ON THE NORMAL SHEAF OF DETERMINANTAL VARIETIES
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ABSTRACT. Let X be a standard determinantal scheme X C P"™ of codimension ¢, i.e. a scheme
defined by the maximal minors of a ¢t X (£ +c¢— 1) homogeneous polynomial matrix .A. In this paper,
we study the main features of its normal sheaf Nx. We prove that under some mild restrictions:
(1) there exists a line bundle £ on X \ Sing(X) such that Nx ® £ is arithmetically Cohen-Macaulay
and, even more, it is Ulrich whenever the entries of A are linear forms (2) Nx is simple (hence,

indecomposable) and, finally, (3) Nx is u-(semi)stable provided the entries of A are linear forms.
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1. INTRODUCTION

The goal of this paper is to study the main properties of the normal sheaf of a determinantal
scheme. Determinantal schemes have been a central topic in both Commutative Algebra and
Algebraic Geometry. They are schemes defined by the vanishing of the r xr minors of a homogeneous
polynomial matrix; and as a classical examples of determinantal schemes we have rational normal
scrolls, Segre varieties and Veronese varieties. On the other hand, the normal sheaf Nx of a
projective scheme X C P" has been intensively studied since it reflects many properties of the
embedding. For instance, if X C P" is a smooth projective variety of dimension d > n/2, n > 5
and Nx splits into a sum of line bundles then X is a complete intersection (cf. [2]; Corollary
3.6). This paper is entirely devoted to study the main features of the normal sheaf Nx of a
(linear) standard determinantal scheme X C P", i.e. schemes defined by the maximal minors of
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a homogeneous polynomial matrix. In particular, we will study the Macaulayness, simplicity and
p-stability of Ny.

Since the seminal work by Horrocks characterizing ACM sheaves on P" as those that completely
split into a sum of line bundles (cf. [19]), a big amount of papers devoted to study ACM sheaves
on projective schemes has appeared. Recall that a sheaf £ on a projective scheme X C P" is
arithmetically Cohen-Macaulay (ACM, for short) if it is locally Cohen-Macaulay and Hi(E) =
S ez HI(X,E(t)) = 0for 0 < i < dim X. It turns out that a natural way to measure the complexity
of a projective scheme is to ask for the families of ACM sheaves that it supports. Mimicking an
analogous trichotomy in Representation Theory, in [11] it was proposed a classification of ACM
projective varieties as finite, tame or wild according to the complexity of their associated category
of ACM vector bundles and it was proved that this trichotomy is exhaustive for the case of ACM
curves: rational curves are finite, elliptic curves are tame and curves of higher genus are wild.

Unfortunately very little is known for varieties of higher dimension.

Among ACM vector bundles £ on a given variety X, it is interesting to spot a very important
subclass for which its associated module @; H’(X,£(t)) has the maximal number of generators,
which turns out to be deg(X)rk(E). The algebraic counterpart has also arisen a lot of interest. In
fact, Ulrich proved that for a local ring R the minimal number m(M) of generators of a Maximal
Cohen-Macaulay (MCM) module M is bounded by m(M) < e(R)rk(M) where e(R) denotes de
multiplicity of R (cf. [36]). MCM modules attaining this bound are called Ulrich modules. These
algebraic considerations prompted to define, for a projective scheme X C P", a sheaf £ on X to be
Ulrich if it is ACM and the associated graded module H?(&) is Ulrich. When & is initialized (i.e.
HO(&) # 0 but HY(£(—1)) = 0), the last condition is equivalent to dim HY(X, &) = deg(X)rk(&).
The search of Ulrich sheaves on a particular variety is a challenging problem. In fact, few examples
of varieties supporting Ulrich sheaves are known, although in [14] it has been conjectured that any
variety has an Ulrich sheaf. See [7]; Proposition 2.8, for the existence of Ulrich bundles of rank
one on linear standard determinantal schemes. Moreover, the recent interest in the existence of
Ulrich sheaves relies among other things on the fact that a d-dimensional variety X C P” supports
an Ulrich sheaf (bundle) if and only if the cone of cohomology tables of coherent sheaves (resp.
vector bundles) on X coincides with the cone of cohomology tables of coherent sheaves (resp. vector
bundles) on P? ( [15]; Theorem 4.2).

In this paper, we will address the following longstanding problems:

Problem 1.1. Let X C P" be a (linear) standard determinantal scheme of codimension ¢ and let
Nx be its normal sheaf:

(1) Is there any invertible sheaf L on X \ Sing(X) such that Nx ® L is ACM (resp. Ulrich)?
If so, how does the minimal free Opn-resolution of Nx ® L looks like?

(2) Is there any invertible sheaf L' on X\ Sing(X) such that NINx @ L' is ACM (resp. Ulrich)?

(3) Is Nx simple? or, at least indecomposable?

(4) Is Nx p-(semi)stable?
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In our approach, we often use the well known fact that a locally free sheaf on the smooth locus
of a reduced normal Cohen-Macaulay variety X extends uniquely to a reflexive sheaf on X, or
more precisely that the morphism (2.2) of this paper is an isomorphism under appropriate depth
conditions. We will start our work analyzing whether the normal sheaf Nx (and its exterior
powers) to a standard determinantal scheme is ACM. It is well known that the normal sheaf Nx to
a standard determinantal scheme X C P" of codimension ¢ is ACM if 1 < ¢ < 2 but it is no longer
true for ¢ > 3. Our first goal will be to prove that under some weak restriction there exists an
invertible sheaf £ on X \ Sing(X) (i.e. a coherent Ox-module that is invertible on X \ Sing(X))
such that Ny ® £ is ACM. Our next aim will be to prove that for linear standard determinantal
schemes X C P" satisfying some mild hypothesis, Nx ® £ is not only ACM but also Ulrich.

As Hartshorne and Casanellas pointed out in [9] there are few examples of indecomposable
ACM bundles of arbitrarily high rank. So, once we know the Macaulayness of a suitable twist
Nx ® L of the normal sheaf Nx to a standard determinantal scheme X C P" we are led to ask
if it is indecomposable. Concerning Problem 1.1 (3), we are able to prove that under some weak
conditions N is indecomposable and, even more, it is simple. As it is explained in section 4,
this last property works in a much more general set up (cf. Theorem 4.7). Another challenging
problem is the existence of u-(semi)stable ACM bundles of high rank on projective schemes since
u-(semi)stable ACM bundles of higher ranks are essentially unknown due to the lack of criteria
to check it when the rank is high. In the last part of the paper, we analyze the p-(semi)stability
of the normal sheaf N'x to a standard determinantal scheme X. We prove that it is p-semistable
provided the homogeneous matrix associated to X has linear entries and p-stable if, in addition,
we assume that X has codimension 2.

Next we outline the structure of the paper. Section 2 provides the background and basic results on
(linear) standard determinantal schemes and the associated complexes needed in the sequel as well
as the definition and main properties on ACM sheaves and Ulrich sheaves on a projective scheme.
We refer to [6] and [13] for more details on standard determinantal schemes and to [10], [14], [31]
and [33] for more details on Ulrich sheaves. In section 3, we address Problems 1.1 (1) and (2)
and we prove our main results. Given a standard determinantal scheme X C P™ of codimension ¢
associated to a homogeneous ¢ x (¢t + ¢ — 1) polynomial matrix A, we denote by M the cokernel of

the graded morphism defined by A and we prove that, under some mild assumption, Nx ® S._oM
is ACM (cf. Theorem 3.7). As a by-product we obtain an Opn-resolution of Ny ® £ which turns
out to be pure and linear in the case of linear standard determinantal schemes (cf. Theorem 3.7
and Corollary 3.8). To prove it we use a generalization of the mapping cone process together with
a careful analysis of possible cancelations of repeated summands in the mapping cone construction.
Parts of the results of this section are inspired by ideas developed in [27] leading to isomorphisms
Extl(]\Aj, EZJ/W) =~ Hom(Zx /7%, m) and to good estimates of the depth of Ext!(M, S;M). We
also generalize these results to higher Ext-groups and to exterior powers of twisted normal sheaves
(cf. Theorem 3.15). At the end of this section, we guess a result, analogous to Theorem 3.15 for the
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exterior power of the normal sheaf (cf. Conjectures 3.9 and 3.23) based on our computations with
Macaulay2. Section 4 deals with Problem 1.1 (3) and we determine conditions under which the
normal sheaf N'x of a standard determinantal scheme X C P" is simple and, hence, indecomposable
(cf. Theorem 4.3). We also determine the cohomology and hence the depth of the conormal sheaf
of X (cf. Proposition 4.1 and Corollaries 3.21 and 4.2). Finally, in section 5, we face Problem
1.1 (4) and we prove that the normal sheaf Ny of a standard determinantal scheme X C P" of
codimension ¢ associated to a t X (t + ¢ — 1) matrix with linear entries is always u-semistable (cf.
Theorem 5.3) and even more it is p-stable when ¢ =2 and n > 4 (cf. Theorem 5.7).

Remark. This version on the arXiv makes a correction to Proposition 3.9 of previous versions on
the arXiv, as well as to the published version in Crelle’s journal, see Remark 3.18 for details.
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Notation. Throughout this paper K will be an algebraically closed field of characteristic zero,
R = Klxg,z1, + , x|, m = (20,...,2,) and P* = Proj(R). Given a closed subscheme X C P", we
denote by Zx its ideal sheaf, Ny its normal sheaf and I(X) = H2(P", Ty) its saturated homogeneous
ideal unless X = (), in which case we let I(X) = m. If X is equidimensional and Cohen-Macaulay of
codimension ¢, we set wx = Extp,, (Ox, Opn)(—n — 1) to be its canonical sheaf. Given a coherent
sheaf £ on X we denote the twisted sheaf £ ® Ox(I) by £(1). As usual, H(X, £) stands for the
cohomology groups, h'(X, ) for their dimension and H: (X, E) = @z HY(X, £(1)).

For any graded quotient A of R of codimension ¢, we let Iy, = ker(R — A) and we let Ny =
Homp(I4,A) be the normal module. If A is Cohen-Macaulay of codimension ¢, we let K4 =
Ext3(A, R)(—n — 1) be its canonical module. When we write X = Proj(A), we let A = Rx =
R/I(X) and Kx = Ky4. If M is a finitely generated graded A-module, let depth; M denote the
length of a maximal M-sequence in a homogeneous ideal J and let depth M = depth,, M.

2. PRELIMINARIES

For convenience of the reader we include in this section the background and basic results on
(linear) standard determinantal varieties as well as on arithmetically Cohen-Macaulay sheaves and
Ulrich sheaves needed in the sequel.

2.1. Determinantal varieties. Let us start recalling the definition of arithmetically Cohen-
Macaulay subschemes of P”.
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Definition 2.1. A subscheme X C P" is said to be arithmetically Cohen-Macaulay (briefly,
ACM) if its homogeneous coordinate ring R/I(X) is a Cohen-Macaulay ring, i.e. depth R/I(X) =
dim R/I(X).

Thanks to the graded version of the Auslander-Buchsbaum formula (for any finitely generated
R-module M):
pdM =n+1— depth M,
we deduce that a subscheme X C P" is ACM if and only if pd R/I(X) = codim X. Hence, if X C P"
is a codimension ¢ ACM subscheme, a graded minimal free R-resolution of I(X) is of the form:

0= F 25 F %3 .. 2 ) 2L 1(X) =0

where F; = @;ezR(—j)%i,i=1,--- ,c (in this setting, minimal means that im(yp;) C mF;_1).
We now collect the results on standard determinantal schemes and the associated complexes
needed in the sequel and we refer to [6] and [13] for more details.

Definition 2.2. If A is a homogeneous matrix, we denote by I(A) the ideal of R generated by the
maximal minors of A and by I;(.A) the ideal generated by the j x j minors of A. A codimension ¢
subscheme X C P" is called a standard determinantal scheme if I(X) = I(A) for some ¢t X (t+c—1)
homogeneous matrix 4. In addition, we will say that X is a linear standard determinantal scheme

if all entries of A are linear forms.

As examples of standard determinantal schemes we have any ACM variety X C P" of codimension
2 and as examples of linear determinantal schemes we have, for instance, rational normal curves,
Segre varieties and rational normal scrolls. Now we are going to describe some complexes associated
to a codimension ¢ standard determinantal scheme X. To this end, we denote by ¢ : FF — G the
morphism of free graded R-modules of rank ¢t + ¢ — 1 and ¢, defined by the homogeneous matrix A
of X. We denote by C;(y) the (generalized) Koszul complex:

Ci(p): 0 = ANF®8)(G) = AN'FRS1(G) = ... > A’F®S;(G) =0
where A'F stands for the i-th exterior power of F' and S;(G) denotes the i-th symmetric power of
G. Let Ci(¢)* be the R-dual of C;(p) . The dual map ¢* induces graded morphisms

wi : NTE @ ALGF — AUF.
They can be used to splice the complexes Co_;_1(p)* ® APTLF @ A'G* and C;(¢) to a complex
Di(e) :
(2.1) 0= AT @S, i 1(G) @ANG = ANT2E® S i o(G) @ ANGF — ... —
AFTE ® So(G)* @ ANG* <5 N'TF ® So(G) = ANTTF @ 81(G) — ... = APF® Si(G) = 0.

The complex Dy(¢p) is called the Eagon-Northcott complex and the complex Di(¢p) is called the
Buchsbaum-Rim complex. Let us rename the complex C.(¢) as D.(¢). Denote by I,,(¢) the ideal

generated by the m x m minors of the matrix A representing . Then, we have the following well

known result:
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Proposition 2.3. Let X C P" be a standard determinantal subscheme of codimension ¢ associated
to a graded minimal (i.e. im(p) C mG) morphism ¢ : F — G of free R-modules of rank t + ¢ — 1
and t, respectively. Set M = Coker(p). Then, it holds:

(i) D;i(p) is acyclic for —1 <i < c.

(ii) Do(p) is a minimal free graded R-resolution of R/I(X) and D;(p) is a minimal free graded
R-resolution of length ¢ of S;(M), 1 <i<c.

(ii) Up to twist, Kx = S._1(M). So, up to twist, D._1(p) is a minimal free graded R-module
resolution of Kx.

(iv) Di(p) is a minimal free graded R-resolution of S;(M) for c+1 < i whenever depthy, ()R >
t 4+ c—m for every m such thatt > m > maz(1,t 4+ c —1).

Proof. See, for instance [6]; Theorem 2.20 and [13]; Theorem A2.10 and Corollaries A2.12 and
A2.13. ([l

It immediately follows from Proposition 2.3 (ii) that standard determinantal schemes are ACM.
Let us also recall the following useful comparison of cohomology groups. If Z7 C X is a closed
subset such that U = X \ Z is a local complete intersection, L and N are finitely generated
R/I(X)-modules, N is locally free on U and depth;(z) L > r + 1, then the natural map

(2.2) Extly 1 x)(N, L) — HL(U, Homo, (N, L))

is an isomorphism, (resp. an injection) for i < r (resp. i = r) cf. [21], exposé VI. Recall that we
interpret I(Z) as m if Z = ().

We end this subsection describing the Picard group of a smooth standard determinantal scheme
X. Assume that X C P" is given by the maximal minors of a ¢ x (¢t + ¢ — 1) homogeneous matrix
A representing a homomorphism ¢ of free graded R-modules

t+c—1 t
p:F= P R(—a;) — G=EPR(-b)).
i=1 j=1

Without loss of generality, we may assume a1 < as < ... < ay4e—1 and by < bg < ... < b, Denote
by H the general hyperplane section of X and by Z C X the codimension 1 subscheme of X defined
by the maximal minors of the (t — 1) X (¢t + ¢ — 1) matrix obtained deleting the last row of .A. The
following theorem computes the Picard group of X. Indeed, we have:

Theorem 2.4. Let X C P" be a smooth standard determinantal scheme of codimension ¢ > 2. Set
l:= Z;J:flaj _Z§:1bi' Assumet > 1. Ifn—c>2anday — b >0; orn—c=2,a1 — b >0
and ¢ >n+1, then Pic(X) 27>~ (H,Z).

Proof. See [12]; Corollary 2.4 for smooth standard determinantal varieties X C P" of dimension
d > 3 and [18]; Proposition 5.2 for the case d = 2 (see also [22]; Theorem I1.4.2, for smooth surfaces
X CPY). O
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2.2. ACM and Ulrich sheaves. We set up here some preliminary notions mainly concerning the
definitions and basic results on ACM and Ulrich sheaves needed later.

Definition 2.5. Let X C P” be a projective scheme and let £ be a coherent sheaf on X. & is
said to be Arithmetically Cohen Macaulay (shortly, ACM) if it is locally Cohen-Macaulay (i.e.,
depth &, = dim Ox, for every point € X)) and has no intermediate cohomology, i.e.

H(X,E(t) =0 forall t and i = 1,...,dim X — 1.

Notice that when X is a non-singular variety, any coherent ACM sheaf on X is locally free. A
seminal result due to Horrocks (cf. [19]) asserts that, up to twist, there is only one indecomposable
ACM bundle on P™: Opn. Ever since this result was stated, the study of the category of indecom-
posable arithmetically Cohen-Macaulay bundles on a given projective scheme X has raised a lot
of interest since it is a natural way to understand the complexity of the underlying variety X (for
more information the reader can see [9], [10], [33], [31] and [32]). One of the goals of this paper is to
study whether the normal sheaf AN’y and the exterior power ANy of the normal sheaf (or suitable
twists Nx @ £ and NYNx ® L' by invertible sheaves £ and £') of a standard determinantal scheme
X C P" are ACM. ACM sheaves are closely related to their algebraic counterpart, the maximal
Cohen-Macaulay modules.

Definition 2.6. A graded Rx-module E is a mazimal Cohen-Macaulay module (MCM for short)
if depth £ = dim F = dim Rx.

In fact, we have:

Proposition 2.7. Let X CP" be an ACM scheme. There exists a bijection between ACM sheaves
£ on X and MCM Rx-modules E given by the functors E — E and £ — HY(X, £).

Proof. See [8]; Proposition 2.1. O

Definition 2.8. Given a closed subscheme X C P", a coherent sheaf £ on X is said to be initialized
if

H(X,£(-1)) =0 but HY(X,&) #0.
Notice that when £ is a locally Cohen-Macaulay sheaf, there always exists an integer k£ such that
Einit := E(k) is initialized.

Let us now introduce the notion of Ulrich sheaf.

Definition 2.9. Given a projective scheme X C P"™ and a coherent sheaf £ on X, we say that £ is
an Ulrich sheaf if £ is an ACM sheaf and h®(Einir) = deg(X) rk(€).

We have the following result that justifies this definition:

Theorem 2.10. Let X C P™ be an integral subscheme and let £ be an ACM sheaf on X. Then the
minimal number of generators m(€) of the Rx-module H(E) is bounded by

m(€) < deg(X)rk(E).
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Therefore, since it is obvious that for an initialized sheaf £, h%(€) < m(&), the minimal number
of generators of Ulrich sheaves is as large as possible. Modules attaining this upper bound were
studied by Ulrich in [36]. A detailed account is provided in [14]. In particular we have:

Theorem 2.11. Let X C PN be an n-dimensional ACM variety and £ be an initialized ACM
coherent sheaf on X. The following conditions are equivalent:

(i) € is Ulrich.

(ii) &€ admits a linear Opn -resolution of the form:

0 — Opn (=N +n)"™"=" — ... — Opn (=1)" — Opy — & — 0.

(ii) HY(E(—i)) = 0 fori >0 and H(E(—i — 1)) =0 fori < n.
(iv) For some (resp. all) finite linear projections m : X — P, the sheaf m.& is the trivial sheaf
OL,. for some t.

In particular, initialized Ulrich sheaves are O-regular and therefore they are globally generated.
Proof. See [14] Proposition 2.1. O

In the next section, we will prove that under some weak restrictions the normal sheaf Nx of a
linear standard determinantal scheme X twisted by a suitable invertible sheaf £ on X \ Sing(X)
is Ulrich (cf. Theorem 3.7); and as an immediate consequence we will deduce the p-semistability
of the normal sheaf of a linear standard determinantal scheme (cf. Theorem 5.3).

3. THE COHEN-MACAULAYNESS OF THE NORMAL SHEAF OF A DETERMINANTAL VARIETY

The main goal of this section is to answer Problem 1.1(1). More precisely, we prove that, under
some mild assumptions, given a standard determinantal scheme X C P" of codimension ¢ there
always exists an invertible sheaf £ on X \ Sing(X) such Nx ® £ is ACM (cf. Theorem 3.7) and
as a by-product we obtain an Opn-resolution of N'x ® £ which turns out to be pure and linear in
the case of linear standard determinantal schemes (cf. Theorem 3.7 and Corollary 3.8). At the end
of this section, we conjecture an analogous result for the exterior power of the normal sheaf (cf.
Conjecture 3.23).

In this section X C P" will be a standard determinantal scheme of codimension ¢, A the t x
(t + ¢ — 1) homogeneous matrix associated to X, I = I;(A), A = R/I, Na := Homu(I/I?, A),
Nx = Na,

t+c—1 t
p: F = @ R(—aj) — G = @R(—bi)
j=1 i=1

the morphism of free R-modules associated to A and M := coker(y). We will assume ¢ > 1, since
the case t = 1 corresponds to a codimension ¢ complete intersection X C P" and its normal sheaf
is well understood (Nx = @¢_,0x(d;)). If t > 2, M is a locally free Ox-module of rank 1 over
T :=X\V(J) where J := I;_1(A) and T — P" is a local complete intersection. Recall also that
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if a; > b; for any 4, j, then V(J) = Sing(X), codimy (Sing(X)) = ¢+ 2 or Sing(X) = ( and
codimpn X = ¢ for a general choice of ¢ € Hom(F,G).

Recall that the normal sheaf Nx of a standard determinantal scheme is ACM if and only if
H.(Nx) = 0 for 0 < i < dim X. In particular, the normal sheaf N'x of a standard determinantal
curve X C P" (¢ = n—1) is always ACM as well as the normal sheaf Ny of a standard determinantal
scheme X C P" of codimension 1 < ¢ < 2. Indeed, if ¢ = 1, then Nx = Ox(d) where § := deg(X)
and if ¢ = 2, then there is an exact sequence (cf. [24], (26))

(3.1) 0 FRrG* = (FForF)& (G*®rG))/R— Gor F* — Nx — 0.

Unfortunately, it is no longer true for higher codimension and we only have that under some mild
conditions H . (Nx) = 0 for 1 <i <n —c— 2 (see [25]; Lemma 35 for ¢ = 3, [28]; Corollary 5.5 for
3 < ¢ <4 and [27]; Theorem 5.11 for the general case). In this section we are going to prove that
under some weak restrictions Nx ® m is ACM, i.e.

Hi(X,NX®m):0for1§i§n—c—1.

To prove it, we will use the following technical lemma which can be seen as a generalization of
the mapping cone process and we include a proof for the sake of completeness. In this lemma the
differentials of a complex, say (e, are denoted by d’é Qi — Qiq.

Lemma 3.1. Let Qo =% P, —+ F, be morphisms of complexes satisfying Q;=P; =F; =0 for
Jj <0 and assume that all three complezes are acyclic (exact for j # 0) and that the sequence

0 — coker db — coker db % coker d

is exact. Moreover assume that there exists a morphism le : Qo — Fo[1] such that for any integer
(3.2) dgj_l& + gi_ldlé = T;05.

Then, the complex Qo @ Po[1] & F,[2] given by

dz?,PF
Qi®P1®Fy2 —— Qi-1®F & F
where ‘
I
dopri=| o —dg' 0
gi —Ti4+1 dlﬁa

is acyclic (exact for i # —2) and coker délpF = coker .

Proof. 1t is straightforward to show that da}% P oda pr = 0 by using (3.2) and that the differentials
of the complexes commute with o and 7,. To see the acyclicity of Qe @ Po[1] ® F,[2], let

diQ_1 0 . 0 q dgl (q) 0

oi-1 —dp 0 p|= 0i-1(q) — dp(p) =10

ticy = dit) \f Cim1(g) = 7i(p) + diH (f) 0
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We must show the existence of (¢',p/, f') € Q; ® P;11 ® F; 12 whose transpose maps to (q,p, f)* via
dé;),P,F' Since @, is exact for 7 # 0 there exists a ¢’ € Q; such that diQ(q’) = g provided ¢ > 1. For
i =1 we use 0¢(q) = db(p) and the injectivity of coker db — coker db to see that ¢ maps to zero
in coker db. Hence there exists ¢’ € Q1 such that db (¢') = q. We will treat the case i = 0 shortly.

Suppose @ > 0. Since we have 0;_1(¢) — dp(p) = 0, ¢ = dZQ(q’) and o;_1dg = dpo; we get
di>(0i(¢') — p) = 0. By the exactness of P, there exists an element p’ € P;1q such that d3'(p') =
i(¢')—p. Then we insert p = o;(¢')—d'3* (p') and ¢ = dZQ(q’) into £;_1(q)—7i(p)+dd (f) = 0 and we
use (3.2) and that d'f! and di* commute with 7, to conclude that d'd ™ (—£;(¢') +7i41(p') + f) = 0.
Hence there exists an element f’ € Fj,o such that f = £;(¢) — 7i11(p') + di%(f'). The expressions
for ¢, p and f above prove precisely what we needed to show if i > 0.

Now suppose i = 0. Since dél = dOQ = d(l)g =0_1=/4_1=0and q € Q_1 =0 we have an element
(p, f) € Py ® Fy that maps to —7o(p) + d:(f) = 0 in Fy. Since 7o(p) maps to zero in coker d,
it follows that p is sent to an element in coker d}g that is contained in coker de by the exactness
assumption on the sequence of cokernels of Lemma 3.1. Hence there exists an element ¢’ € Qg such
that 00(¢') — p maps to zero in coker db, whence there is a p’ € Py such that dh(p') = oo(¢’) — p.
Since we have dh(—lo(q')+71(p')+ f) = 0 there exists f' € I such that d%(f') = —lo(¢')+7m1(p')+ f,
and we get the expressions for p and f which we wanted to show.

Finally using that (p, f) € Py @ F} maps to —1o(p) + dk(f) in Fy we easily get coker dé}RF =
coker o and we are done. ([l

Theorem 3.2. We keep the notation introduced above and, in addition, we assume depthy; A > 2.

Then, we have
Exth(M, S._1 M)

is a mazimal Cohen-Macaulay A-module of rank c. Moreover, if aj = 1 for all j and b; = 0 for all

—_—

i, then Exth(M,S._1 M) is an Ulrich sheaf of rank c.

Proof. Our primary goal is to show that Exth(M, S._1M) is a MCM A-module by using the exact
sequence

(3.3) 0—Se oM — G*®Se 1M — F*® S, M — Exth(M,S._1M) — 0.

and Lemma 3.1 to exhibit a minimal free resolution of Exth(M,S._1M) having length c. So let
us start proving the existence of the exact sequence (3.3). Indeed, we look at the Buchsbaum-Rim
complex (see Proposition 2.3(ii))

(3.4) e NI @ AIG © SoGF 5 F 25 G — M — 0.

Since Ii(p) - M = 0 and im(e) C I;(p) - F, we get that the induced map Hompg(ef, Sc—1 M) = 0.
Therefore, the exact sequence (3.3) comes from applying the functor Homp(—,S.—1M) to the
exact sequence (3.4), because under the assumption depth; A > 2, we have depth; S;M > 2 for
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any 1 <i < ¢ and hence

I

HO(X \ V(J), Homo (M, M®0))
HO(X \ V(J), M®6-D)
Si 1 M.

Hompg(M, S;M)

I

(3.5)

1

From the exact sequence (3.3) we deduce that ExtL(M,S. ;M) has rank c; let us prove that it
is a maximal Cohen-Macaulay A-module. The idea will be be to apply Lemma 3.1 to the following

diagram which we will define as an expansion of (3.3) (we set Al := A'F):

0 0 0
4 4 4
Al @ 81G* o AtG* 5 GF @ Al @ SoG* @ ALGH ¢E}1 F* @ Atte—1 @ SoG* @ ALG*
4 4 4
A2 @ SoGF @ ALGE G* © SoG ® A°~1 28! F* ® S0G ® A1
4 4 4
SoG @ AE—2 e G* © 581G @ N2 v 8l F*®51G® A2
! ! !
+ 4 +
Se_ 4G ® A2 kic G* ® Sc_3G ® A2 e gl F* ® Se_3G ® A2
4 4 4
Se sG@F o, G*® 8 2GOF e F*©Sc2GOF
4 4 4
Se G 2, G* ® 501G ergl F*® Sc_1G
4 4 4
0 - Se_aM = G* @ Se1 M o 3l F*®Se 1M — Exth(M,Sc_ 1 M) =0
4 4 4
0 0 0
Diagram A

Let us call Qo, P, and F, the resolutions of S._oM, G* ® S._1M and F*® S._1 M, respectively.
We need to define morphisms of complexes: ge : Qo — Pe and o : Qe — Fo[l1] satisfying all the
hypothesis of Lemma 3.1. Let us first recall the definition of

O : 5,G ® NF — Spp1G @ NI7'F.

To this end, we take {x;}!_; an R-free basis of G and let {z}}'_; be the dual basis of G*. According
to [13]; pg. 592, % takes an element m @ f € S,G ® AYF to the element S'_, z;m @ p*(z)(f) €
Sp+1G ® AI1F. For any integer i, 0 < i < ¢ — 2, we define:

0;:Se0_iG® NF — G* ® Se1—iG & AR
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sending an element m® f € Se_2 ;GRN'F to o;(m® f) = 23:1 TIQTmef € G*®S,_1_;GRN'F.
It is easy to check that the following diagram commutes for any integer ¢, 0 <¢ < c— 3:
Se_3_,G® AL Ui—“) G"®S. 92 iG® NTLE
Yor Ha- @07
Se_9_,G® ANFE D e Se—1-iG® AR

In this setting, we point out that the definition of o._o implies the commutativity of the diagram

SoG @ AT2F T8 Gr @ 8G @ A2
I~ $~
R AT2F T8 gr oG o A2F

i.e., 0.9 is induced by the trace map R — G*®( that is dual to the evaluation map G*®G — R
(i.e. 0e—g =tr®1). We will now define o, and 0.1 in such a way that the two left upper squares
of the Diagram A commute or anticommute. Dualizing (i.e. applying Hompg(—, R)) and using
the isomorphism APF* = AtTeml=ifp @ atte-lpx o attce=1=ip it will be sufficient to prove the
commutativity of the following diagram

G — G®R

T Tes

F ‘@ G ® SoG* @ N'F @ NIG*
T(=ntHte T102_,)*

A @ NG ® SoGF <=2 G ® S1G* @ ATTLE @ ALG*
|
(SoG @ A2F)*

We take {y;}7¢"! to be a free R-basis of F' and {y:}*¢"! to be the dual basis, and we let

{i1,d9, -+ yigg1}, 01 < dg < -+ < dgq1 be a subset of I := {1,2,--- ,t+ c¢— 1}. According to [23]
or [13]; pages 592 and 593 (see also the exact sequence (2.1)), €f and €] are defined by

€0(9 @ Yiy Niy N Nyiy) = St41 - 9@ p(yiy) A== AN o(ys,), and
t+1
Wi AYin+ Aiys) = D85 (i) A AeWis ) AeWisn) A 0 (Yir)Wis -
=1

where s; is the sign of the permutation of I that takes the elements of { i1,42, -+ , 41,741, , lt+1}

into the first ¢ positions. Note that ¢(y;) are the columns of the matrix A associated to ¢, that

o(yi,) A+ AN o(y;,) is the maximal minor corresponding to the columns iy, --- ,i; and that a re-
t+1 %

placement of €] by (—1)"" €}, cf. the diagram above, still makes the leftmost column in Diagram
A a free resolution of S._oM. We define:

oy =Idg, and

t
o (g @Y A A i) = D (W) A ApWi ) Ag AP ) A (i)Y -

Jj=1
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A straightforward computation gives us the desired commutativity, namely,
oo =g oey and (=) oi =0 - (19 (900)").
We will now define the morphism 4, : Qo —> Fo[1]. For any integer i, 0 <i < ¢ — 2, we define:
b S0 G® NF — F* RS9 G® AT

sending an element m ® f € S, o ;G @ A'F to ;(m ® f) = Z;icfl yyeme(y Af) € F*®
Se_9_;G ® N F. Using the diagram

. . *®1 .
Se-aiG & NF2F — = G* ® Se 3 iG ® NT2F s F* © So g 3G @ NIT2

i+

| el ot
i+
. . p*R1 .
Sc—3—iG ® /\z+1F T.jl G S —2—iG ® /\z+1F T FP*eS —2—iG ® /\z+1F
afj’il 1007, 20— l1®af+12i

*®1 .
. F*®5,.1.G®NF

Se 0 iGRNF G* @ Se—1-iG @ N'F

and [13]; Proposition A2.8 page 583 onto the derivation go*(x;f), we check for any i, 0 < i < ¢ — 3,
that

(0" ®@1) g1 = (Lpe @Oy ") i1 + 4 - 057
We dualize the top part of Diagram A and we define ¢} and ¢}_; (obviously ¢f =0 for i > ¢+ 1)
as follows:
0, = Idp, and
=1 (f @i Ao Nyi) = [ Ayis A= Ny

A direct calculation using the following diagram

0 0 0

p 1
G®R o F@R

) 1€k / €
/ Iz ol
F — G ® S)G* @ N'F @ N'G* F® S,G* @ AN'F @ A'G*

o 4 /
Cote el L)

G

*

c—1
ANHE @ AG* @ S)G <— G ® S1G* @ NI @ NG <— F @ 81G* @ NTHLE @ ATG*

Te1 @1

gives us (recall that o} = 1):
p-le=o0; (p®1), and

(D)™ g =0r - (p®1).
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Now we are ready to apply Lemma 3.1. Since ¢, = Id and 0. = Id, the corresponding summands
split off and we deduce that pd Exth(M, S._1M) = ¢, i.e. Exth(M,S._ 1 M) is a Maximal Cohen-
Macaulay A-module.

Finally we prove the last assertion of the Theorem. We assume a; = 1 for all j and b; = 0 for
all . Recall that the degree of a linear standard determinantal scheme X C P™ of codimension c is

(t+cc_1). Using the exact sequence (3.3), we get

o Ext}(M, S, M) =0, and
t+c—2

c —

dimg (1 Ext' (M, Se_1M)) = (t+c—1) - < > = 1tk(Ext’ (M, Se_1 M)) - deg(X).

Therefore, Extl(M ,Se—1 M) is a maximal Cohen-Macaulay module maximally generated or, equiv-
alently, Ext}%(M, Sc—1M) is an Ulrich sheaf on X of rank c. d

Given an ACM scheme X C PV with dualizing sheaf w and a coherent sheaf £ on X, we denote
by £“ the sheaf Homo, (£, w). It is well known that £ is ACM if and only if £ is ACM. So, as a
Corollary of Theorem 3.2, we have:

Corollary 3.3. We keep the notation introduced above and we set N := Ext}%(M, Se—1M). If
depth; A > 2 then, Homa (N, K4) is a mazimal Cohen-Macaulay A-module of rank c. Moreover,
if aj =1 for all j and b; =0 for all i, then Homa (N, K4) is an Ulrich sheaf of rank c.

Remark 3.4. Keeping the notation introduced above and arguing as in the proof of Theorem 3.2,
we can prove that for any 4, 0 < ¢ < ¢, there exits an exact sequence

(3.6) 0— S; M — G*®S;M — F*® S;M — Exth(M,S;M) — 0

provided depth; A > 2 where J = I;_1(A). Note that we interpret S_; M as Homy (M, A).

Hence we get a big diagram, similar to diagram A above, where we have replaced ¢— 1 by 7. The
part of the proof of Theorem 3.2 where we show the existence of {c; }5:0 between the two leftmost
columns (we call this part of the big diagram by (*)), seems to hold for any ¢, 0 < i < ¢. Since
o; is injective (except for ¢ = ¢), this would imply that the length of the projective resolution of
Ext} (M, S;M) is at most pd A + 1 for 0 < i < ¢ — 1. The only problem to get this result will be
to define o; more generally and to verify the commutativity of the first diagram in the proof of
Theorem 3.2 where the dual of the “splice” maps €;,7 = 0,1 occur (we call this diagram (**) after
having replaced ¢ — 1 by i and made the corresponding obvious changes).

The case i = 1 was treated in [27]; Proof of Theorem 3.1. That proof is almost the dual of the
proof of this part of Theorem 3.2. Indeed the lower part of diagram (*) for i = 1 is exactly diagram
(**) provided we move G* from the second column to G in the first column in diagram (*). Thus
the proof of Theorem 3.1 in [27] implies this part of the proof of Theorem 3.2 and vice versa.

The existence of the morphisms o; in diagram (*) in the case i = ¢ is very similar (and easier)
to what we had to prove in Theorem 3.2 for i = ¢ — 1. Indeed, in this case we only need to check
)

diagram (**) where now only one ¢; occur. The mapping cone construction leads to a resolution
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of Extk(M, S.M) where, however, the leftmost free module (of rank one) clearly does not split off,
whence the length of a minimal resolution must be pd A + 2. As explained for ¢ = 1 as almost the
“dual” of i = ¢ — 1 above, the case i = 0 is similarly “dual” to ¢ = ¢. We deduce the existence of a
morphism between the R-free resolutions of S_1 M and G* ® A. In this case it is easy to see that
the leftmost free module in the resolution of Ext} (M, A) split off. In particular, we get

pd Exth(M,S;M) < pd A+ 1 for i€ {0,1,¢—1}.

The importance of proving pd Exth(M,S;M) to be small follows from our next proposition
because it leads to good depth of “twisted normal modules”. Indeed, in [27] we use this to prove
both conjectures appearing in [29] on the dimension and smoothness of the locus of determinantal
schemes inside the Hilbert scheme.

Proposition 3.5. With the above notation, set J = I;_1(A). We have
(1) Exth(M,S._1M) = Homa(I/I%,S._oM) provided depth; A > 2; and
(2) Ext}{(M, SiM) = Homa(I/1?,S;_1M) for 0 <i<c,i#c— 1, provided depth; A > 4.

Proof. We prove (1) and (2) simultaneously. By Proposition 2.3 (ii), the canonical module K 4(v) =
Sc—1(M) for some integer v and by Proposition 2.3 (ii) M is a maximal Cohen-Macaulay A-module.

Therefore, we have

(3.7) ExtYy (M, K4) =0 for i > 1.
Using (2.2) as in the proof of Theorem 4.1 in [27], we get that
(3.8) Ext/, (M, S;M) =0 for 1 < j <2,

provided depth; A > 4.
Under the assumption depth; A > 2, we have seen in (3.5) that for any i, 1 <i <¢

Homu (M, S;M) = S;_1 M
(true also for ¢ = 0). In particular, we have
(3.9) Homa (M, K4) = S._o(M)(—v).
Notice that the isomorphism
Homp(M, S;M) = Homy (M ®@p A, S; M)
leads to a spectral sequence
Ext? (Torf (M, A), S;M) = Ext}; (M, S$;M);
a part of the usual 5-term associated sequence is
0 — BExth (M®gA, S;M) — Exth(M, S;M) — Hom 4 (Torl*(M, A), S;M) — Ext%(M®gA, S;M),
which using (3.7), (3.8) and the exactness of the sequence
0 — Torf(M,A) — M Qp ] — M ®r R — M ®p A — 0
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allows us to conclude that

Exth(M, S;M) = Homa(M ®g I, S;M).
Using (2.2) we get

Homu (M ®p I, S;M) Homa(M ® I/1%,S;M)

Hom 4 (1/1%, Homy (M, S; M))
HOIHA(I/IQ, Sl;lM),

i1

I

and we are done. O

Remark 3.6. We can improve upon (2) of Proposition 3.5 in the case i = 0 and get
Ext}h(M, A) = Homa (I /1%, Hom (M, A))

only assuming depth; A > 3. Indeed this depth condition implies Ext!(M, A) = 0 by (2.2) and if
we can show Ext? (M, A) = 0 of (3.8) by another argument, then the proof above applies to get
the claim. To see Ext% (M, A) = 0 we remark that S, ;M is a twist of the canonical module. This
implies Ext% (M, A) = Ext%(M ® S._1M,S._1 M) by a spectral sequence argument, while we get
Exti(M ® S._1M,S._1M) = Ext?(S.M,S._1 M) by using that M ® S._1M = S.M if we restrict
to Proj(A) — V(J), cf. [27]; proof of Theorem 4.5 (the text after the diagram (4.3)) for details.
Then we conclude by Gorenstein duality.

Theorem 3.7. Let X C P" be a standard determinantal scheme of codimension ¢ > 2 associ-
ated to a t X (t +c— 1) matric A. Set J = I;_1(A) and assume depth; R/I(X) > 2. Then,
Homo, (Ix/T%, SZ\J@ is an ACM sheaf of rank c. In addition, if X is a linear standard deter-
minantal scheme, then Homo, (Zx /I3 ,m)(—ﬂ) is an initialized Ulrich sheaf of rank ¢ and
it has a pure linear Opn-resolution of the following type:

0 — Opn(—c) — ... — Opn(=1)" — 0L — Homo, (Ix /T3, SeaM)(—H) — 0

with ap = ¢ - deg(X) = c- (Hi_l) and a; = (f) ~ag for 1 <i < c. Finally, if X is a local complete
intersection then Homo (IX/Ig(, SeoaM) =2 Nx ® Sc—oM and

Hi(X,NX@)Sm):O forl1<i<n-—c—1.

Proof. We can apply Proposition 3.5 and we get Homo, (IX/Ig(,Sm) = Ext}%(M, Se_1M).
Therefore, applying Theorem 3.2 we conclude that Homo, (Zx/Z%,S.—2M) is an ACM sheaf of
rank c on X and if X is a linear standard determinantal scheme, then Homo . (Zx /Z%, Se—2M)(—H)

is an initialized Ulrich sheaf of rank c, cf. the Corollary below for the twist. In this case the minimal
Opn-tesolution of Home, (Zx /I%,Se—aM)(—H) is given by [14], Proposition 2.1. O

As an immediate application of Theorem 3.2 and its proof we obtain a free R-resolution of
Exth(M,S._1 M), and more generally of Exth(M,S;M) for 0 < i < ¢, which we make explicit for
later use. In fact, we have:
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Corollary 3.8. We keep the notation introduced above and we call Qo, Py and Fy the minimal free
R-resolutions of S;i_1M, G*®S;M and F*®S;M, respectively. Then Exth(M,S;M), for0<i < e,
has a free R-resolution of the following type:

0—>Qc—>Qc—1@Pc—>Qc—2@Pc—1@Fc—>QC—S@P—2@FC—1—>"'

— QO PO Fy — Py F — Fy — Bxth(M,S;M) — 0
provided depth; A > 2 where J = I;_1(A). In particular, we have
depth Ext!(M, S;M) > depth A — 2.

Moreover if @ = c¢—1 (resp. i € {0,1}) we may delete Q., P. and Q.—1,F. (resp. Q. and a
subsummand of P.) from this resolution, and we get

depth Ext!(M, S;M) > depth A — 1 fori=0,1; and
depth Ext!(M, S._ M) = depth A.

Proof. Using Lemma 3.1 and Remark 3.4 we get a free R-resolution of Ext} (M, S; M) of the form
above. If i = ¢ — 1 (resp. ¢ € {0,1}) the mentioned summands split off by the proof of Theorem
3.2 (resp. Remark 3.4). O

Note that we do not claim that this resolution is minimal (not even for i = ¢ — 1) since we
have not carefully analyzed all possible cancelation of repeated direct summands in the mapping
cone construction. Nevertheless, there is a particular case where we can assure that all repeated
summands split off. Indeed, if i = ¢ — 1, a; = 1 for all j and by = 0 for all s then the module
Ext}k(M, S._1 M) is Ulrich. By Proposition 2.11 (ii), it has a pure linear resolution and therefore,
we may delete not only Q., P. and ()._1, F, but also any other repeated summand split off.

We would like to know whether the rank ¢ ACM (resp. Ulrich) sheaves on X constructed in the
Theorem 3.2 are indecomposable. We will see in the next section that under some weak conditions
Nx and Hom(Zx /I%,S;M), 0 < i < c—1 are in fact indecomposable (see Theorems 4.3 and 4.14).

Now we consider and discuss a Conjecture which generalizes the main result of this section. It

is based on a series of examples computed with Macaulay2 ( [20]):

Conjecture 3.9. Let X C P™ be a standard determinantal scheme of codimension ¢ > 2 associated
to atx(t+c—1) matriz A. Set [ = I(A), J = I;_1(A) and assume depth; R/I > 2. With the above
notation, we conjecture that for all integer i, 0 < i < ¢, Ext'%(S;M, Sc—;M) is an (indecomposable)
Mazimal Cohen-Macaulay R/I-module of rank (f) In addition, if X is a linear determinantal
scheme then Extly(S;M, Sc—;M) is an (indecomposable) Ulrich R/I-module of rank (5).

Our next goal will be to use the spectral sequence

(3.10) ER? = Exth (Tor(S, M, A), SsM) = Exth (S, M, S, M) for —1<s<c,
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to get some non-obvious isomorphic variations of the above Conjecture. Indeed under some natural

depth ;-conditions we will see that the spectral sequence degenerates and that we get
(3.11) Ext% (S, M, SsM) = Homa(AY(I/T%),Ss_wM) for 0 <a<r—s+ec.

Firstly, we remark that since T' := Spec(A) \ V(J) is locally a complete intersection, then the
Or-modules

Tor, (8, M, Or) = Tor, (Or, Or) ®0, S, M and
(3.12) Tor, (OF, Or) = AI(T/T?)
are locally free on T', whence if depth; SsM > ¢ + 2 then (2.2) implies
ERY = Exth (Tor (S, M, A), SsM) HP (T, Hom(AY(Z/T?) & @ S,M))
>~ HP(T,Hom(NI(T/L?),Ss_M)), for p <i.

I

(3.13)

Lemma 3.10. Let r, s and a > 1 be integers satisfying —1 < s < ¢ and assume

(3.14) depth; Hom 4 (AY(I/I?),Ss_ M) >a+3—q forall 0<q¢<a.

Then for j = r, and more generally for every integer j such thatr —s—1<j <r—s+c we get
Ext%(Sj M, Ss—ry; M) = Homa(AY(I/1?), Ss—r M).

Remark 3.11. The inequality (3.14) for ¢ = 0 just means depth; Ss_,M > a + 3, whence
depth; A > a + 3. It follows that (3.13) holds for p < a+ 1 provided —1 < s < c.

Proof. Using (3.13) and the hypothesis (3.14) which yields
(3.15) H 9T, Hom(AYT/T2), Se_r M) = HY 29 (Hom(AY(I/12), Sy M)) = 0,
we get BB = Eth(Torgf(STM, A),SsM) =0 for p+qg=a+1, 0<q<a. Inthe same way
HO (T, Hom(AU(Z/Z2), Sy_ M)) = 0
implies that FY'? =0 for p+q =a, 0 < ¢ < a. Hence all terms EY? with p+ ¢ = a vanish except
Eg “and we get
Ext% (S, M, S;M) = E%°.
We claim that (3.15) implies Eox’ = EY®. Indeed, by (3.15), ERY = 0 for any x> 2 and (p,q)
satisfying p + ¢ =a + 1, 0 < g < a. Therefore, the differentials of the spectral sequence
dpjg—y : B — BROTIT0 >0
vanish for pu > 2 because Eﬁ’aﬂ_“ =0 for u > 2. It follows that
(3.16) Ext% (S, M, S;M) = Eg® = Homa(A*(I/1%), Sy M)

where the isomorphism to the right follows from depth ; Ss_.M > 2. Finally since the arguments
above apply similarly to the spectral sequence 'EY? := Exti(Toré%(SjM ,A), Ss_r; M) as they did
for ED'? we are done. O
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Example 3.12. Suppose depth; A > 5 and take a = r = 2. Then (3.14) is satisfied for s = 2; the
case ¢ = 0 by hypothesis and the case ¢ = 1 follows from [27]; Theorem 5.11. Therefore, we get

(3.17) Ext%(SoM, SoM) = Homa (AT /12, A).

If s = ¢ then (3.14) is satisfied; the case ¢ = 1 follows from Theorem 3.2 and Proposition 3.5,
whence
Ext2R(SQM, S.M) = Hom 4 (A*1 /1%, S._oM).

Lemma 3.13. Letr, s and k be integers such thatr—1 < s <r—1+c and 1 < k < min{r—s+c, c},
and suppose depth ; A > 2. Moreover for every i,j satisfying 1 <i <k, i < j <k we assume that

EXt%(SkMa Ss—r—i—kM) = EXJC%(S]'M, SS_H_]'M) .
Then we have

(3.18) pd Ext® (SpM, Ss_p i1 M) < pd A + 2k

Proof. We proceed by induction on k. The case k = 1 follows from Corollary 3.8. To prove it for
k > 1, we will use that

EXt}%(SzM, SS—T—H'M) = EXt}i(SkM7 SO.M) , O:=8—7r + k,

for © < k by assumption. By Proposition 2.3, we have a resolution of length ¢ of SpM of the
following type:

S Ly S Ly =NF oL, =GaoAN"'F— ... 5L =5,_GF — Ly=5,G— S;M —0
where € is the ”splice map”. Applying the contravariant functor Hompg(—, S, M), we get a complex
(319) 05 S,M® LR S,Me Lt 5 SMa L, 5 S,M @ Ly S S,M @ Ly,
where ker(dp) = Hom(SxM, So M) = S,_i M, € = Hom(e, Sy M) = 0, whence
Exth (S M, Sy M) = S, M ® L}/ im(0p_1).

Due to the horseshoe lemma and the exact sequence

0 — im(8;_1) — ker(8;) — Ext(SpM, Se M) — 0
we get the implication

pdim(d;—1) < pdA+2i—1 = pdker(d;) < pd A+ 2i
by the induction hypothesis. The exact sequence

0 — ker(d;) — SoM ® Lj — im(5;) — 0
shows the implication
pdker(d;) <pdA+2i = pdim(d;) <pdA+2i+1 for 1<i<Ek.
Since by (3.19) and ker(dp) = Sy—rM we have
pdim(dy) < pdA+1,
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we conclude that pdim(dx—1) < pd A+ 2k — 1 and using the exact sequence
0 — im(Jp_1) — Sp(M) ® L — Exth(SpM, S, M) — 0
we get
pd Exth (S, M, S, M) < pd A + 2k
which proves the lemma. ]
Remark 3.14. If s € {r — 1,77 + ¢ — 2}, s < ¢, we have pd Exth(Sp M, S;_, 1. M) < pd A + 1
for £ = 1 by Remark 3.4. Using the proof above, we show pdker(d;) < pdA + 1, whence we can

improve upon the conclusion for such s and we get
pd Ext® (S M, Se_p i1 M) < pdA+2k—1 for 1 <k <min{r —s+c,c}.
Theorem 3.15. Let X C P" be a standard determinantal scheme of codimension ¢ > 2 associated
to atx (t+c—1) matric A. Let I = I;(A), J = I;_1(A) and A = R/I. Fiz integers s > —1,
r—1<s<c¢ and assume depth; A > 2a + 2 (resp. depth; A >2a+1if s {r—1,r,r+c—2}
and a > 1). Then, for 0 < a <r — s+ ¢, we have
de EXt(]l_z(STM, SSM) < deA + 2a s
Ext% (S, M, S;M) = Homa(A“(I/1?), Ss—y M) , and
Ext% (S M, Ss—p4; M) = Homa(A“(I/1%), Ss—» M) for r —s — 1 < j < min{r — s + ¢, c}.
Remark 3.16. (i) Since we in general have depth ; A < ¢+2 and the assumption depth; A > 2a+2
(resp. depth; A > 2a + 1) in Theorem 3.15, we get that a satisfies a <  (resp. a < <),

(ii) It is worthwhile to point out that Theorem 3.15 with r = s = 0 holds more generally in the
licci case (see [24]; Proposition 13 and Remark 14).

Proof. Let g be an integer such that 0 < ¢ < a where a < r — s+ ¢ (whence s —r < ¢). Then we

will prove

(3.20) depth Ext%, (S, M, Ss—pyaM) > dim A — 2¢ , and

(3.21)  Exth(S;M, Ss_r+jM) =2 Homa(AY(I/1?), Ss_y M) for r —s — 1 < j < min{r — s + ¢, c}

by induction on ¢. Note that (3.20) is equivalent to pd Exth(SqM, Ss—r1aM) < pd A + 2¢ by
Auslander-Buchsbaum’s formula and that it implies depth ; Ext%(SaM, Ss—r+aM) > depth; A—2q.

Since Ss_,M is maximally Cohen-Macaulay, (3.20) and (3.21) holds for ¢ = 0. Suppose both
formulas hold for every non-negative ¢ < k for some positive k < a. It follows that

(3.22) depth ; Hom 4 (AY(I/1%),Ss_ M) > depth; A —2¢ > 2k +2 —2¢ > k+3 — g;

and applying Lemma 3.10 (with & instead of a) we get (3.21) for ¢ = k. Since we now have (3.21)
for ¢ = k and j € {k,a} we get (3.20) for ¢ = k by Lemma 3.13, which completes the induction.
Moreover since we can take j = r in (3.21), we get the theorem for s ¢ {r — 1,r,7 + ¢ — 2}.
Finally if s € {r — 1,7,7 + ¢ — 2} we use Remark 3.14 to improve upon (3.20) and (3.21) for
g > 0. Using depth; A > 2a + 1 we still get (3.22), and we are done. O
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Corollary 3.17. Let s > —1 and a > 0 be integer and suppose r—1 < s < ¢ and depth; A > 2a+2
(resp. depthy; A >2a+1ifse€{r—1,r,r+c—2} and a > 1). Then we have

Ext% (S, M, S;M) = Extl (A, S, M) for every i < min{a,r — s+ c}.
In particular, for i < min{a, %}, we have
Ext%(S;M, Se_iM) = Exth(A, Se_o;M) = Exty(SeM, Se_gireM) for 0<e < 2i.
Proof. Straightforward to verify using the two last formulas of Theorem 3.15. O

Remark 3.18. If we take a general determinantal scheme X = Proj(A) one knows that depth; A =
¢ + 2. Comparing this with depth; A > 2a + 2 of Corollary 3.17 we get the isomorphisms of the
Ext'-groups of the corollary under the assumption i < $ (if s—r < §). Thus Corollary 3.17 corrects
with a complete proof the previous version on the arXiv, as well as the published version in Crelle’s
journal, whose corresponding result (Proposition 3.9) only assumes i < ¢ (after renaming letters
in Proposition 3.9). The problem with the proof there is that a morphism between the spectral
sequences in the proof of Proposition 3.9 is not established. The proof of the Lemma’s 3.10, 3.13 and
Theorem 3.15 are mainly the same as those in Crelle’s journal, and their assumptions imply that the
spectral sequences degenerate on the Fs level (see (3.16)). Note that the assumptions in Lemma 3.10
(resp. Theorem 3.15) are exactly (resp.added s > —1) as in previous versions/Crelle’journal, while
we in Lemma 3.13 have introduced an assumption on certain Extﬁ%—groups which we obviously can
replace by the assumptions in Theorem 3.15 if k < a. We only know counterexamples to Proposition
3.9 when i = ¢, and in fact we expect Corollary 3.17 to be true for ¢ < ¢—1 and X general without
assuming depth ; A > 2a + 2 (resp. > 2a + 1), see Remark 3.22 for a follow-up. The inaccuracy in
Proposition 3.9 implies that we had to weaken Remark 3.6 (Remark 3.10 in previous versions) to
show this result. Moreover an assumption of generality is included in Theorem 4.14.

Corollary 3.19. Leti > 1, s > —1 and a be integers satisfying 0 < a < c—s.

(i) Suppose depth; A > 2a+2+1i (resp. depth; A > 2a+1+1 if s € {—1,0,c—2} and a > 0).
Then, for 1 < j <1, we have

Ext! (A*(I/1%),S:M) =0 and HI(X\V(J),(A°Zx/T%)" ® S.M) = 0.

(ii) Suppose dim A > 2a +2+1i (resp. >2a+1+1 if s € {—1,0,c —2} and a > 0). Then we

have

HI (X, Hom(A(Ix /T%),SsM)) =0 for 1< j<i.
Proof. (i) Taking r = 0 in Theorem 3.15, we get
Ext%(A, SsM) = Homa (A (I/1%), SsM)
and applying Lemma 3.13 together with Auslander-Buchsbaum’s formula, as in (3.20), we have

(3.23) depth ; Hom 4 (A®(I/1?),SsM) > 2 + .
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Since A%(Zx /Z%) is locally free on X \ V(J), we apply (2.2) and, for 1 < j <1, we get
Ext! (A*(I/1%),S:M) =0 and HI(X \ V(J), Hom(A“(Tx/T%),5:M)) = 0.

Suppose s € {—1,0,c — 2}. Then, for a = 1, we may use Remark 3.14 to improve upon (3.20)
by 1 and since we still get (3.23), we conclude by the arguments above. If a > 2 then Theorem
3.15 applies, and using Remark 3.14 to improve upon (3.20), we get (3.23) and we conclude as
previously.

(ii) The argument using the projective dimension and Auslander-Buchsbaum’s formula also imply
(3.23) with m instead of J, whence we get H% ™ (Homu (A*(1/12), SsM)) = 0 and we are done. [

The case a = 1, ¢ = 1 and s = —1 of Corollary 3.19 is of special interest because it shows the

vanishing of a group that we tried very much to compute in [28]. Indeed, we have

Corollary 3.20. Let J = I;_1(A) and A= R/I and suppose depth; A > 4. Then
Exth (I/1%, Hom(M, A)) = 0.

In Theorem 5.1 of [28] we repeatedly need to apply Corollary 3.20 to standard determinantal
schemes obtained by deleting at least one column. Indeed, Corollary 3.20 shows that all assumptions
of Theorem 5.1 (ii) are satisfied in the case dim X > 2, a; > b; for any 4,j. It follows that the
closure of the locus of determinantal schemes W inside the Hilbert scheme, is a generically smooth
component of the Hilbert scheme (if W # ())! Thus Corollary 3.20 partially reproves Corollary 5.9
of [27]. In particular, we also get Conjecture 4.2 of [29] from Theorem 5.1 of [28] and Corollary
3.20.

Since the case a = 1 and s = ¢— 1 is related to the dual of the conormal module of A, we remark

Corollary 3.21. Let J =I;_1(A), A= R/I, X = Proj(A) and let K4 be the canonical module of
A. Ifdepth; A > 4+ i, then

HE(I/I1?) =0 for dimX —i <k <dim X,
or equivalently ;

Ext!,(I/I1*,K4) =0 for 1<j<i.

Proof. This is immediate from Corollary 3.19 (i) since K4(v) = S._1(M) for some integer v by
Proposition 2.3 (ii). For the equivalent statement, we use Gorenstein duality. O

Remark 3.22. Here we try to extend Corollary 3.17 to the range § <14 < c¢—1, as well as to show
(3.24) Ext (S, M, SsM) = Homa (AY(I/I?) ® S, M, SsM) when —1<s<c

for such i. Note that since SsM is maximally Cohen-Macaulay as an A-module, the Hom-group
has depth; > 2, and it is further isomorphic to Homa (A (I/1?),Ss_ M) if —1<s—7r <c.

(i) Conversely if N := Ext%(S,.M, SsM) satisfies depth; N > 2, then (3.24) holds. In fact if
T := Spec(A)\ V(.J), the depth assumption implies N = HO(T, N). Then (3.24) follows easily from
the local version of the spectral sequence (3.10) which degenerates due to (3.12).
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(ii) One may express (3.24) using Tor .-groups. Indeed note that the resolutions of S,M and
t+c—1
=1

Zle b;). Combining with the fact that the homology groups of (3.19) may be interpreted as

Exth (S, M, Sy M) as well as Tor? (L, S,M) where L is determined by the R-dual resolution of
SpM, we get:

Se—1-kM given in Proposition 2.3 are R-dual to each other (up to twist by ¢ := > aj; —

Ext(SpM, Sy M) = Tor® ,(Se_1_x M, SoM)(£) for —1<k,o0<c.
Indeed letting j =c—7 and h =c— 1 —r we have
Exth(SrM, SsM) 2 Extg(S,11 M, S 1 M) <= Torf (S, M, SsM) = Torf(S),_1 M, S 11 M) .

In particular Corollary 3.17 leads to a corresponding result for Tor -groups where § < j <c.
(iii) Using (ii) and Tor (L1, Lo) = Tor (Lo, L1) we get for every i, 0 < i < ¢, the isomorphism

(3.25) ExtR(STM, SsM) = ExtR(Sc_l_sM, Se—1—wM) for —1<rs<ec.

(iv) Exactly at the spot where the splice map in the complex (3.19) occurs, we do not only have
Extk,(Sx M, S, M) as a certain cokernel, but also Ext}™ (S, M, S, M) as the kernel of S oML, —
SeM®Lj 5. Since Hj(—) is left exact and depth ; So M > 2, we get depth ExtkH(SkM, SeM) > 2
for k < ¢ (for k = ¢, Extlf%H(SkM, SeM) = 0), thus (3.24) holds for i =r+1, —1 < r,s < ¢ by (i).
Using also (ii) it follows that both groups of (3.25) for i = r + 1 are further isomorphic to

Torf(S; M, SsM)(¢) = Homa(A T (I/1?) ® S, M,SsM), j=c—1—rfor —1<rs<c.

(v) So the bottom line for (3.24) to hold is to show that depth; Ext% (S, M, S;M) > 2. Let
us point out one more interesting case where this holds, namely the case i = c—1 =71 — s (i.e.
(r,s) = (e, 1), (c—1,0) or (c—2, —1)). Using (ii) we have Ext$, (S, M, SsM) = Torf'(S, M, S;M)(¢)
with h + s = 0. Letting (h,s) = (1,—1) or (—1,1) we get two Torj-groups that obviously are
isomorphic and (iv) applies to get Torf (S, M, S, M) (€) = Hom s (A (I/I?)®S._1 M, A). If (h, s) =
(0,0), the Tori-group is isomorphic to I/I%, the conormal module. Its depth is found in the next
section (Proposition 4.1), and the assumptions n > 2¢, A general and a; > b; suffice for having
depth; I/I? > 2. Thus for r —s = c—1, n > 2¢, A general and a; > b; for all ¢, j, we conclude that

Ext% (S, M, SsM) = Homa(A“H(I/I?) ® Se—1 M, A) = T/T*(¢) .
As another application of Theorem 3.15, we can partially restate Conjecture 3.9. Indeed,

Conjecture 3.23. Let X C P" be a linear standard determinantal scheme of codimension ¢ > 2
associated to a t x (t + ¢ — 1) matriz A. Set I = I,(A) and J = I,_1(A). For any integer a,
0 < a < < we conjecture that Hom(A(1 /1), Se—2aM) is an (indecomposable) Ulrich R/I-module
of rank ( ) provided depth; A > 2a + 2.

Notice that under the above hypothesis Conjectures 3.9 and 3.23 are equivalent since, by Theorem
3.15, we have

1
Ext®(SaM, Se_aM) 2= Homa(A*(I/12), Se_suM) for 1 <a < %
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We want to point out that for a = 0, the conjecture was proved in [7]; Proposition 2.8 and in
this section, we prove it for a = 1 (and, indecomposability for n > 2¢ + 1 in the next section).

4. THE INDECOMPOSABILITY OF THE NORMAL SHEAF OF A DETERMINANTAL VARIETY

In this section we address Problem 1.1(3) and we determine conditions under which the normal
sheaf N, and more generally the “twisted” normal sheaves Ny (M?) := Homo, (ZTx /I3 ,5;\]\7),
—1 < i < ¢—1, of a standard determinantal scheme X C P" of codimension ¢ are simple (i.e.
Hom(Nx (M%), Nx(M?)) = K) and, hence, indecomposable (cf. Theorems 4.3 and 4.14). Obvi-
ously Ny (M) = Nx. We keep the notation of previous sections. So, A will be the t x (t +c— 1)
matrix associated to the standard determinantal scheme X C P", I = I;(A), A= R/I and

(41) s — @jR(*ngj) — EBZR(*TLH) — R—A—0

the Eagon-Northcott resolution of A. In this section we often have d; ; := a; — b; > 0 for all 7, j.

Again we will assume ¢ > 1, since the case ¢ = 1 corresponds to a hypersurface X C P™ and
Nx =2 Ox (), § := deg(X), is simple. We will also assume ¢ > 1, since the case t = 1 corresponds
to a codimension ¢ complete intersection X C P* and Nx(M?) and Nx = @5_,0x(d;), d; € Z, are
neither simple nor indecomposable. Let us start computing the depth of the conormal bundle of a
standard determinantal scheme. We have:

Proposition 4.1. Let A be at x (t+c—1) homogeneous matrix with entries that are general forms
of degree dij > 0, let I = I;(A), J = I;_1(A) and X C P" be the standard determinantal scheme of
codimension ¢ associated to A. Assume that n > 2c — 2. Then, it holds:

(1) depth,, I/I? =n —2c+ 2.

(2) depth; I/I? > 3 (resp. = n — 2c+2) provided n > 2c+1 (resp. n < 2¢c).
Therefore, if n > 2c there is a closed subset Z C X such that X \ Z < P™ is a local complete
intersection and depthyz) I/1? >2.

Proof. (1) We will first prove Proposition 4.1 for an ideal generated by the maximal minors of a
matrix with entries that are indeterminates and we will deduce that it also works for a homogeneous
matrix with entries of general homogeneous polynomials.

So, we first assume that n = ¢(t + ¢ — 1) — 1 and A is a matrix with entries zg,z1,- -, 2z, of
indeterminates. Set R = k[xq, - ,xy], I = I;(A) and call © the module of differentials of R/I over
k. By [6]; Theorem 14.12

depth,, Q@ = depth,, R/I — depth; R/I + 2.
and note that depth; R/I = codim(l;—1(A), R/I). Since,
depth, R/I =dimR/I =n —c+ 1, and
codim(l;—1(A), R/I) = codim(l;—1(A)) — codim(I;(A)) =2(c+1) —c=c+2,

we get,
depth, Q= (n—c+1)—(c+2)+2=t{t+c—1)—2c
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Therefore, using the exact sequence
0— I/1® — (R/D)!He1) 5 —0,
we deduce that
depth,, I/I® = depth, Q+1
tt+c—1)—2c+1
n —2c+ 2.
By [6]; Corollary 9.18, we have I? = I(?). Therefore, we conclude that

depth,, I/I?> =n — 2c+ 2.
Let us now assume n < t(t + ¢ — 1) — 1. We distinguish two cases:

Case 1. Assume d;; = 1 for all 7,5 (i.e. the entries of the matrix A are linear forms). We have a
t x (t+c—1) matrix A = (z; ;) of indeterminates and the ideal I;(A) C S := k[x; ;] which verifies

depth,, L(A)/L(A)?* =tt+c—1)—2c+ 1.

We choose t(t + ¢ — 1) —n — 1 general linear forms f1,- -+, lyy1c—1)—p—1 € S = k[z; ;] and we set
S/l ly(te—1)—n—1) = k[To,21,- -+ ;2] =t R. Let us call I C R the ideal of R isomorphic to
the ideal I;(A)/(¢1, -, Lytge—1)—n—1) Of S/(l1, -, ly44c—1)—n—1)- I is nothing but the ideal I;(.A)
where A = (m;;) is a t x (t + ¢ — 1) homogeneous matrix with entries that are linear forms in
klxo, 21, ,Ty] obtained from A = (x; ;) by substituting using the equations £y, - - - Ai(te—1)—n—1-
Since depthy, I;(A)/I,(A)? =t(t+c—1) —2c+1land t(t+c—1) —n—1<t(t+c—1)—2c+1,
we can assume that 1, -,y c—1)—n_1 is a regular sequence on both I;(A)/I;(A)? and S/I;(A);
and we conclude that

depth,, , I/1* = depthy, [;(A)/L,(A)? — (t(t+c—1) —n—1) =n—2c+2.

Case 2. Since d; ; > 0 for all 4, j, it is enough to raise the entry m; ; of the above matrix A to the

power d; ;.
(2) Tt follows from (1) and depth; I/I? > depth; A — (dim A — depth,, I/I?), cf. [26]; Lemma 7
because depth; A = ¢+ 2 (resp. n+ 1 —¢) for n > 2c¢+ 1 (resp. n < 2¢). O

As an immediate and nice consequence of the above result, we get for n > 2¢ + 1 that the
cohomology of the conormal bundle Hy, (I/I?) is non-zero for only one value of j # dim R/I, cf. [1]
for ¢ = 2. Analogous result for the normal bundle was proved by Kleppe in [27]; Theorem 5.11.

Corollary 4.2. Let A be at X (t + ¢ — 1) homogeneous matriz with entries that are general forms

of positive degree. Set J = I;_1(A), A= R/I and let K4 be the canonical module of A. We have:
(i) HE(I/1?) = 0 for k < n—2c+2 or, equivalently, ExtQ(I/ﬂ,KA) =0forc<j<n-—c+1.
(ii) HE(I/1%) = 0 for max(3,n —2c+2) <k <n—c+1.

Proof. (i) It follows from Proposition 4.1 and Gorenstein duality.
(ii) Since depth ; A = min(c+2,n—c+1), we can apply Corollary 3.21 and we get HE (I/1?) = 0
for n —2c¢+2 < k <dim X = n — ¢. Combining with (i) we get what we want. O
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Theorem 4.3. Let X C P" be a standard determinantal scheme of codimension ¢ > 2 associated
to atx (t+c—1) matriz A with entries that are general forms of positive degree. Let Nx (M?) :=
Homoy (Zx/T%,SiM) for —1 <i < c—1 and assume n > 2c. Then,

Hom(Nyx (M%), Nx (M%) = oHomu(I/I%,1/1?) = K

provided maz{ng;} < 2-min{ny;}. In particular, Nx and Nx(M?®) are simple, and thus indecom-
posable.

Proof. First of all we observe that Hompg(I, I) = R. Indeed, we have the following diagram:

0
1
Homp(R,R) = R
1
0 — Homg(I,I) —  Homg(l,R) — Hompg(I,A) — Exth(I,1)

!
Exth(A,R) =0

Since ¢ > 2, Exth(A,R) = 0 and R = Hompg(R,R) = Hompg(I,R). Hence, it follows that
Hompg(I,1) is an ideal of Hompg(I, R) = R containing the identity; and so Hompg(I,I) = R.
Claim: If maz{na;} < 2-min{ny;}, then K = (Homp(I,I) = (Homyu(I/I? 1/I?).

Proof of the Claim: We apply Homg(—, I) and Homg(—, I/I?) to the minimal resolution of I
deduced from (4.1) and we get the following commutative diagram with exact horizontal sequences

0 0
T T
0 — HomR(I,I/IQ) — @Z‘I/I2(n1i) — @jI/Iz(an) —
T T T
0 — HOIDR(I,I) — @il(nli) — @j[(ngj) —
T T
@il (nu)  — @07 (ny)
T T
0 0

Since Hompg(I, I/1?) = Homy(I/1?,1/1%) and gHompg(Z, I%) = 0, it suffices to show that (1?(n2;))o =
0 for all j. Using the natural surjective map Sl —» I?, it suffices to show that (S2l), =0
for p := max{ng;}. But (S21), = 0 because we have a surjective map ®;<;R(—n1; — ny;), =
So(®iR(—n1;))u — (S21), and @i<jR(—n1;—n1;), = 0 by the assumption max{ng;} < 2-min{n;}.

Hence, the claim is proved.

Let us now prove that Ny (M?) is simple, i.e. Hom(Nx (M?), Nx(M?)) =2 oHomu(I/I%,1/1?) =
K. Set J = I,_1(A). Since depth; R/I = min(c+ 2,n+ 1 —¢) > 2, we get that depth; Ny; > 2
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where Ny := Homa(I/1%,S;M). This also implies depth ; Hom4(Nys, Nps) > 2, whence
Hom (Nay, Nar) 22 HY(X \ Z, Homo, (Nx (M"), Nx (M) 2= HY(X, Homoy (Nx (M?), Nx (M?)))
where Z := V(J). Using that Nx (M%) 2 (Ix/I%)" ® S; M is locally free on X \ Z, we have
HY(X \ Z, Homo (Nx (M), Nx(M"))) = HI(X \ Z, Homo, (Ix /I%, Ix/Tx))-

Since n > 2¢, we can apply Proposition 4.1 and we get depth[( 7) I/I? > 2 which implies that
depthy ;) Hom4(1/1?,1/1%) > 2, whence

Homu(I/1%,1/1%) = H)Y(X \ Z, Homoy (Ix /T%, Ix /T%))-
Putting altogether we obtain
HY(X, Home,, (Nx (M), Nx(MY)) = Hom4 (I /1%, 1/1?);
and taking the degree zero piece of these graded modules we get what we want. O

Remark 4.4. In Theorem 4.3, the hypothesis n > 2¢ together with the generality of the entries
can be replaced by

(4.2) H}(Z)(I/ﬂ) = H0 I/I n = HI(Z (I/1*)n,; =0 for any i and j
where Z C X is a closed subset such that X \ Z < P" is a local complete intersection. Note that
I(Z) = m if we can take Z = 0, e.g. if n < 2c¢+ 1 and the entries are general forms. To show
it, observe that the exact cohomology sequence associated to 0 — I? — I — I/I? — 0 gives us
(Z=V({J))
Hj o (I/17), = HY ) (1), = HY(X \ Z,T% (1)) and

I/ Ty = gy (IP)ny, = HY(X \ Z,Z% (n2i)) since I*(nai)o = 0.

In the proof of Theorem 4.3, we show
Hom (Nyr, Ny) 2 HY(X \ Z, Homo (Ix/T%,Ix/TI%))

and we use the hypothesis n > 2¢ to get depthy( I/I? > 2 and, hence,
(4.3) HY(X \ Z,Homoy (Ix/T%,Ix/T%)) = Homu(I/I% 1/1?).

However, to get the Theorem 4.3 we only need the isomorphism (4.3) in degree 0. Letting
Ext]I< Z)(N , —) be the right derived functor of the composed functor Hg( yoHomp (N, —), cf. [21],
Exposé VI for details, we have in degree 0 an exact sequence

0 — oHomyz)(I/I?,1/1*) — oHomu(I/1%,1/1%) —
HY(X \ Z, Homo (Tx/T%,Ix/T%)) — oExty I/, 1/1%) —
where oHomy(z)(I/1%,1/1?) = oHom(I/IQ,H(}(Z (I/I?)) and the terms in
0 — oExt!(I/I?,H] 4 (I/T?)) — oExty,(I/1%,1/1?) — oHom(I/I?,H} 4 (I/17))
vanish by the assumptions (4.2). Hence, we conclude

HY(X \ Z, Homo (Ix/T%,Ix/I%)) = oHoma(I/I?,1/I?)
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which proves that in Theorem 4.3 we can replace the hypothesis n > 2¢ by the assumptions (4.2).

Remark 4.5. If X is a linear standard determinantal scheme and ¢ > 1 then ny; = ¢ for all 1,
ngj =t + 1 for all j, and the hypothesis maz{nq;} < 2 - min{ny;} is satisfied.

Remark 4.6. It is worthwhile to point out that in Theorem 4.3 the hypothesis max{ng;} <
2 - min{ny;} cannot be dropped when ¢ = 2. To prove it we will compute the cokernel of the
morphism K = Ry & (Hompg(Z,I) o, oHom(I/I?,1/1?). To this end, we consider the diagram

Homp(I,I) -2 Hompg(I,I/12) — Extp(I,1?) — Extp(I,1) — Extp(I,1/1?)

= = =
Exth(I,R)® 1> — Kain+1)®@gl — Ks(n+1)@gl/I%
=

Ka(n+1)®g I?
where we have used Ext%(I,—) = 0 to get the isomorphisms. Therefore,
coker(¢) = Ka(n+ 1) @r I* 2 Ka(n+1) @4 I?/ 3.

On the other hand for a standard determinantal scheme X C P" of codimension 2, we have the
following well known exact sequences:

t t+1
0— G* =P R(—ny) — F* =P R(—n1;) — I — 0, and
j=1 i=1
(4.4) 0 — A°G* — G* @ F* — SoF* — Sol — 0.

Since a generic complete intersection of codimension 2 is syzygetic, i.e. SoI = I?, the exact sequence
o —F—G— Kg(n+1) —0

leads to a commutative diagram

G®oprG* @R F*
l
F®RprSF* — G ®r SoF*
b l
Fepl*? — G ®pI? — Ka(n+1)®@pI*? — 0.

It follows that

(F®SQF*)®(G®G*®F*)_>G®52F*: @ R(—nli—n1j+n2k)—)KA(TL+1)®312—)0
1<ici<it

is exact and ¢y is not surjective e.g. in the case (ng1 = nog =4 and n1; = 2 < njg = n1z3 = 3):

(
0 — R(-4)> — R(-3)*® R(-2) — I — 0.



ON THE NORMAL SHEAF OF DETERMINANTAL VARIETIES 29

We have stated Theorem 4.3 for standard determinantal schemes because the paper concerns
the main features of the normal sheaf of a standard determinantal scheme X C P™. Nevertheless,
the result works in a much more general set up. Indeed, the assumption that X is a standard
determinantal scheme is not necessary and the result and its proof hold for any graded quotient of
the polynomial ring provided depth;z) I/1 2 > 2. In fact, it holds

Theorem 4.7. Let X C P" be a closed subscheme of codimension ¢ > 2 (not necessarily ACM)

with a minimal free R-resolution
e — @?2R(_n2j) — EBflR(—nli) — R — R/I — 0

where I := I(X). Let Z C X be a closed subset such that X \ Z — P" is a local complete
intersection. Let L be a finitely generated R/I-module that is invertible over X \ Z, put Nx (L) :=
Homoy (Ix /T3, L) and assume depthy(4) L > 2, depth; I/1% > 2 and max{na;} < 2-min{ni;}.
Then,

Hom(Nx (L), Nx (L)) = oHomu(I/I%,1/1%) = K.

Remark 4.8. For a complete intersection of codimension ¢ > 2 and dimension n — ¢ > 1, the

conclusion is false while all assumptions, except for max{ng;} < 2-min{ny;} are obviously satisfied.

Remark 4.9. As explained in Remark 4.4, the hypothesis depth 121 /I? > 2 in Theorem 4.7 can
be replaced by

(4'5) H}(Z) (I/Iz)nu = H?(Z) (I/Ig)nu = H?(Z) (I/IQ)TLQJ' =0 for any 1 and J-
As an application we have:

Corollary 4.10. Let X C P" be either a codimension 2 ACM subscheme with a minimal free
R-resolution

0—> @;'/R(—ngﬂ — @;’JFIR(—nM) — R — R/I —0
or a codimension 3 arithmetically Gorenstein subscheme with a minimal free R-resolution
0— R(—e) — @?R(—ngj) — EB;/R(—HM) — R — R/I — 0.

Let Z C X be a closed subset such that X \ Z < P" is a local complete intersection. Assume

3 ifc=2
depth;z R/I > ) j: ] and maz{ng;} < 2-min{n;}. Then, Nx is simple.
if c =

Proof. By Theorem 4.7 it suffices to show that depth, I/1? > 2. Forc = 2, we get depth;(z) I/1% >
depth;z) R/I —1by [1], cf. (4.4). For ¢ = 3 we know that I/I* is MCM by [4] because I/1? ® K 4
is MCM in the licci case and the canonical module K 4 is trivial in the Gorenstein case. So, we are
done O

Let us give some examples of ACM schemes X C PV with simple normal sheaf.
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Example 4.11. Let X C P3 be a (smooth) ACM curve. Since depth I/I? > dim R/I — 1, we have
HY.(I/1?%), = 0 for any p. So, according to Theorem 4.3 and Remark 4.4, we only need to check

(4.6) HL(1/1%),,, = H'(X,T%(n1;)) = 0 for any 4; and
maz{ng;} < 2-min{ny;}
to conclude that Ny is simple. Using Macaulay2, we get
(i) (4.6) does not hold in the linear case.

11 2
(ii) If deg A = L1 9) then (4.6) holds. However, since the condition 4 = maz{ny;} <
2 -min{ny;} = 4 is not true, we cannot conclude that Ny is simple. In fact, we have seen

in Remark 4.6 that Ny is not simple.

1 2 2 2 2 2 2 2 1
(i) If deg A = or or 5 or 53 , then (4.6) holds as well
1 2 2 2 2 2 3 2 2 3 3 1

as the inequality maz{ne;} < 2-min{ny;}; and we get that Ny is simple.

In conclusion, the assumptions (4.6) and maz{ng;} < 2-min{ny;} seem weak for ACM curves in
P3.

Example 4.12. Let X C P* be a smooth standard determinantal curve. By Theorem 4.3 and
Remark 4.4, to prove that Ny is simple, we only need to check that the following hypothesis are
satisfied:

(4.7) Hy (I/1%)n,, = Ho(I/1?)n,, = HY(1/1?)p,, = 0 for any i and j; and
maz{ng;} < 2-min{ny}.
Using Macaulay?2, we get
(i) (4.7) does not hold in the linear case.

1 2 2 2
(ii) If deg A = L 9 9 o) then (4.7) holds while max{na;} < 2-min{ny;} is not true and

we cannot conclude that Ay is simple .

2 2 2 2
(ii) If deg A = 5 9 9 9] then (4.7) holds as well as the inequality max{ng;} < 2 -

min{ny;}. Hence, Ny is simple.

We will end this section with a result about the indecomposability of the normal sheaf of a
standard determinantal scheme X C P™ which does not involve the degrees of the generators (resp.

first syzygies) of I(X). To achieve our goal we need the following preliminary lemma.

Lemma 4.13. Let X C P” be a codimension c standard determinantal subscheme associated to a
graded morphism ¢ : F — G. Set M = coker(p) and J = I;_1(p). Let H = P""1 C P" be a
hyperplane defined by a general form h € Ry. Consider X' = XNH C H the hyperplane section of X
and R' = R/(h) 2 K|z0," - , 2n—1]. Then X' is a codimension ¢ standard determinantal subscheme
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of P! associated to the graded morphism ¢’ = p®1: F' := F®g R/(h) — G' := G ®r R/(h)
and M' := coker(¢') = M ®r R/(h). Assume depth; A > 3. Then, we have

Exth(M,S;M) ®r R/(h) = Exth (M, S;M’) for 0 <i < c.
Proof. Let us consider the free R-resolution W, of Exth(M, S;M) of Corollary 3.8:

0—>QC—>QC—1@PC—>QC—2®PC—1@FC—>QC—3@PC—2@FC—1_>”'

— Qoo PioF — P F — Fy — Ext}%(M,SZ-M) —0;
and the free R'-resolution W, of Ext}, (M, S;M'):

0 — Q. — Q. &P — Q. 0P, | ®F, — Q. 38P, y®F. | — -

— QL® P @ F) — PL® F| — F}, — Exth (M',S;M') — 0

also given by Corollary 3.8 because depth; A > 3. Since h € R; is a general linear form and
depth,, Exth (M, S;M) > 1 by Corollary 3.8, we have

Exth(M, S;M) : h = Exth(M, S; M)

and by [5]; Lemma 1.3.5, that We®gR/(h) = W/ isafree R’ = R/(h)-resolution of Ext}k (M, S;M)®r
R/(h). Therefore, we conclude that

Exth(M, S;M) ®z R/(h) = Exth, (M, S;M’).
O

Now, we are ready to prove the indecomposability of the normal sheaf of a standard determinantal
scheme X C P" under some mild hypothesis which does not involve the degrees of the generators
(resp. first syzygies) of I(X). Recalling Nx (M*) :== Homo (Ix/I%,SkM), we have

Theorem 4.14. Let X C P" be a standard determinantal scheme of codimension ¢ > 2 defined
by a matriz A with entries that are general forms. We keep the notation introduced above and we
assume aj — b; > 0 for alli,j. It holds:

Ifc=2andn =4, orc>2 and n > 2c+ 1, then the normal sheaf Nx and more generally, the
“twisted” normal sheaves Nx (M¥), —1 < k < ¢ — 1, are indecomposable.

Proof. The idea is to fix ¢ and use induction on n. In fact in the special case (¢,n) = (2,4), X is
smooth because A is general and N is indecomposable by [3]; Théoreme A. If (¢,n) = (¢,2c+ 1),
c > 2, then X is again smooth, Pic(X) = Z? (cf. Theorem 2.4) and Ny is indecomposable
by [2]; Theorem 3.2. It follows that Nx(M*) = (Ix/Z%)V ® SpM is indecomposable. The result
now follows from induction using Lemma 4.13 and taking into account that Ext}, (M, Sy M) =
Hom 4 (I/1%, S, M) (see Proposition 3.5).

O
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Example 4.15. (1) We consider X C P", n > 4, the standard determinantal subscheme of codi-

2

o X1 T
mension 2 associated to the matrix 0 f2 where f is a general form of degree 2. We

r3 T4
have seen in Remark 4.6 that Nx is not simple but it follows from Theorem 4.14 that Ny is
indecomposable.

(2) We consider a rational normal scroll S(ao, . .., ax); i.e. the image of the map

o: Pt xP" — PV

given by
U(l’, Y; to,t1--- 7tk) = (xaot(b xao_lyt()a e 7ya0t07 P 7$aktk7 xak_lytkv T 7yaktk‘)
where N = k + Zf:o a;. If we choose coordinates Xg, e ,XSO, e ,X(]f, “e ,Xclfk in PV, the ideal
of S(ap,...,ar) is generated by the maximal minors of the 2 X ¢ matrix with two rows and k + 1
catalecticant blocks:
0 0 k k
My, 0 = % Xa0071 X(;c Xa]};1 .
v x¢ oo X0 o XF oo XE

By Theorem 4.14, the normal bundle of S(1,---,1) and of S(2,1, - -- 1) are indecomposable. (Notice
that S(1,-- -, 1) corresponds to the Segre variety P! x PF < P?**1 already discussed in [2]; Corollary
3.3).

Arguing as in the proof of Theorem 4.14, we get

Corollary 4.16. Let X C P™ be a smooth standard determinantal scheme of codimension c and let
Pt =~ 0 C P" a general hyperplane and set X' = X N H. Assume n —c > 2 and depth; A > 3,
J=1I;_1(A). Then, (NX/Pn)‘Pnfl = NX//Pnfl.

5. THE H-SEMISTABILITY OF THE NORMAL SHEAF OF A DETERMINANTAL VARIETIES

The normal bundle of a smooth variety X C P™ has been intensively studied since it reflects
many properties of the embedding; so far few examples of smooth varieties having p-(semi)stable
normal bundle are known. The first example of a curve C C P? with normal bundle Mg p-stable
was given by Sacchiero ( [35]). In [16]; Proposition 2, Ellia proved that the normal bundle of a
linear determinantal curve C' C P? is linear jp-semistable and the normal bundle NV of a general
ACM curve C' C P? of degree 6 and genus 3 is u-stable (see [17] and [34] for more information
about the j-stability of the normal sheaf of a curve in P?). The first goal of this last section is
to generalize Ellia’s result for linear determinantal curves C in P2 to linear determinantal schemes
X C P” of arbitrary dimension.

As in previous sections we will assume ¢ > 1, since the case ¢ = 1 corresponds to a hypersurface
X CP" and Nx = Ox(9), § := deg(X), is p-stable. We will also assume ¢ > 1, since the case t = 1
corresponds to a codimension ¢ complete intersection X C P"* and Nx = &§_,0x(d;), d; € Z, is
not u-stable.

Let us start recalling the definition of p-(semi)stability
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Definition 5.1. Let X C P™ be a smooth projective scheme of dimension d and let £ be a coherent
sheaf on X. £ is said to be p-semistable if for any non-zero coherent subsheaf F of £ we have the

inequality

_ deg(ei(F))

) _ deglea(£))

wF) SHME) = a0
where as usual deg(ci(F)) = c1(F).H*1. We say that £ is p-stable if strict inequality < always
holds.

Remark 5.2. Recall that u-stable sheaves are simple and hence indecomposable but not vice versa.

Theorem 5.3. 'Let X C P" be a smooth linear determinantal scheme of codimension ¢ > 2
associated to a t x (t+ ¢ — 1) matriz A. Assume n —c > 1. Then, Nx is u-semistable.

Proof. Since the notion of p-semistability is preserved when we twist by an invertible sheaf, it will
be enough to prove that Nx(—H) ® S/Cm is p-semistable. It follows from Theorem 3.7 that
Nx(-H) ® S:J/[ is a rank ¢ Ulrich sheaf on X and by [9]; Theorem 2.9 any Ulrich sheaf is
p-semistable which proves what we want. O

Remark 5.4. Since Ulrich sheaves are Gieseker semistable, the above proof also shows that the nor-
mal sheaf N'x to a smooth linear determinantal scheme of codimension ¢ > 2 is Gieseker semistable.

Remark 5.5. Without extra hypothesis the above result cannot be improved and the p-stability
of the normal sheaf Ny of a linear standard determinantal scheme X C P" cannot be guaranteed.
In fact, if we consider a rational normal curve C' C P" defined by the 2 X 2 minors of a 2 X n matrix
with general linear entries, it is well known that Ny /pn = Ox(2)"~*. Therefore, Nx is p-semistable
but not p-stable.

In the codimension 2 case, Theorem 5.3 can be improved using the following lemma:

Lemma 5.6. Let X C P" be a smooth linear determinantal scheme of codimension ¢ > 2 and
dimension n — ¢ > 2 defined by the mazimal minors of a t X (t +c— 1) matriz A. Assume t > n
when n —c = 2. Let H be a general hyperplane section of X and let Y C P™ be the codimension 1
subscheme of X defined by the maximal minors of the t x (t + ¢) matriz B obtained adding to A a

column of general linear forms. Let L be a line bundle on X. It holds:

(i) £ is an ACM line bundle on X if and only if L = Ox(aY +bH) with —1 < a < ¢ and
beZ;
(ii) L is an initialized Ulrich line bundle if and only if L= Ox (=Y +tH) or Ox(cY — cH).

INote added in proof: After this paper appeared online in Crelle’s journal the authors were informed that Ph.
Ellia in his paper ”Double structures and normal bundles of spaces curves” J. London Math. Soc. 58, 18-26 (1998),
Remarks and Examples 20 (v) proved that the normal bundle of a smooth standard determinantal curve C in P
defined by a matrix with either linear or quadratic entries is p-semistable. Therefore, Theorem 5.3 can be seen as a
generalization of his result in the linear case. The mentioned paper also contains interesting examples and results on

the stability of normal bundles of space curves.
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Proof. See [30]. O
In fact, we have:

Theorem 5.7. Let X be a smooth linear determinantal scheme of codimension 2 in P" defined by
the mazximal minors of a t x (t + 1) matriz with linear entries. Assume that n > 4. Then, Nx is

u-stable. In particular, N'x is simple and indecomposable.

Proof. For the case (n,t) = (4,3) the reader can see [31]; Proposition 4.10. Assume (n,t) # (4, 3).
Since pu-(semi)stability is preserved when we twist by line bundles, we know that Nx(—H) is
p-semistable (Theorem 5.3) and we want to prove that it is u-stable, i.e we must rule out the
existence of a coherent subsheaf F C Nx(—H) with u(F) = u(Nx(—H)). By pulling-back torsion,
if necessary, we may assume that Ny (—H)/F is torsion free in which case F is locally free and we

have an exact sequence
0— F —Nx(—H) — Nx(-H)/F —0

of coherent sheaves with Ny (—H)/F torsion free and u(F) = u(Nx(—H)). By [9]; Theorem 2.9(b)
F and Nx(—H)/F are both Ulrich line bundles. So, according to our Lemma 5.6 we have 4
possibilities:

(1) 0—Ox(-Y+tH) — Nx(—-H) — Ox(-Y +tH) — 0,
(2) 0— Ox(2Y —2H) — Nx(—H) — Ox(-Y +tH) — 0,
(3) 0—>Ox(—Y+tH)—)Nx(—H)—>Ox(2Y—2H)—)O, or
(4) 0— Ox(2Y —2H) — Nx(—H) — Ox(2Y —2H) — 0.
Let us check that none of them is allowed. To this end, we will start computing the Chern classes
of Nx(—H). We sheafify the exact sequence (3.3) and we get the exact sequence:

(5.1) 0 — Ox(—H) — Ox(Y —2H)! — Ox(Y — H)'"' — Nx(—H) — 0.
Therefore, the Chern polynomial ¢,(Nx(—H)) of Nx(—H) is given by
cNx(=H)) = 3, c(Nx(—H))u'

(1—Hu)(1+(Y —H)u)t+!
(A+(Y—2H)u)t
(1-Hu) (i (1) (Y —H)Ru)

S (L) (Y2

and a straightforward computation gives us
ci(Nx(=H)) =Y + (t — 2)H, and

2 _
(N (—H)) = —Y H + #

Comparing the first Chern class we eliminate the possibility (1) and (4) because in case (1) we
would get ¢1(Nx(—H)) = —2Y + 2tH and in case (4) we would get ¢;(Nx(—H)) =4Y —4H. To
rule out the two remaining cases, we compare the second Chern class; in both cases we would get
co(Nx(—H)) =2(1+t)YH — 2Y? — 2tH? which is impossible and this concludes the proof of the
Theorem. ([l

H?.
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