a) = λ + κ.

Remark 10.8. It follows from Proposition 10.7 that, in the codimension 3 case, the bounds given in Proposition 10.3 (with κ instead of aut(B_λ) − 1) are sharp. So, in the codimension 3 case, we have a dimension formula of the strata of Hilb^p(P^{n+3}) which corresponds to good determinantal schemes, and we are led to ask whether for higher codimension the bounds given in Proposition 10.3 are also sharp.

Proof. Since the proof of (i) requires arguments from the proof of the unobstructedness of C (we need α_L = 0), we prove the unobstructedness first.

Note that ω_S ∼= O_S (C)(−f) for some f (which we later will calculate and we get f = n + 4 + 2a_0 − l) as in the set-up of (10.4) and (10.5). Hence we have N_S ⊗ I_{C|S} ∼= Ext^1(I_S , I_S ) ⊗ O_S (−C) ∼= Ext1(I_S , O_P) ⊗ I_S ⊗ O_S (−C) ∼= I_S ⊗ O_S (n + 4 − f)

because Ext^1(I_S , O_P(−n − 4)) ∼= Ext^2(O_S , O_P(−n − 4)) ∼= ω_S ∼= O_S (C)(−f), i.e. the group H^1(N_S ⊗ I_{C|S} ) of Theorem 9.4 and H^1(I_S /I^2_S(n + 4 − f)) above coincide. We will use Theorem 9.4 to prove that C is unobstructed provided H^1(N_S ⊗ I_{C|S}) = 0 and that this H^1- group always vanishes if dim C > 1.

To prove it, we first claim that the relative Picard scheme P ic is formally smooth at (O_S (C), S). Indeed if dim S > 2 we get H^2(O_S ) = 0 because S is an ACM scheme, and we conclude by Proposition 9.2. In the case dim S = 2 we have H^1(O_S ) = 0 by the ACM property of S. It follows that any deformation of O_S (C) to a given deformation of S is unique up to isomorphism [27]. To prove that P ic is formally smooth at (O_S (C), S) it suffices to take an arbitrary (flat) deformation (L_T , S_T ) of (O_S (C), S) to a local artinian k-algebra T with residue field k and to deform it further to any local artinian T^′ having T as a quotient. Now since S is of codimension 2 in P^{n+3}, we know that S is unobstructed by [22] or Proposition 6.17, i.e. a deformation S_T ′ of S_T exists. Moreover since O_S (C)(−f) is the canonical sheaf Ext^2(O_S , O_P(−n − 4)) and Ext^i(O_S , O_P(−n − 4)) = 0 for i ≠ 2, one proves that Ext^2(O_{ST} , O_{PT} (−n − 4)) is a flat deformation of O_S (C)(−f) (as in [38], first part of the proof of Proposition 2.4, where we used the vanishing of Ext^1- groups to see that the corresponding Hom deforms flatly), or see [18], Proposition (A1). By uniqueness, this Ext^2 group is isomorphic to L_T (−f) which we similarly can deform to Ext^2(O_{ST ′} , O_{PT ′} (−n − 4)) over T^′, and the claim is proved.

Moreover if dim C > 1, we claim that H^1(N_S ⊗ I_{C|S}) = 0. Indeed since S is generically a complete intersection [45] and an ACM subscheme of codimension 2 in P^{n+3}, one knows that the projective dimension of I_S /I^2_S ≤ 3 by [3], Theorem 3.2 (cf. Remark 10.9). If we for instance split the projective resolution of I_S /I^2_S into short exact sequences and take cohomology, we get

H^1(N_S ⊗ I_{C|S} ) ∼= H^1(I_S /I^2_S (n + 4 − f)) = 0.

All assumptions of Theorem 9.4 are therefore satisfied. Indeed,

H^1(O_S (C)) = H^1(ω_S (f)) = 0

by duality, and since H^1(N_S ⊗ I_{C|S} ) = 0 (by assumption if n = 1), we find C to be unobstructed by Theorem 9.4.

To prove the dimension formulas, we need a closer look at the proof of the first claim above in the case dim S = 2. Letting T be k and T^′ be dual numbers k[ϵ], we see that to every deformation S_{k[ϵ]} of S to k[ϵ] there exists a deformation of L = O_S (C) to S_{k[ϵ]}. By the description of the map α_L : H^0(N_S ) → H^2(O_S ) appearing in the proof of Theorem 9.4, we get α_L = 0. By Theorem 9.4 it follows that (10.6)

dim_C Hilb^p(P^{n+3}) = h^0(N_S ) − dim(I_S )_{n+4−f} + dim(I^2_S )_{n+4−f} + h^0(ω_S (f)) − 1

in which we have used that the projective dimension of I_S /I^2_S is at most 3 to see the first isomorphism in

I_S /I^2_S ∼= H^0_∗ (I_S /I^2_S ) ∼= H^0_∗ (N_S ⊗ I_{C|S} )(f − n − 4).

By Remark 10.6, W (b; a) = pr_1(W (X_·)). Since the proof of Proposition 9.2 (iii) shows that the vanishing of H^1(N_S ⊗ I_{C|S} ) implies the smoothness of pr_1 : D(p, q) −→ Hilb^p(P^{n+3}) at (X_·) = (C ⊂ S ⊂ P^{n+3}), we get

dim_C Hilb^p(P^{n+3}) = dim W (b; a).

If the assumption H^1(N_S ⊗ I_{C|S} ) = 0 is not satisfied, then Proposition 9.14 shows that the right hand side of (10.6) is equal to dim W (C ⊂ S) = dim pr_1(W (X_·)), i.e. to dim W (b; a) because Pic is formally smooth at (O_S (C), S) by the first proven claim of this proof. Hence (i) and (ii) follow if we can show that the right hand side of (10.6) is λ + κ.

Without loss of generality we can suppose that S is obtained by deleting the first column. Then C and S are the degenerecy loci of t⨁ i=1 R(b_i) → t+1⨁ j=0 R(a_j ) and t⨁ i=1 R(b_i) → t+1⨁ j=1 R(a_j )

respectively, leading to the minimal resolutions (10.7) 0 → F → G → I_S → 0

(10.8) 0 → R → G^∗ → F^∗ → K_B(n + 4) → 0. Note that K_B is the canonical module of S, and

(10.9) F = t⨁ i=1 R(b_i + a_0 − l), G = t+1⨁ j=1 R(a_j + a_0 − l).

As in the proof of Theorem 3.6 there is an exact sequence (cf. (10.5)) 0 → R/I_S (−2a_0 + l) → K_B (n + 4) → M_C (n + 4) → 0 and we get ω_S (n + 4 + 2a_0 − l) ∼= O_S (C), i.e. f = n + 4 + 2a_0 − l, using that the G_1 property implies the reflexivity of ω_S . By using (10.7) and (10.8) we have

dim(I_S )_{n+4−f} = t+1∑ j=1 ( a_j − a_0 + n + 3 n + 3 ) − t∑ i=1 ( b_i − a_0 + n + 3 n + 3 )

h^0(ω_S (f)) = t∑ i=1 ( a_0 − b_i + n + 3 n + 3 ) − t+1∑ j=1 ( a_0 − a_j + n + 3 n + 3 ) + ( −l + 2a_0 + n + 3 n + 3 )

which one may combine with the dimension formula of h^0(N_S ) given in [22];

h^0(N_S ) = ∑ 1≤i,j ( a_j − b_i + n + 3 n + 3 ) + ∑ 1≤i,j ( b_i − a_j + n + 3 n + 3 )

− ∑ i,j ( b_i − b_j + n + 3

n + 3 ) − ∑ 1≤i,j ( a_i − a_j + n + 3 n + 3 ) + 1.

This leads exactly to

h^0(N_S ) − dim(I_S )_{n+4−f} + h^0(ω_S (f)) − 1 = λ + ( −l + 2a_0 + n + 3 n + 3 ) . Finally to compute dim(I^2_S )_{n+4−f} , we have by (10.7) and Remark 10.9 an exact sequence 0 → ∧^2(F ) → F ⊗ G → S^2(G) → I^2_S → 0.

Since n + 4 − f = l − 2a_0, then

(10.10) ⨁ 1≤i,j R(−l + a_i + b_j )_0 → ⨁ 1≤i≤j≤t+1 R(−l + a_i + a_j )_0 → (I^2_S )_{n+4−f} → 0

is exact. By the Eagon-Northcott resolution of I_C , we see that the minimal generators of I_C have degree l − a_i − a_j for i < j, i.e. R(−l + a_i + a_j )_0 = 0 for 0 ≤ i < j ≤ t + 1.

Now if r is the smallest integer such that a_r = max{a_i}, then (10.10) reduces to R(−l + 2a_r)_0 ∼= (I^2_S )_{n+4−f} provided r ≥ 1 because, for k ≠ r, we have a_r ≥ a_k and (10.11) 0 > −l + a_r + a_k ≥ −l + 2a_k.

¿From (10.11) we also get l > 2a_0 if r ≥ 1 and l > 2a_k (with k > 0) if r = 0. Hence λ + ( −l + 2a_0 + n + 3

n + 3 ) + dim(I^2_S )_{n+4−f} = λ + ( −l + 2a_r + n + 3 n + 3 )

in any case, and the proof is complete. □ Remark 10.9. With notations and assumptions as in Proposition 10.7 (i), we easily see from the proof that O_S (C) ∼= ω_S (f), and H^1(N_S ⊗ I_{C|S}) ∼= H^1(I_S /I^2_S (n + 4 − f)) where f = n + 4 + 2a_k − l provided S is obtained by deleting the (k + 1)-st column. The vanishing of H^1(I_S /I^2_S (n + 4 − f)) is therefore equivalent to the exactness of (7.2). Moreover invoking Proposition 9.14 (and Remark (10.6)), we see that dim_C Hilb^p(P^{n+3}) ≤ dim W (b; a) + h^1(I_S /I^2_S (l − 2a_k)).

So, it is interesting to compute h^1(I_S /I^2_S (l − 2a_k)). Using results of [3] we can at least partially find the dimension. Indeed if 0 → F → G → I_S → 0 is a minimal resolution and K. is the Koszul complex of a set of minimal generators of I_S (so K_1 = G) and H_1 its first homology, then the sequences 0 → H_1 → K_1 ⊗_R B → I_S /I^2_S → 0, and 0 → ∧^2(F ) → ∧^2(G) → F → H_1 → 0 are exact (cf. [3], Lemma 1.6). Note that there is another related exact sequence [70] 0 → ∧^2(F ) → F ⊗ G → S^2(G) → I^2_S → 0 with which we can make equivalent computations.

As a special case, we reconsider Example 10.5 (4). Since we can continue (10.10) to the left by 0 → (∧^2F )_{n+4−f} → · · · where n + 4 − f = l − 2a_0, we get h^1(I_S /I^2_S (l − 2a_k)) = h^2(I^2_S (3)) ≤ h^4(∧^2F̃ (3)) = 3 in accordance with what we found in Example 10.5 (4).

Example 10.10. Let C be a good determinantal subscheme of P^{n+3} given by the maximal minors of a t × (t + 2) matrix [M, L] where M is a column of entries of degree m and L is a matrix of linear entries whose minors define a subscheme S (cf. Example 7.5). To apply Proposition 10.7 we suppose C ⊂ S is a Cartier divisor, S satisfies G_1, and n ≤ 2. By Remark 10.9 we know the vanishing of H^1(I_S /I^2_S (l − 2a_0)) is equivalent to the exactness of the complex (7.2). Since the calculations of Example 7.5 show that the middle term of (7.2) vanishes if m ≥ 3, we get H^1(I_S /I^2_S (l − 2a_0)) = 0. So if dim C > 1 or if dim C = 1 and m ≥ 3, then C is unobstructed and

dim_C Hilb^p(P^{n+3}) = ( m + n + 3 n + 3 ) t + t (t + 1) (n + 2) − 1

−(t + 1) ( m + n + 2 n + 3 ) + ( m − t + n + 2 n + 3 ) if m > 1 and dim_C Hilb^p(P^{n+3}) = (n + 4) t (t + 2) − 2t^2 − 4t − 3, if m = 1.

Corollary 10.11. Let C ⊂ S be the good determinantal schemes in P^{n+3} of Proposition 10.7, where S is obtained by deleting the first column, let b_1 ≥ · · · ≥ b_t and a_0 ≥ a_1 ≥ · · · ≥ a_t ≥ a_{t+1}, and suppose a_0 > a_1 + a_2 − b_t and dim C = 1. Then H^1(I_S /I^2_S (l − 2a_0)) = 0, i.e. C is unobstructed and dim_C Hilb^p(P^{n+3}) = dim W (b; a) = λ + κ.

Proof. By Remark 10.9, H^1(I_S /I^2_S (l − 2a_0)) = 0 provided the middle term of (7.2), namely ⨁_t i=1 H^0(I_{C|S} (l − a_0 − b_i)), vanishes (cf. (10.9)). Using this, we get the corollary by making the minimal generators of I_{C|S} explicit. Indeed since the maximal minors of the t × (t + 2) matrix of Proposition 10.7, which are not minimal generators of I_S , have degree l − a_j − a_k for 1 ≤ j < k ≤ t + 1, we get the result from Proposition 10.7 because the assumption a_0 > a_1 + a_2 − b_t implies l − a_j − a_k > l − a_0 − b_i for any i = 1, ..., t. □ In the following we will generalize the considerations of Proposition 10.7 to determinantal subschemes of higher dimension and codimension. Since it is for instance well-known that the singular locus of a generic determinantal codimension 2 subscheme sits in codimension 6 in P^{n+c}, the Cartier assumption of Proposition 10.7 should be weakened if we satisfactorily want to treat higher dimensional determinantal schemes. For good determinantal schemes (Definition 2.1), however, the locus of non-vanishing submaximal minors intersect properly each component. Consulting [45] one may see there always is a flag as in (10.4) which furthermore satisfies: (10.12)

For each i > 1, the closed embeddings X_i ⊂ P^{n+c} and X_{i−1} ⊂ X_i are local complete intersections outside some set Z_i of codimension 1 in X_{i−1} (depth_{Zi} O_{Xi−1} ≥ 1).

This condition guarantees that the O_{Xi} -modules M_i and I_i(f_i) are determined by their sections of U_i = X_i −Z_i, that they are reflexive and dual to each other. Indeed since we have pd M_{s−i} = pd I_{s−i} = 2+i, we get depth_{IZi} M_i ≥ 2 and depth_{IZi} I_i ≥ 2 [68], Lemma 3.5, and since depth_{IZi} B_i ≥ 2 we easily deduce depth_{IZi} M^∗_i ≥ 2 and depth_{IZi} I^∗_i ≥ 2 for their duals as well. Hence we conclude by the invertibility of M_i and I_i restricted to U_i and by

(10.13)

M_i = Γ_∗(X_i, M_i) ∼= Γ_∗(U_i, M_i) and Γ_∗(X_i, M^∗_i ) ∼= Γ_∗(U_i, M^∗_i ) I_i = Γ_∗(X_i, I_i) ∼= Γ_∗(U_i, I_i) and Γ_∗(X_i, I^∗_i ) ∼= Γ_∗(U_i, I^∗_i ).

Note that (10.13) follows from the vanishing of the corresponding local cohomology sheaves (cf. [29]), from which we also see that (10.13) holds if we intersect the sets X_i and U_i by any open set U of X_i. Moreover note that when we consider flat deformations of a determinantal flag (10.4), the projective dimension of I_i, hence the inequalities of the depth conditions of I_i and I^∗_i above, remains unchanged, i.e. at least the lower line of (10.13) holds for the corresponding deformations, allowing us to prove the following technical result

Proposition 10.12. Let C = X_1 ⊂ X_2 ⊂ · · · ⊂ X_s ⊂ P^{n+c} be a “flag” (X.) of determinantal ACM subschemes as in (10.4) and (10.12), and let R → B_s → · · · → B_2 → A be the corresponding “flag” (B.) of determinantal graded Cohen-Macaulay quotients. Then (B.) is unobstructed as a flag. Moreover if dim C ≥ 1, then (X.) is unobstructed as a flag, i.e. to any (flat) deformation (X_{.,T} ) : C_T = X_{1,T} ⊂ · · · ⊂ X_{s,T} ⊂ P^{n+c}_T of (X.) to an arbitrary local artinian k-algebra T with residue field k, there exists a deformation of (X_{.,T} ) further to any local artinian T^′ having T as a quotient.

Proof. We only prove that (X.) is unobstructed because (B.) is seen to be unobstructed by almost the same proof. Now, since a flat deformation (X_{.,T} ) is given, the sheaf ideals I_{i,T} of X_{i−1,T} ⊂ X_{i,T} are flat over T , and, as we remarked above, satisfy (10.13) (obviously modified by indexing by T ). Moreover the canonical sheaf Ext^2(O_{Xs ,T} , O_{PT} (−n − 4)) is T -flat because the Ext^i-groups vanish for i ≠ 2 (cf. [18], Proposition (A1)). The same argument shows that the corresponding graded Ext^2-group is T -flat because Γ_∗(O_{Xs ,T} ) is a flat deformation of Γ_∗(O_{Xs} ) by the ACM-property of X_s, cf.[22]. Letting M_{s,T} be this graded Ext^2-group by definition, then M_{s,T} is T -flat and it maps surjectively onto M_s ∼= Ext^2(B_s, R(−n − 4)) via ⊗_T k. Hence there exists a T -flat M_{s,T} and a well defined map B_{s,T} (−f_s) → M_{s,T} whose corresponding section O_{Xs ,T} (−f_s) → M_{s,T} commutes with O_{Xs} (−f_s) → M_s . Defining successively M_{i,T} by the sequence

(10.14) 0 → B_{i+1,T} (−f_{i+1}) → M_{i+1,T} → M_{i,T} → 0,

it follows that M_{i,T} are T -flat for any i ≥ 2 and satisfy (10.13). Again, since M_{i,T} maps surjectively onto M_i, the section O_{Xi} (−f_i) → M_i lifts to a section of O_{Xi,T} (−f_i) → M_{i,T} . After having made an appropriate modification of the choice of the liftings of these sections (described below) and hence of their cokernels

M_{i,T} = coker(B_{i+1,T} (−f_{i+1}) → M_{i+1,T} ),

we claim that I_{i,T} (f_i) is the O_{Xi,T} -dual of M_{i,T} for i ≥ 2. Suppose the claim holds for subscripts greater than i. Since M^∗_{i,T} has depth at least 2 (because B_{i,T} has), i.e. (10.13) indexed by T holds for M^∗_{i,T} , we see that M^∗_{i,T} (−f_i) is a T -flat sheaf of ideals. The two flat ideals M^∗_{i,T} (−f_i) and I_{i,T} correspond to two deformations of X_{i−1} ⊂ X_i to X_{i,T} , i.e “their difference” defines an element γ of H^0(N_{Xi−1 |Xi} ) (if we successively decompose T → k into small surjections T_j → T_{j−1} for which we can suppose ker (T_j → T_{j−1}) ∼= k). Now since N_{Xi−1 |Xi} = Hom(I_i, O_{Xi−1} ) and M_i(f_i) = Hom(I_i, O_{Xi} ) there exists an exact sequence (10.15) 0 → O_{Xi} → M_i(f_i) → N_{Xi−1 |Xi} → 0, which in view of the vanishing of H^1(O_{Xi} ), defines an element of H^0(M_i(f_i)) which maps onto γ in H^0(N_{Xi−1 |Xi} ). This element precisely modifies the choice of the lifted section of O_{Xi,T} (−f_i) → M_{i,T} so that the claim holds.

Now we can easily deform (X_{.,T} ) further to T^′. Indeed R_T → B_{s,T} , and hence Ext^2(B_{s,T} , R_T (−n − 4))^∼ deforms further to T^′ because in codimension 2, we know that R → B_s is unobstructed by Proposition 6.17. Hence we get a deformation of O_{Xs,T} (−f_s) → M_{s,T} ∼= Ext^2(B_{s,T} , R_T (−n − 4))^∼ to T^′. If we successively define M_{i,T} ′ for i ≥ 2, by the sequence 0 → B_{i+1,T} ′ (−f_{i+1}) → M_{i+1,T} ′ → M_{i,T} ′ → 0, it follows that M_{i,T} ′ are T^′- flat and that Γ_∗(M_{i,T} ′ ) is a flat deformation of (and hence maps surjectively onto) Γ_∗(M_{i,T} ). We therefore get a section of M_{i,T} ′ (f_i) whose dual is a flat sheaf ideal defining X_{i−1,T} ′ in X_{i,T} ′ . By the proven claim above, X_{i−1,T} ′ ⊂ X_{i,T} ′ becomes X_{i−1,T} ⊂ X_{i,T} when we tensorize (i.e. take the pullback) with T over T^′ and the proof is complete. □

Now we are able to prove a main result of this chapter.

Theorem 10.13. Let C ⊂ P^{n+c} be a good determinantal scheme of dimension n = dim C ≥ 1 (resp. dim C = 0). If C = X_1 ⊂ X_2 ⊂ · · · ⊂ X_s ⊂ P^{n+c} is a flag as in (10.4) and (10.12) for which the natural maps

Ext^1_{OP} (I_{Xi} , I_i) → Ext^1_{OP} (I_{Xi} , O_{Xi} ) (resp._0 Ext^1_R(I_{Xi} , I_i) →_0 Ext^1_R(I_{Xi} , B_i))

are injective for any i = 2, 3, ..., s, then C is unobstructed (resp. H-unobstructed). Moreover

dim_C Hilb^p(P^{n+c}) = h^0(X_s, N_{Xs} ) + s∑ i=2 h^0(X_{i−1}, N_{Xi−1 |Xi} ) − s∑ i=2 h^0(X_i, Hom(I_{Xi} , I_i)) and dim_C GradAlg^H (P^{n+c}) =_0hom_R(I_{Xs} , B_s) + s∑ i=2 0hom_R(I_i, B_{i−1}) − s∑ i=2 h^0(X_i, Hom(I_{Xi} , I_i)). Note that, in the Theorem above, we let_0hom_R(−, −) = dim_0 Hom_R(−, −) and we have_0hom_R(I_{Xs} , B_s) = h^0(X_s, N_{Xs} ) (if s > 1) and_0hom_R(I_i, B_{i−1}) = h^0(X_{i−1}, N_{Xi−1 |Xi} ) for i > 2 because B_i = Γ_∗(X_i, O_{Xi} ) has depth ≥ 2 at its irrelevant maximal ideal for i > 2.

Proof. In [38], (1.6), we saw that the tangent space of “pairs” (C ⊂ S) of subschemes in P^{n+c} was given by a cartesian diagram, i.e. essentially given as the diagram (6.1) after having taken global sections. This follows from results of [46], Section 2, results which one may adapt to take care of s- tuples (X.) = (X_1 ⊂ X_2 ⊂ · · · ⊂ X_s) of closed subschemes in P^{n+c} as well (as done in [37]). Indeed if we again let D(q_1, . . . , q_s) be the Hilbert flag scheme parameterizing s-tuples (X.) of equidimensional, locally Cohen-Macaulay closed subschemes in P^{n+c}, where q_i is the Hilbert polynomial of X_i in P^{n+c}, then the tangent space A^1(X.) of D(q_1, . . . , q_s) at (X.) can be described as follows. Recalling N_{Xi} =

Hom_{OP} (I_{Xi} , O_{Xi} ), we consider the diagram

H^0(X_1, N_{X1} ) H^0(X_2, N_{X2} ) . . . H^0(X_{s−1}, N_{Xs−1} ) H^0(X_s, N_{Xs} ) ↘ ↙ ↘ ↙ ↘ ↙ H^0(X_1, Hom_{OP} (I_{X2} , O_{X1} )) . . . H^0(X_{s−1}, Hom_{OP} (I_{Xs} , O_{Xs−1} )).

Then A^1(X.) is the set of elements (α_1, α_2, . . . , α_s) ∈ ∑ H^0(X_i, N_{Xi} ) for which each pair (α_{i−1}, α_i) maps to the same element in H^0(X_{i−1}, Hom(I_{Xi} , O_{Xi−1} )). Since the cokernel of H^0(N_{Xi} ) → H^0(X_{i−1}, Hom(I_{Xi} , O_{Xi−1} )) is the kernel of Ext^1(I_{Xi} , I_i) → Ext^1(I_{Xi} , O_{Xi} ), the diagram above implies the surjectivity of the tangent map A^1(X.) → H^0(X_1, N_{X1} ) = H^0(N_C ) of the first projection pr_1 : D(q_1, . . . , q_s) → Hilb^{q1} (P^{n+c}) (which maps (X^′_1 ⊂ X^′_2 ⊂ · · · ⊂ X^′_s) onto X^′_1) provided Ext^1(I_{Xi} , I_i) → Ext^1(I_{Xi} , O_{Xi} ) is injective for any i (see [72], Proposition 0.4 for a related result). Using Proposition 10.12 and [26] (17.11.1), it follows that pr_1 is smooth at (X_1 ⊂ X_2 ⊂ · · · ⊂ X_s), i.e. that C = X_1 is unobstructed. Since the whole set-up of this proof works for the graded object R → B_s → · · · → B_2 → A, provided we replace each Ext^i(−, −) by_0 Ext^i(−, −), we get the H-unobstructedness as well.

To prove the first dimension formula, it suffices by the unobstructedness of C to prove that

h^0(X_{i−1}, N_{Xi−1} ) = h^0(X_{i−1}, N_{Xi−1 |Xi} ) + h^0(X_i, N_{Xi} ) − h^0(X_i, Hom(I_{Xi} , I_i)) for i = 2, 3, . . . , s. To show this equality, we essentially need to see that all skew vertical maps of the big diagram above are surjective and to locate their kernels. Since the maps of the big diagram fit into the exact sequences 0 → H^0(X_{i−1}, N_{Xi−1 |Xi} ) → H^0(X_{i−1}, N_{Xi−1} ) → H^0(X_{i−1}, Hom(I_{Xi} , O_{Xi−1} )) 0 → H^0(X_i, Hom(I_{Xi} , I_i)) → H^0(X_i, N_{Xi} ) → H^0(X_{i−1}, Hom(I_{Xi} , O_{Xi−1} )) → 0 where the lower one is right exact by assumption, we only need to prove the surjectivity of the right map of the first sequence. To see it we consider the Hilbert flag scheme D(q_{i−1}, q_i) and the second projection pr_2 : D(q_{i−1}, q_i) → Hilb^{qi} (P^{n+c}) given by (X^′_{i−1} ⊂ X^′_i ) → (X^′_i ⊂ P^{n+c}) on closed points. Its tangent map

T_{pr2} : A^1(X_{i−1}, X_i) → H^0(X_i, N_{Xi} )

at (X_{i−1} ⊂ X_i) is determined by the cartesian diagram

(10.16)

A^1(X_{i−1}, X_i)^{Tpr2}−→ H^0(X_i, N_{Xi} ) ↓ ∘ ↓ H^0(X_{i−1}, N_{Xi−1} ) −→ H^0(X_{i−1}, Hom(I_{Xi} , O_{Xi−1} )) Since H^0(X_i, N_{Xi} ) → H^0(X_{i−1}, Hom(I_{Xi} , O_{Xi−1} )) is surjective, it suffices to prove that T_{pr2} is surjective. Now, let λ ∈ H^0(X_i, N_{Xi} ) correspond to an arbitrary deformation X_{i,T} ⊂ P^{n+c}_T of X_i ⊂ P^{n+c} to the dual numbers T = k[ϵ]. If i < s we know by the first part of this proof that the first projection of D(q_i, q_{i+1}, . . . , q_s) → Hilb^{qi} (P^{n+c}) is smooth at (X_i, X_{i+1}, . . . , X_s), i.e. there exists a flag (X_{i,T} , X_{i+1,T} , . . . , X_{s,T} ) of T -flat schemes reducing to (X_i, X_{i+1}, . . . , X_s) by putting ϵ = 0. By the proof of Proposition 10.12 the flag (X_{i,T} , X_{i+1,T} , . . . , X_{s,T} ) is equipped with the exact sequence 0 → B_{j+1,T} (−f_{j+1}) → M_{j+1,T} → M_{j,T} → 0, for i < j < s, of T -flat modules such that M^∗_{j,T} (−f_j ) is the sheaf ideal I_{j,T} defining X_{j−1,T} ⊂ X_{j,T} . (If j = s, then M_{s,T} = I^∗_{s,T} (−f_s) and M_{s,T} is the canonical module). As in the final part of the proof of Proposition 10.12 the sections B_{i+1}(−f_{i+1}) → M_{i+1} (for i + 1 ≤ s) lift to sections over T and if we let M_{i,T} = coker(B_{i+1,T} (−f_{i+1}) → M_{i+1,T} ), then the twisted dual M^∗_{i,T} (f_i) is a sheaf ideal of O_{Xi ,T} which defines a flat deformation X_{i−1,T} ⊂ X_{i,T} of X_{i−1} ⊂ X_i to T = k[ϵ]. This shows the surjectivity of T_{pr2} , and hence the first dimension formula.

Moreover the proof of the dimension formula above works for GradAlg^H (P^{n+c}) at the graded object R → B_s → · · · → B_2 → A, provided we replace the cohomology groups of the sheaves involved by their corresponding (cohomology) group of graded modules. The proof is therefore complete. □

Remark 10.14. By the proof above, we see that the surjectivity of T_{pr2} of (10.16) holds without any injectivity assumptions on the Ext^1-groups if i = s. In particular, if s = 2 and (X_·) = (C ⊂ S ⊂ P^{n+3}) ∈ D(p, q), then T_{pr2} is surjective. Since (X_·) is unobstructed by Proposition 10.12, we can therefore find the dimension dim_{(X·)} D(p, q) = dim A^1(X_·) of D(p, q) at (X_·). Indeed, if C ⊂ P^{n+3} is a good determinantal scheme of dimension n ≥ 1 and (X_·) a flag as in (10.4) and (10.12), we get dim_{(X·)} D(p, q) = dim A^1(X_·) = h^0(S, N_S ) + h^0(C, N_{C|S} ).

Hence if W is an irreducible, non-embedded component of D(p, q) containing (X_·), then

dim pr_1(W ) = h^0(S, N_S ) + h^0(C, N_{C|S} ) − h^0(S, Hom(I_S , I_{C|S} ))

because the fiber of the composition W → D(p, q) → Hilb^p(P^{n+3}) is Hom(I_S , I_{C|S}) at (X_·) (cf. the first part of the proof of Proposition 9.14). This applies to W (b; a) because the closures of W (b; a) and pr_1(W ) in Hilb^p(P^{n+3}) are the same. Indeed, to prove this equality of closures, let C ⊂ S be good determinantal schemes, defined by [M, N] and N respectively, where S is given by deleting say the first column, M, and let W_1(b; a) be the locus of good determinantal “pairs” C^′ ⊂ S^′ of D(p, q) defined by matrices [M^′, N^′] and N^′ respectively whose components have the same degree as the matrices of C and S. Then we claim that W_1(b; a) is an irreducible component of D(p, q) (contrary to what we saw for W (b; a) in Hilb^p(P^{n+3}); cf. Example 10.5 (4)). Indeed, applying the notation and essentially the same arguments as we used when we defined Y^0 ⊂ V on page 100 and the map Y^0 → W (b; a) on page 101, we see that there exists a non-empty open subset Y^1 of V and a morphism Y^1 → D(p, q) inducing a dominating map Y^1 → W_1(b; a). Moreover, Y^1 → D(p, q) is smooth at [M, N] because it is surjective on tangent spaces. This surjectivity follows from the proof of the claim to which (10.13) belongs. Indeed, a deformation of (C_T ⊂ S_T ⊂ P^{n+3}_T ) of (X_·) in D(p, q) leads to an exact sequence (10.14) for i + 1 = s, and as in (3.1), to a matrix [M_T , N_T ] defining C_T and S_T . Since a smooth map takes generic points onto generic points, we see that W_1(b; a) is an irreducible component of D(p, q). Finally, since the restriction of pr_1 to W_1(b; a), namely W_1(b; a) → W (b; a), is dominating, we get W (b; a) = pr_1(W ), as indicated in Remark 10.6.

As a consequence of Theorem 10.13 we will prove Proposition 10.7 under weaker conditions than previously. Indeed we are able to replace the Cartier assumption on C ⊂ S by Cartier in codimension 3 in S, an important generalization which removes the application of Proposition 10.7 to small dimensional cases only (i.e. to n ≤ 2) because a general ACM scheme S of codimension 2 in P^{n+3} is smooth in codimension 3. Moreover we will prove a similar result for the zero-dimensional codimension 3 case. Finally we illustrate that Theorem 10.13 takes care of determinantal subschemes of codimension at least 4 by considering an example. Note that the terms h^0(N_{Xi−1 |Xi} ) of the dimension formula of Theorem 10.13 are quite easy to compute using (10.15) and (10.5) and h^0(N_{Xs} ) is of course well known while, unfortunately, the term h^0(Hom(I_{Xi} , I_i)) and the vanishing of Ext^1(I_{Xi} , I_i) have been harder to make explicit. For these groups we have at least the vanishing result of Proposition 9.7. In codimension 3, however, we have the following quite complete result

Corollary 10.15. Let C ⊂ S be good determinantal schemes in P^{n+3} as in (10.12), where C is given by the maximal minors of a t × (t + 2) matrix whose ij-th entry is homogeneous of degree a_j − b_i, 0 ≤ j ≤ t + 1, 1 ≤ i ≤ t, and S is correspondingly given by deleting the (k + 1)-st column. Let l = t+1∑ j=0 a_j − t∑ i=1 b_i, a_r = max{a_j } and n = dim C ≥ 1 and suppose C ⊂ S is a local complete intersection (i.e. Cartier) outside some Z of codimension ≥ 3 in C. Then (i) dim W (b; a) = λ + κ with λ and κ as in Proposition 10.7. (ii) If dim C > 1, or if dim C = 1 and H^1(I_S /I^2_S (l − 2a_k)) = 0, then C is unobstructed and

dim_C Hilb^p(P^{n+3}) = λ + κ.

Proof. Since one of the dimension formulas really requires C to be unobstructed, we consider the unobstructedness of (ii) first. We can suppose dim C ≥ 3 because the case dim C ≤ 2 is taken care of in Proposition 10.7. To prove that C is unobstructed, it suffices by Theorem 10.13 to show the injectivity of

Ext^1(I_S , I_{C|S} ) → Ext^1(I_S , O_S ),

or equivalently, the surjectivity of Hom(I_S , O_S ) → Hom(I_S , O_C ). Since depth_{IZ} B ≥ 2 and depth_{IZ} A ≥ 2, we have two isomorphisms fitting into

(10.17)

Hom_{OP} (I_S , O_S ) ∼= H^0(S − Z, Hom_{OP} (I_S , O_S )) ↓ ∘ ↓ Hom_{OP} (I_S , O_C ) ∼= H^0(S − Z, Hom_{OP} (I_S , O_C ))

and so it suffices to show that H^1(S − Z, Hom(I_S , I_{C|S} )) = 0 because Hom(I_S , O_S ) → Hom(I_S , O_C ) is surjective on S − Z. Indeed on S − Z we have

Ext^1_{OS} (I_S /I^2_S , I_{C|S}) ∼= Ext^1_{OS} (I_S /I^2_S , O_S ) ⊗ I_{C|S} = 0

by Proposition 6.17 because Ext^1(I_S /I^2_S , O_S ) → H^2(R, B, B)^∼. As in the proof of Proposition 10.7, we get

H^1(S − Z, Hom(I_S , I_{C|S} )) ∼= H^1(S − Z, I_S /I^2_S (n + 4 − f)) = 0.

Moreover R → B is generically a complete intersection, and it follows from Remark 10.9 that there is an exact sequence

0 → H_1 → K_1 ⊗_R B → I_S /I^2_S → 0

where K. is the Koszul complex of a set of minimal generators of I_S and H_1 its first homology. Moreover [3], Theorem 2.1, implies that H_1 is a maximal Cohen- Macaulay module (of projective dimension 2 over R) and that

depth_{IZ} H_1 = depth_{IZ} B

which we know is at least 4 by assumption. Hence we get the required vanishing from the exact sequence

H^1(S, IS /I^2_S (n + 4 − f)) → H^1(S − Z, IS /I^2_S (n + 4 − f)) → H^2_Z (IS /I^2_S (n + 4 − f)) and H^2_Z (I_S /I^2_S (n + 4 − f)) ∼= H^3_Z (H^∼_1 (n + 4 − f)) = 0 and from H^1(S, I_S /I^2_S(n + 4 − f)) ∼= H^2(S, H^∼_1 (n + 4 − f)) = 0.

C is therefore unobstructed by Theorem 10.13.

To see that the dimension formulas of (i) and (ii) hold, we claim that the dimension of Hilb^p(P^{n+3}) (resp. of W (b; a)) given by Theorem 10.13 (resp. by Remark 10.14) coincides with the right hand side of (10.6). Indeed by (10.15) we have

(10.18)

H^0(N_{C|S} ) ∼= H^0(S, M_s(f))/k^∗ ∼= H^0(ω_S (f))/k^∗, Hom(I_S , I_{C|S}) ∼= H^0(S − Z, Hom(I_S , I_{C|S} )) ∼= H 0(S − Z, I_S /I2_S (n + 4 − f)) ∼= H 0(S, I_S /I2_S (n + 4 − f)) ∼= (I_S /I 2_S )_{n+4−f} ,

because the modules involved have sufficient depth at I_Z . The formulas of dim_C Hilb^p(P^{n+3}) (resp. of W (b; a)) of Theorem 10.13 and Remark 10.14 are therefore equal to h^0(ω_S (f)) − 1 + h^0(N_S ) − dim(I_S /I^2_S )_{n+4−f} and the claim is proved. Since the dimension calculations in the final part of the proof of Proposition 10.7 hold without requiring C ⊂ S to be Cartier, we get the corollary. □

Example 10.16. Let C be a good determinantal curve in P^5 given by the maximal minors of a t × (t + 3) matrix [L, L^′, M] where M (resp. L^′) is a column of entries of degree m (resp. degree 1) and L (resp. [L, L^′]) is a matrix of linear entries whose maximal minors define a subscheme X (resp. S), i.e. we have a flag (X_·) = (C ⊂ S ⊂ X ⊂ P^5), X_1 = C, X_2 = S etc. which we suppose satisfy (10.12). If S ⊂ X is a Cartier divisor in codimension 3 in X, then the map Ext^1(I_X , I_{S|X} ) → Ext^1(I_X , O_X ) of Theorem 10.13 is injective by Corollary 10.15. To get Ext^1(I_S , I_{C|S}) = 0, it suffices by Proposition 9.7 to verify s(C|S) ≥ 5 + a where a = max{v|H^2(O_C (v)) ≠ 0} + 1. Using the computations of Example 7.5 we get a = t − 3. Since the Eagon-Northcott complex associated to the determinantal curve C lead to s(C|S) = m + t − 1, we get the vanishing of Ext^1(I_S , I_{C|S} ) and the unobstructedness of C for m ≥ 3. Note that by Proposition 9.7 we also have Hom(I_S , I_{C|S} ) = 0 which simplifies the dimension formula of Theorem 10.13 to dim_C Hilb^p(P^5) = h^0(S, N_S ) + h^0(C, N_{C|S} ) because

h^0(S, N_S ) = h^0(X, N_X ) + h^0(N_{S|X} ) − h^0(X, Hom(I_X , I_{S|X} )). Moreover by Example 10.10 we have dim_S Hilb^p(P^5) = h^0(N_S ) = 4t^2 + 8t − 3, and it remains to compute h^0(N_{C|S} ). Using (10.15) for i = 2 and (10.5) for i = 3, we remark that a careful deletion of columns of our matrix leads, via an argument similar to that used with the diagram (3.1), to f_2 = 5 + m − t and f_3 = 6 − t.

Then we get

h^0(N_{C|S} ) = h^0(M_S (f_2)) − 1 = h^0(ω_X (f_2)) − h^0(O_X (f_2 − f_3)) − 1. We have

h^0(O_X (f_2 − f_3)) = h^0(O_X (m − 1)) = ( m + 4 5 ) − h^0(I_X (m − 1))

where we, if necessary, can calculate h^0(I_X (m − 1)) by a sequence similar to (10.7). By (10.8),

h^0(ω_X (f_2)) = ( m + 5 5 ) t − ( m + 4 5 ) (t + 1) + ( m − t + 4 5 ) , and we get

dim_C Hilb^p(P^5) = h^0(N_S ) + h^0(N_{C|S} ) = 4t^2 + 8t − 4 + ( m + 5 5 ) t − ( m + 4 5 ) (t + 2) + ( m − t + 4 5 ) + h^0(I_X (m − 1)).

If 3 ≤ m ≤ t, then h^0(I_X (m−1)) = 0 and (_{m−t+4} 5 ) = 0, in which case one may check that the dimension above is precisely equal to the formula λ of Proposition 10.7 (where now all i, j means 1 ≤ i ≤ t and 0 ≤ j ≤ t + 2); cf. Example 10.5.

Our final corollary is mainly concerned with H-unobstructedness in the zerodimensional codimension 3 case. It is based on Proposition 9.7 and Remark 9.8 (i) which implies the vanishing of Ext^1(I_S , I_{C|S} ) (and of_0 Ext^1_R(I_S , I_{C|S}) !) provided the middle term of the complex (7.2) vanishes. Since Remark 9.8 (i) does not require C to be Cartier on S, it follows that we can also generalize the 1 dimensional case of Corollary 10.11 (allowing us to weaken the Cartier assumption) as well.

Corollary 10.17. Let C ⊂ S be good determinantal schemes in P^{n+3} as in (10.12) where C is given as the maximal minors of a t × (t + 2) matrix whose ij-th entry is homogeneous of degree a_j − b_i, 0 ≤ j ≤ t + 1, 1 ≤ i ≤ t, and S is correspondingly given by deleting the first column. Let

b_1 ≥ · · · ≥ b_t, a_0 ≥ a_1 ≥ · · · ≥ a_t ≥ a_{t+1} and l = t+1∑ j=0 a_j − t∑ i=1 b_i, and suppose a_0 > a_1 + a_2 − b_t. If n = dim C = 0 (resp. n = 1), then

0 Ext^1_R(I_S , I_{C|S} ) = 0 (resp. Ext^1(I_S , I_{C|S} ) = 0), i.e. C is H-unobstructed (resp. unobstructed), and we have

dim_C GradAlg^H (P^3) = λ + κ,

dim_C Hilb^p(P^3) − dim_C GradAlg^H (P^3) = h^1(I_S /I^2_S (l − 2a_0)) − h^1(N_S ) (resp. dim_C Hilb^p(P^4) = λ + κ) where λ and κ are given in Proposition 10.7.

Proof. To prove that C is H-unobstructed (resp. unobstructed), it suffices by Theorem 10.13 to show that_0 Ext^1_R(I_S , I_{C|S} ) = 0 (resp. Ext^1(I_S , I_{C|S} ) = 0). Since the maximal minors of the t × (t + 2) matrix above which are not minimal generators of I_S , have degree l −a_j −a_k, 1 ≤ j < k ≤ t+1, we get (I_{C|S} )_{l−a0 −bi} = 0 for any i by the assumption a_0 > a_1 + a_2 − b_t (cf. proof of Corollary 10.11). The mentioned Ext-groups therefore vanish by (7.3) and (7.4).

To get the dimension formula, it suffices by the proof of Proposition 10.7 to see that (10.6) and the dimension formula of Theorem 10.13 coincide. As in (10.18), we get

0 Hom_R(I_{C|S} , A) ∼= (K_B )_f /k^∗, (resp. H^0(N_{C|S} ) ∼= H^0(ω_S (f))/k^∗) while 0 Hom_R(I_S , I_{C|S} ) = (I_S /I^2_S )_{n+4−f} (respectively Hom(I_S , I_{C|S} ) = (I_S /I^2_S )_{n+4−f} ) follows from the fact that all these groups vanish. (cf. Proposition 9.7 for the Homgroups, and for the other we observe (I_S )_{l−2a0} = 0 because a_2 > b_t by assumption).

Finally the codimension formula in the zero dimensional case (in which case C ⊂ S is Cartier) follows from Theorem 9.16 (i.e. from the last part of its proof) because H^1(I_S /I^2_S (l − 2a_0)) ∼= H^1(N_S ⊗ I_{C|S} ). □

Example 10.18. Let C be a good determinantal zero dimensional subscheme of P^3 given by the maximal minors of a t × (t + 2) matrix [M, L] where M is a column of entries of degree m and L is a matrix of linear entries whose minors define a subscheme S as in (10.12). If m > 2, then C is H-unobstructed and dim_C GradAlg^H (P^3) equals the formula of Example 10.10 with n = 0. (Of course Corollary 10.17 also shows that the conclusions of Example 10.10 hold if dim C = 1, only requiring C ⊂ S to be generically Cartier and S to satisfy G_1).

Bibliography

[1] R. Apéry, Sur certain caractères numériques d’un idéal sans composant impropre, C.R.A.S.

220 (1945), 234–236.

[2] R. Apéry, Sur les courbes de première espèce de l’espace à trois dimensions, C.R.A.S. 220 (1945), 271–272.

[3] L. Avramov and J. Herzog, The Koszul Algebra of a Codimension 2 Embedding, Math. Z.

175 (1980), 249–260.

[4] E. Ballico, G. Bolondi and J. Migliore, The Lazarsfeld-Rao Problem for Liaison Classes of Two-Codimensional Subschemes of P^n, Amer. J. of Math. 113 (1991), 117–128.

[5] D. Bayer and M. Stillman, Macaulay, a computer system for computing in Commutative Algebra and Algebraic Geometry.

[6] M. Boij, Gorenstein Artin algebras and points in projective space, Bull. London Math. Soc.

31 (1999), 11–16.

[7] G. Bolondi and J. Migliore, The Structure of an Even Liaison Class, Trans. Amer. Math.

Soc. 316 (1989), 1–37.

[8] G. Bolondi and J. Migliore, The Lazarsfeld-Rao property on an arithmetically Gorenstein variety, Manuscripta Math. 78 (1993), 347–368.

[9] W. Bruns, The Eisenbud-Evans generalized principal ideal theorem and determinantal ideals, Proc. Amer. Math. Soc. 83 (1981), 19–24.

[10] W. Bruns, J. Herzog, “Cohen-Macaulay rings”, Cambridge Studies in Advanced Mathematics 39, Cambridge University Press, 1993.

[11] W. Bruns and U. Vetter, “Determinantal Rings,” Lecture Notes in Math. 1327, Springer- Verlag, 1988.

[12] D. Buchsbaum and D. Eisenbud, What annihilates a module?, J. Algebra 47 (1977), 231–243. [13] R.O. Buchweitz, “Contributions a la theorie des singularites,” Thesis l’Université Paris VII (1981).

[14] R.O. Buchweitz and B. Ulrich, Homological properties which are invariant under linkage, Preprint 1983 .

[15] M. Casanellas and R.M. Miró-Roig, Gorenstein Liaison of curves in P^4, J. Algebra 230 (2000), 656–664.

[16] M. Casanellas and R.M. Miró-Roig, Gorenstein liaison of divisors on standard determinantal schemes and on rational normal scrolls, to appear in J. Pure Appl. Algebra.

[17] E. Davis, A.V. Geramita, F. Orecchia, Gorenstein Algebras and the Cayley-Bacharach Theorem, Proc. Amer. Math. Soc. 93 (1985), 593–597.

[18] T. de Jong and D. van Straten, Deformations of normalization of hypersurfaces, Math. Ann.

288 (1990), 527–547.

[19] P. Dubreil, Quelques propriétés des variétés algébriques, Actualités Scientifiques et Industrielles 210, Paris: Hermann, 1935.

[20] L. Ein, Hilbert scheme of smooth space curves, Ann. Scient. Ec. Norm. sup. 19 (1986), 469– 478.

[21] D. Eisenbud, “Commutative Algebra with a view toward Algebraic Geometry,” Graduate Texts in Mathematics 150, Springer-Verlag, 1995.

[22] G. Ellingsrud, Sur le schema de Hilbert des variétés de codimension 2 dans P^e a cone de Cohen-Macaulay, Ann. Scient. Ec. Norm. Sup. 8 (1975), 423–432.

[23] E.G. Evans and P.A. Griffith, Local cohomology modules for normal domains, J. London Math. Soc., 22 (1979), 277–284.

[24] F. Gaeta, Nuove ricerche sulle curve sghembe algebriche di residuale finito e sui gruppi di punti del piano, Ann. di Mat. Pura et Appl., ser.4, 31 (1950), 1–64. 119

[25] A.V. Geramita and J. Migliore, A Generalized Liaison Addition, J. Algebra 163 (1994), 139–164.

[26] A. Grothendieck, “Elements de Geometrie Algebrique IV,” Springer-Verlag, 1971. [27] A. Grothendieck, Technique de descente et theoreme d’existence en geometrie algebrique, in Sem. Bourbaki, Vol 1960/1961, exp. 221.

[28] A. Grothendieck, “Cohomologie locale des faisceaux coherents et Theoremes de Lefschetz locaux et globaux,” North Holland, Amsterdam, 1968.

[29] R. Hartshorne, “Local Cohomology,” Lecture Notes in Math. 41, Springer-Verlag, 1967. [30] R. Hartshorne, Generalized Divisors on Gorenstein Schemes, K-Theory 8 (1994), 287–339. [31] R. Hartshorne, Algebraic Geometry, Springer-Verlag, GTM 52.

[32] J. Herzog, Deformationen von Cohen-Macaulay Algebren, J. reine angew. Math. 318 (1980), 83–105.

[33] J. Herzog, Ein Cohen-Macaulay-Kriterium mit Anwendungen auf den Konormalenmodul und den Differentialmodul, Math. Zeit. 163 (1978), 149–162.

[34] H.J. Hoppe, Generischer Spaltungstyp und zweite ChernKlasse stabiler Vektorraumbundel vom Rang 4 auf P^4, Math. Zeit. 187 (1984), 345-360.

[35] C. Huneke, Numerical invariants of liaison classes, Invent. Math. 75 (1984), 301–325. [36] C. Huneke, B. Ulrich, The structure of linkage, Ann. Math. 126 (1987), 277–334. [37] J.O. Kleppe, The Hilbert-flag scheme, its properties and its connection with the Hilbert scheme. Applications to curves in 3-space, Preprint (part of thesis), March 1981, Univ. of Oslo.

[38] J.O. Kleppe, Liaison of families of subschemes in P^n, In: Proc. Trento 1988. Lecture Notes in Math. 1389, Springer-Verlag, 1989.

[39] J.O. Kleppe, Concerning the existence of nice components in the Hilbert scheme curves in P^n for n = 4 and 5, J. reine angew. Math. 475 (1996), 77–102.

[40] J.O. Kleppe, Deformations of graded algebras, Math. Scand. 45 (1979). [41] J.O. Kleppe, The smoothness and the dimension of P Gor(H) and of other strata of the punctual Hilbert scheme, J. Algebra 200 (1998), 606–628.

[42] J.O. Kleppe, On the existence of nice components in the Hilbert scheme H(d, g) of smooth connected space curves, Boll. U.M.I. (7) 8-B (1994), 305–326.

[43] J.O. Kleppe, Halphen gaps and good space curves, Boll. U.M.I. (8) 1-B (1998), 429–450. [44] J.O. Kleppe and R.M. Miró-Roig, The dimension of the Hilbert scheme of Gorenstein codimension 3 subschemes, J. Pure Appl. Algebra 127 (1998), 73–82.

[45] M. Kreuzer, J. Migliore, U. Nagel and C. Peterson, Determinantal Schemes and Buchsbaum- Rim Sheaves, to appear in J. Pure Appl. Algebra.

[46] O.A. Laudal, A generalized trisecant lemma, Proc. Tromsø, Conference in algebraic geometry, Lecture Notes in Math. 754, Springer, 1977, pp. 112–149.

[47] O.A. Laudal, “Formal Moduli of Algebraic Structures,” Lecture Notes in Math. 754, Springer- Verlag, 1978.

[48] R. Lazarsfeld and P. Rao, Linkage of General Curves of Large Degree, in “Algebraic Geometry– Open Problems (Ravello, 1982),” Lecture Notes in Mathematics, vol. 997, Springer–Verlag, 1983, pp. 267–289.

[49] M. Martin-Deschamps and D. Perrin, “Sur la Classification des Courbes Gauches,” Astérisque 184–185, Soc. Math. de France (1990).

[50] M. Martin-Deschamps and R. Piene, Arithmetically Cohen-Macaulay curves in P^4 of degree 4 and genus 0, Manuscripta Math. 93 (1997), 391–408.

[51] J. Migliore, Geometric Invariants for Liaison of Space Curves, J. Algebra 99 (1986), 548–572. [52] J. Migliore, “Introduction to Liaison Theory and Deficiency Modules,” Birkhäuser, Progress in Mathematics 165 (1998).

[53] J. Migliore and U. Nagel, Monomial ideals and the Gorenstein liaison class of a complete intersection, preprint.

[54] J. C. Migliore, U. Nagel, C. Peterson, Buchsbaum-Rim sheaves and their multiple sections, J. Algebra 219 (1999), 378–420.

[55] J. Migliore and C. Peterson, A construction of codimension three arithmetically Gorenstein subschemes of projective space, Trans. Amer. Math. Soc. 349 (1997), 3803–3821.

[56] U. Nagel, On Hilbert Function Under Liaison, Le Matematiche XLVI (1991), 547–558. [57] U. Nagel, Even Liaison Classes Generated by Gorenstein Linkage, J. Algebra 209 (1998), 543–584.

[58] S. Nollet, Even Linkage Classes, Trans. Amer. Math. Soc. 348 (1996), no. 3, 1137–1162. [59] R. Notari and M.L. Spreafico, A Stratification of Hilbert Scheme by Initial Ideals and Applications, Manuscripta Math. 101 (2000), 429-448.

[60] C. Okonek, Reflexive Garben auf P^4, Math. Ann. 260 (1982), 211-237. [61] C. Okonek, Moduli reflexiver Garben und Flächen vom kleinem Grad in P^4, Math. Zeit. 184 (1983), 549–572.

[62] C. Peskine and L. Szpiro, Liaison des variétés algébriques. I, Invent. Math. 26 (1974), 271– 302.

[63] P. Rao, Liaison among Curves in P^3, Invent. Math. 50 (1979), 205–217. [64] P. Rao, Liaison Equivalence Classes, Math. Ann. 258 (1981), 169–173. [65] P. Rao, On Self-Linked Curves, Duke Math. J. 49(2) (1982), 251–273. [66] P. Schenzel, Notes on Liaison and Duality, J. Math. Kyoto Univ. 22 (1982), 485–498. [67] P. Schwartau, Liaison Addition and Monomial Ideals, Ph.D. thesis, Brandeis University (1982).

[68] T. Svanes, Some Criteria for Rigidity of Noetherian Rings, Math. Z. 144 (1975), 135–145. [69] B. Ulrich, Rings of Invariants and Linkage of Determinantal Ideals, Math. Ann. 274 (1986), 1–17.

[70] W. Vasconcelos, “Arithmetic of Blowup Algebras,” London Math. Soc. Lecture Note Series 195, Cambridge University Press (1994).

[71] C. Walter, Cohen-Macaulay liaison, J. reine angew. Math. 444 (1993), 101–114. [72] C. Walter, Components of the stack of torsion-free sheaves of rank 2 on ruled surfaces, Math.

Ann. 301 (1995), 699-715.

[73] J. Watanabe, A note on Gorenstein rings of embedding codimension 3, Nagoya Math. J. 50 (1973), 227–232.

[74] C. Weibel, “An introduction to homological algebra,” Cambridge University Press, Cambridge studies in advanced mathematics 38 (1994). a